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Is  examined  the  wide  circle  cf  the  tasks,  connected  with  the 
cptimizaticn  of  ths  signals,  used  in  th-^  radar.  All  tasks  are  treat-d 
from  the  positions  of  the  critericn  cf  proximity  -  new  universal 
approach  to  ths  synthesis,  applied  not  only  in  ths  theory  of  signals, 
but  also  in  othsr  regions.  It  is  shewn  that  the  synthesis  of  signals 
according  to  the  functions  the  uncertain  tie s/inietsrminancies  and 
according  tc  the  autoccrrelaticr  functions,  and  also  the  cpti irizaticn 
of  most  commonly  used  signals  with  the  frequency  modulation  and  with 
the  phase  manipulation  can  successfully  be  carried  out  on  the  basis 
of  the  general/common/t ctal  approach  indicated.  Are 

developed/processed  also  the  iterative  methods  of  synthesis  with  ths 
us*/a pplication  cf  the  nccclassical  calculus  cf  variations.  Am  givr»n 
the  new  results,  obtained  by  the  authors. 

The  book  is  intended  for  scientific  workers,  graduate  studonts 
and  engineers,  who  are  interested  general  by  questions  of  radar  and 
theory  cf  signals,  and  also  in  prcblems  of  synthesis  in  other 
regions. 
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PREFACE. 


Ths  charactsrj.stic  feature  cf  cont?  mporary  radio  electronics  .■  s 
the  wide  use  of  serrated  signals,  i.e..  signals  whose  product  of 
duration  to  the  width  of  the  spectrua  considerably  exceeds  unity.  As 
the  confirmation  of  the  aforesaid  can  serve  the  following  data  about 
a  quantity  of  patents,  given  cut  In  the  series/row  cf  the  foreign 
countries  (USA,  Great  Britain.  FFG.  France)  according  to  the  metheds 
of  formation,  procsssing  and  on  the  uses/applications  of  the 
complicated  sounding  signals  in  radar  [41]: 


^oFoabi 

1961 

1962 

1963 

1964 

1965 

1966 

1967 


(A)BuAaHo  nareHTOB 
4 
18 
36 
55 
78 
88 
34 


Key:  (1).  Years.  (2).  Patents  issued. 


For  the  years  1961-1967  313  pat*-nts  were  issuf^d. 


The  use  of  serrated  signals  is  connected  not  only  with  the 
solution  cf  serious  technical  prctlsms  (about  which  testifies  :he 
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oentioned  flow  of  inventions)  ,  tut  it  requires  also  in-depth 
theoretical  studi'is,  especially  ce  the  synthesis,  the  optimization  c 
the  structure  of  signals  thea£€2v€S.  This  question  already  has  ve.sz 
literature,  of  the  bocks,  published  in  the  Russian  language,  it  is 
possible  to  mention  the  mcnograph  cf  Varakin  [13],  Slcka  [62], 
Petrovich  and  aaznakhnin  [48],  Ccck  and  Bernfeld  [35],  and  also  work 
of  one  of  the  authors  of  this  beck  [7,  8], 

Page  4, 

Shculd  be  noted  also  the  excellent  book  of  Franks  on  the  principles 
of  the  theory  of  signals  [30].  All  these  books  touch  on  one  way  or 
another  questions  of  synthesis. 

But  the  known  methods  cf  synthesis  ar®  very  heterrgenecus. 
Depending  on  ths  structure  cf  sigral  and  concrere/specif ic/actual 
requirements  are  applied  the  different  methods  of  the  solution, 
different  criteria  of  approximaticn/approach  and  sc  forth,  etc.  Thus 
the  methods  cf  the  synthesis  cf  the  signals  with  the  frequency 
modulation  in  practice  dc  not  have  general/common/total  with  those 
which  usually  are  used  for  the  discrete/digital  signals  with  th  ■; 
phas“^  manipulation. 

naanwhil'  to  th';  divjrs*  ■•■asks  of  the.  synthesis  cf  signals,  and 
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also  synthesis  of  antennas,  filters  and  other  units,  is 
characteristic  certain  generality,  which  makes  it  possible  tc 
formulate  these  tasks  fre*  unity  cf  opinion.  This  universal  approach 
simplifies  the  understanding  cf  different  problems  of  synthesis  and, 
as  frequently  it  is  during  similar  generalizations,  offers  further 
possibilities  in  the  solution  of  the  tasks,  almost  inaccessible  for 
the  methods,  which  were  being  applied  earlier.  The 
davslopmant/detscticr  of  such  general/common/total  approach  is  the 
fundamental  purpose  of  this  werk. 

For  this  is  used  the  representation  of  signals  (or  cthor  objects 
of  synthesis)  in  the  form  of  lu  It  idimensional  vectors  in  certain 
abstract  space.  This  re  presen ra tics  is  widnly  known  from  the  theory 
of  freedom  from  inter ferer.ee  arc  adjacent  regions,  it  is  based  on  th- 
simplest  positions  of  functional  analysis.  In  application  to  the 
problem  cf  synthesis  this  representation  makes  it  possible  tc  obtain 
the  demonstrative  geometric  description  of  the  corresponding  tasks. 

1 1  is  clarified,  that  independent  cf  the  nature  of  the  objects  of 
synthesis  and  concrete/specific/actual  requirements  the  profcl’m  is 
reduced  to  the  ainimizaticn  of  the  distance  between  some  s;. ts  in  th.- 
appropriate  space.  This  pcsiticr,  named  tha  hypothesis  (or  criterion) 
of  proximity,  is  the  basis  cf  this  work. 

This  hypothesis  was  formulated  by  one  of  the  authors  in  1967 
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[3].  This  booic  is,  thus,  by  the  development  of  the  work  indicated, 
moreover  substantially  are  used  and  are  generalized  authors*  previous 
publications  [7-12,  53,  60,  63]. 

one  should  emphasi2e  that  the  approach  in  question  tc  the 
synthesis  contains  only  the  deter Biristic  tasks  when  the  desired 
property  of  synthesized  objects  is  formulated  without  the 
us  a/application  of  statistical  criteria  of  optimum  character.  Such 
tasks  meet  very  frequently. 

Page  5. 

They  include  the  synthesis  of  antennas  according  to  the  radiation 
patterns,  the  synthesis  of  filters  according  to  the  fraquency 
charact erisnics,  the  synthesis  of  signals  according  to  the  functions 
of  uncertainty/indeterminancy,  etc.  But  besides  the  mentioned 
detar  mini  Stic  treatment  fer  the  synthesis  of  signals  are  frequently 
used  the  probabilistic  criteria,  sisilar  by  that  used  in  the  theory 
of  detection  and  evaluaticn/estimate  of  the  parameters.  In  this 
connection  tc  material  of  the  bock  is  presupposed  the  input  chanter, 
which  elucidates  role  ard  place  cf  the  deterministic  methods  of  the 
synthesis  of  signals  in  the  series/row  of  others. 

In  chaptnr  1  is  in  detail  presented  the  proposed  universal 
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approach  to  the  synthesis,  while  in  the  subsequent  chapters  it  is 
applied  to  sons  tasks  in  the  cptirization  of  signals,  in  this  case 
into  some  cases  we  come  crly  to  the  new  treatsent  of  known  results, 
in  others  -  are  achieved  the  generalizations,  which  have  independent 
value;  finally  there  is  a  series  cf  problems  where  this  approach 
leads  to  the  new  results. 


Some  of  the  examined  in  the  tcck  tasks  have  the 
general/common/total  value  in  the  given  region,  others  are  of 
interest  because  are  determined  the  signals  with  good  in  this  or 
another  sense  properties.  But  it  goes  without  saying  the  book  does 
not  claim  to  the  complete  scope /coverage  cf  the  problem  of  the 
synthesis  of  signals.  The  authors  attempted,  mainly,  to  consider 
different  tasks,  using  single  method,  of  confirming  the  uni  verseli'r  y 
of  the  latter. 


Method  is  adapted  for  the  synthesis  of  single  (in  particular, 
that  sound)  signals,  the  problem  cf  the  syntheses  of  tha  groups  of 
signals  according  to  the  mutual-correlation  properties  in  the  book  is 
not  examined.  In  the  equal  measure  are  not  examined  any  questions, 
connected  with  the  constructicn  cf  syst-^ms  as  a  whcls. 


Th'!  synthesis  cf  signals  as  cth-r  tasks  cf  opnimizat icr. ,  is 
reduced  to  the  variation  probleirs.  The  knewn  merhods  of  solving  rh 
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variational  problems  can  to  divided  into  two  lar^ge  groups.  Classical 
calculus  of  variations  gives  the  analytical  resolutions  of  seri's  of 
problems  or,  at  least,  reduces  them  to  other  problems  of  analysis,  to 
the  dif fer-^ntial  cr  integral  aquations.  But  today  intensely  th-tv  ar  ^ 
applied  and  are  just  as  intensely  developed  also  nonclassical 
variational  methods,  based  on  the  iterations,  the  successive 
approximations  to  the  unknown  solution. 

Page  6. 

Contemporary  computer  technology  makes  it  possible  to  apply  iterative 
numerical  methods  with  the  great  success,  and  it  is  possible  to  h^ar 
propositions  about  the  fact  that  the  analytical  methods  became 
obsclete,  they  are  less  efficient  in  the  practical  tasxs  than 
numerical,  iterative. 

Hardly  it  is  possible  with  this  to  agree.  Classical  and 
nonclassical  variational  metbeds  sutually  supplement  each  other;  in 
th-  complex  problems  of  the  synthesis  of  signals  it  is  expedient  tc 
join  these,  etc.  The  authors  cf  this  book  hope  chat  their 
collaboration  contributed  to  this  interpenetration  cf  methods. 

Introduction,  chapter  1-3,  t-*?  (besides  §9.11)  are  written  by  D. 
,  remaining  sections  cf  bock  -  tegerher  by  both  authors.  5y 


Yt.  Vakman 
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R,  M.  Sedletsiciy  are  performed  also  calculations  on  TsVM  [digital 
computer]  for  obtaining  tie  ccncrete/specific /actual  results. 

The  authors  are  grateful  to  the  doctor  of  technical  sciences  L. 
Ya.  Varakin  and  to  the  doctor  of  technical  sciences  A.  M.  Trakhtmar. 
for  the  critical  observations  ard  the  councils,  which  contributed  zo 
an  improvement  in  tha  beck. 
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INTBODUCTION. 

PROBLEM  OF  THE  SYNTHESIS  CP  SIGNAIS  IN  A  RADAF. 

Short  historical  sur v€y/cov«^rag€. 

Examining  questions  of  use /a ppli cation  in  chs  radar  of  the 
sounding  signals  of  different  structures,  it  is  possible  to  isolat? 
several  historical  stages.  In  the  first  development  period  a  question 
about  the  selection  of  wavnfo.rtn,  in  fact,  was  not  placed.  Th? 
practical  possibilities  cf  generation  and  processing  of  signals  war* 
so  limited  that  were  applied  cr  the  single- frequency 
impulsas/mcmenta/pulses  cf  the  shcrt  duration,  clcsa  to  the 
continuous  ones,  obtained  from  usual  type  vacuum-tub®  oscillators. 
Respectively  evan  during  the  first  stage  were  demarcated  two 
directions  -  pulse  and  ccntinucus,  Tc  each  of  th®m  were 
charact erisric  their  limitaticns,  each  solved  its  problems.  Pulse 
method  was  applied  in  the  d® vices/equi.praent  with  a  ccmpar atively  Icr.g 
range  of  action,  ccntinucus  -  with  the  low,  but  in  this  case  was 
reached  higher  accuracy. 


I 
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The  following,  second  S'hage,  is  conaactad  with  th*  advent  of  a 
pulse-coherent  technology  for  the  selection  of  nioving  objects. 
Selection  is  r'?achcd  du®  to  the  iiproved  methods  of  processing  the 
echo  signals  on  tha  condition  that  an  indispensable  sequence  of 
sounding  pulses  possesses  sufficiently  high  stability.  They  are 
required,  in  particular,  the  low  frequency  drifts  of  filling  for 
several  periods.  In  a  certain  sense  such  a  requirement  draws  tegeth^ 
pulse  radar  with  the  continuous. 

"  ^ 

Page  8. 

At  least  characteristic  time  scale  increases  several  the  orders:  it 
is  not  the  duration  of  single  pulse,  but  repetition  period,  coherent 
pulse  sequence  is  already  the  serrated  signal,  whose  product  of 
duration  to  the  width  of  the  spectrum  is  sufficiently  great. 

But  this  understanding  arrived  somewhat  later,  in  third, 
contemporary  development  stage  of  radar  technology.  Certain  threshol 
of  this  stage  it  is  possible  to  consider  the  first  successes  of  th  = 
statistical  theory  of  radar,  which  relate  to  th-  middle  Fifties  wh-n 
it  was  established/installed,  in  particular,  that  the  most  important 
characteristic  of  HLS  (probability  of  detection)  is  determined  wi*:h 
thr  optimum  rec  jpticn/procedurc  by  energy  of  the  sounding  signal,  bu 
do  not  depend  on  the  special  feat crss/peculia ri ties  of  its  form, 
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including  frcn  zhs  puls*  power,  durations,  widths  cf  ths  spscrruo  and 
so  forth,  etc.  This  it  itdicated  tbs  possibility  to  vary  waveform, 
satisfying  other  requirements  with  the  maximum  detectable  range. 

The  straight/direct  continuation  of  this  idea  is  the  widely 
utilized  today  technique  cf  the  ccmpressicn  cf 

impulses/momenta/pulsss ,  which  makes  it  possible  to  redse  accuracy 
and  range  resolution  at  the  limited  peak  power  and  long  range  of 
detection.  It  is  possible  to  say  that  compression  technique  joins 
somehow  the  advantages  cf  pulse  ard  ccntinucus  methods  in  the  radar. 
Used  for  this  sounding  signals  possess  the  wide  spectrum  for  the 
large  duration,  thase  are  serrated  signals  with  the  frequency 
modulation,  the  phase  maripulaticr  and  the  like^. 

FOOTNOTE  The  first  pufclicaricn  on  the  usa/application  of  the 
complicated  sounding  signals  in  the  radar  pertains  zo  rhe  year  1960 
[39],  From  tho  Soviet  sources  should  be  mentioned  Ya.  D.  Shirman's 
invention  [  86,  87  ],  who  in  1956  proposed  analogous  method.  In  10-15 
years  of  development  the  compression  technique  of  serrated  signals 
achieved  surprising  successes,  is  today  realized  compression  of  Ck?* 
signal  10*  times  (!),  the  duration  of  the  sounding  signal  being  1  ms, 
and  the  duration  of  compressed  -  only  of  1  ns .  By  this  is  provided 
resolution  on  tne  crirr  cf  15  cm  [37],  ENDFOOTMOTE. 
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The  middla  Fifties  includes  ge.!it,ral/coinmcn/tct al  posing  of  th' 
question  about  the  sioultaneous  seasureoents  cf  all  paraaeters  of  the 
motion  of  object  -  its  coerdinatss,  rate  and  acceleration.  This  also 
was  done  in  the  plan/laycut  cf  the  statistical  treatment  cf  problem, 
but  made  it  possible  to  deteroire  the  effect  cf  waveform  on  the 
quality  of  the  measurements  indicated. 

Page  9. 

Here  should  be  noted  Woodward's  basic  work  [16],  who  for  the  first 
time  introduced  the  generali2€d  characteristic  of  the  sounding  signal 
-  function  cf  uncertaint y/indet^rminancy ,  which  comparatively  fully 
describes  the  sfftet  cf  the  latter  on  the  measurements  of  the  delay 
time  and  frequency.  The  function  cf  uncarta inty/ind ^terminanc y  is 
similar  to  the  antenna  raciaticr  pattern:  in  the  same  measure  in 
which  the  radiation  pattern  characterizes  accuracy  and  resolution  cf 
angular  measurements,  the  functict  cf  uncertainty/indsterminancy 
characterizes  accuracy  and  rescluticn  of  rangings  and  rate. 

Logically,  as  soon  as  was  understood  this  value  of  the  function 
of  unc’rtainty/indf. trrminancy,  was  tegur.  tho  detailed  study  cf  its 
properties  and  were  dene  the  first  attempts  at  the  synthesis  of  th'^ 
signals,  which  possess  the  desired  functions  cf 
uncertainty /indeterminancy. 
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Bsginnicg  from  the  end/lead  Fifties,  this  complicated  in 
mathamatical  sense  probles  of  synthesis  intenssly  is 
developed/procnssed  and  abroad.  Tc  some  methods  of  its  solution,  in 
th3  opinion  of  ths  authors  sufficient  to  efficient  ones,  and  is 
dedicated  this  book. 

In  parallel  with  the  develcpsent  cf  the  theory  of  serrated 
signals  occurred  the  development  cf  technology  of  thexr  generation. 
Tachnical  capabilities  considerably  were  widened  in  the  latter/last 
decads,  and  although  frem  the  pcint  of  theorist's  view  these 
possibilities  still  leave  to  desire  the  best,  the  contemporary  stage 
cf  radar  it  is  unccnditicnally  characterized  by  the  wide  applicati>r. 
of  diverse  serrated  signals.  Therefore  the  methods  of  synthesis, 
optimization  of  these  signals,  especially  those  of  them,  which  to  the 
maximum  degree  consider  the  possibilities  of  generation,  do  net  lcs= 
and  canret  Icsa  urgency. 

Most  recently  was  planned,  apparently,  new,  fourth  stage  in  '■ht 
process  of  the  improvement  of  the  structure  cf  signals.  This  stage  is 
ccnnect^d  with  the  general/commcn/tct al  tendency  of  the 
us«/a pplicaticn  of  the  self-tuning,  adaptive  d“vices/eguipm«nt  in  “h-' 
radar.  In  the  initial  setting  this  gupsticn  raises  ev«r  tc  th« 
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sequential  analysis  of  Hald.  But  if  at  the  early  stages  the  technical 
capabilities  of  self-adjusting  were  limited  in  jssence  tc  variable 
speed  of  scanning  on  tha  angle,  then  today  there  is  a  possibility  ir 
principle  to  change  also  the  structure  of  signal  and  the  method  of 
reception/procedure  in  the  dejerdence  on  the  observed  situation, 
according  tc  rhe  previous  observations. 

Page  10. 

As  a  characteristic  sxample  of  this  typs  can  serve  the  radar  system, 
which,  after  determining  roughly  Iccation  and  target  speed,  and 
having  also  considered  interference  situation,  automatically  changes 
the  fora  of  the  sounding  signal  and  (or)  tha  method  of 
recepticn/procedure  in  order  to  ir  the  best  way  isolate  signal  from 
the  predicted  target  from  the  available  interferences,  and  to  also 
mah®  more  precise  its  ccordinatss.  In  proportion  tc  the  refinement  of 
real  situation  this  process  of  adaptation  of  PLS  continuously  is 
continued » . 

POOTKOTE  In  the  literature  already  there  are  indications  about  the 
development  of  similar  adaptive  RIS,  which  automatically  change  the 
operating  mode  in  th«=  dependence  cc  the  results  of  previous 
observations  [54],  EMDFCCTNOTE. 
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Thf  synthesis  of  signals  for  th^  adaptive  systens  is 
characterized  by  the  series/row  cf  special  features/peculiarities. 

The  selection  of  signal,  its  cptinization,  must  be  produced  not  at 
the  writing  desk  and  not  after  the  panel  of  Ts7M,  when  for  ettaining 
the  results  and  for  their  analysis  can  be  expended/consumed  hours  or 
wssk,  but  it  is  direct  in  the  ecuipment,  during  several  seconds  or 
milliseconds.  Of  course  so  rigid  a  regulation  cf  time  sets 
substantial  limitations  cn  the  setheds  of  synthesis.  But  nevertheless 
more  fundamental  is  another  special  feat uro/psculiarity ,  ccnnected 
with  the  fact  that  cnly  the  adaptive  systems  make  it  possibl?  to 
virtually  obtain  necessary,  a  priori  for  the  task  of  synthesis, 
infermatien  about  the  ccncrete/speclfic/act ual  situation.  This 
special  fsaturn/psculiarity  in  detail  is  considered  below. 

Operational  dascripticn  cf  Iccatirg  system. 

Let  at  the  point  cf  space,  cbaract srizod  by  radius-vector  r 
(origin  of  coordinates  is  combined  with  RLS) ,  there  is  a  pinpoint 
target,  which  moves  at  a  rate  of  v.  if  the  sounding  signal  is  s(t), 
then  with  the  usual  assumptions  atcut  not  too  high  a  target  spaed  and 
abcut  the  narrow-band  characteristic  of  signal  (with  respect  to  th^ 
carrier  frequency)  the  echo  signal  can  be  presented  in  ■►ha  ferm 

Her-»  r=\r\-  the  range  cf  target,  g  (r)  -  tha  ant>nr.a  radiation  pet*-rn 
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(on  the  field),  r=2r/c  -  delay  cf  the  echo  signal,  Q=2(i)ot'r/c  -  th^ 
Doppler  shift  of  the  carrier  freqoency  uq,  Or  -  tha  radial  velocrty 
of  target. 

Page  11. 

The  conposite  coefficient  of  reflection  a(r)  characterises  th?  lavel 
of  the  echo  signal  (reflecting  surface)  and  the  phase  of  reflection. 

In  general  target  is  net  pcirt,  it  occupies  c=i;':din  space  Va  ir 
the  space,  and  then 

j:,  (/)  =  I  g-  (r)  s  (f  -  ^)  (la) 

Moreover  here  a(r,  t)  is  density  cf  reflection  coefficients,  so  that 
a(r,  t)  dv  is  the  coefficient  cf  reflection  of  volume  element. 
Dependence  on  t  characterizes  charges  (usually  slo«)  in  coefficient 
cf  reflection,  for  example,  due  tc  the  motion  of  target. 

Besidos  useful  signal  Xa(7)  on  5LS  come  mixing  reflections  .vj,(/) 
from  other  reflecting  objects.  These  objects  are  characterized  by 
density  b(r,  t)  ,  by  analogous  a  (r ,  t)  ,  and  they  occupy  certain  region 
Vb  in  the  space.  It  is  analogous  with  previous 

Xi  (/)  =  I 


(16) 
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Fir.ally,  tha  input  cf  receiver  entar  noi£‘».3  and  oth«ar  additiv- 
interferences.  The  sources  of  scch  interferences  also  are  somehow 

I 

distributed  in  the  space,  but  it  gees  without  saying  interference 
level  dees  not  depend  on  the  term  cf  the  sounding  signal,  but 
radiation  pattern  here  participates  only  in  the  process  of 
recepticn/prccedurs .  Therefore,  designating  ncise  ccinponent  of  the 
signal  through  XnU),  it  is  possible  to  register 

jc,(0==  j^’gir)dV.  ih) 

V 

n 

where  n(r,  t)  -  the  density  of  the  sources  of  additive  interf arencss 
and  Vn  -  counterpart  of  the  space. 

The  resulting  input  signal  is  put  together  of  three  that 
indicated  the  component 

x(f)=Xa(/)-f.v-.(;)-.v,  m. 

These  components  are  random  functions,  since  th%y  depend,  for 
example,  on  the  random  location  cf  the  reflecting  objects. 

Page  12, 

We  will  thus  far  assume  the  statistical  description  of  the  ots=»rv=d 
situation  icnewn,  i.e.,  consider  Knewn  probabilistic  distributions  fc 
values  a(r,  t) ,  b(r,  t)  and  n  (r,  t)  .  input  signal  depends  also  on 
characteristics  cf  PLS  -  form  cf  ths  scunding  signal  s(t)  and 
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radiation  pattern  g(r).  The  protlen  cf  synthesis  (design)  li*>s  In  th? 
fact  that  to  select  these  characteristics  by  certain  in  better  shape. 

Receiver  of  RLS  always  contains  linear  or  guasi-linear  input 
part  -  the  circuit  of  a aplificaticn  on  th®  high  and  in  the 
intermediate  frsguercy.  Fcr  th«  brevity  we  will  call  this  part  simply 
receiver.  This  receiver  can  be  described  by  its  pulse  reaction  h(t), 
the  output  signal  of  receiver  exists  a  roll  of  input  and  h(t): 

y{t)=  ^x(t')h(t-f)df.  <11) 

Together  with  s(t)  and  g(t)  receiver  rasponse  h(t)  also  must  ba 
synthesized  on  without  seme  cenditiens  of  optimum  character. 

From  previous  it  is  not  difficult  to  comprehend  that  RLS  can  b- 
treated  as  certain  operator,  which  converts  the  characteristics  cf 
the  observed  situation  into  the  output  signal  of  receiver  y(t). 
Grouping  the  functional  arguments  cf  this  operator  which  depend  or. 
structure  of  RLS  and  are  subject  to  optimization,  and  the  arguments, 
which  depend  only  on  the  objects  cf  observaticn,  can  be  registered 

y=Y{s.f},lv,a,b,n).  (Ilia) 

Operator  Y  has  ccmparatively  simple  structure,  he  is  linear 
relative  to  all  his  arguments,  except  radiation  pattern  (where  the 
dependence  is  quadratic),  in  particular,  the  output  signal  y(t)  is 
put  teg^^thsr  cf  three  components,  ccnr.'^ctsd  with  a(r,  t)  ,  b(r,  t)  «rd 
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n  (r,  t)  respectively,  so  that  occurs  the  superposition 

In  the  operational  designations 

y—y<.(s,g.  h)  +  y.,{s.  g.  h)  y„{s.g.  H).  (Hi  6) 

Page  13. 

Further,  becausa  of  the  linearity  of  the  conversion,  realized  by  a 
receiver, 

Y  =  HXJs.g)  +  HXu{s,g)  +HX„{s,g).  (Ills) 
where  operators  H  and  X  are  deter  fined 

concrete ly/spocifically/actuall y  ty  relationships/ratics  (II)  and 
(I)  . 

Thr  output  signal  y  (t)  is  used  for  detarniiaing  the-  parameters  c 
motion  or  other  characteristics  cf  targets.  For  example,  can  be 
mcnitcred  the  range  of  target,  its  angular  position,  rate,  and  also 
number  of  targets,  their  reflecting  surfaces,  etc.  Let  us  dnsignatr 
the  coatrollable/controlled/inspected  parameters  through  Zi,  z^,  ... 
and  their  set  -  by  multid imensicnal  vector  z. 

According  to  locating  observations  is  determined  the  in  general 
not  true  btam  vactor  cf  parameters  z,  but  its  only  certain 
aporeximate  estimate  Eva luaticn/estima te  is  formed  as  a  rasult 
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of  soma  actions,  produced  above  tbe  output  signal  cf  receiver  y  (t)  - 
by  ths  only  source  cf  infcrmaticn  about  the  otsarved  objects.  Thssa 
actions  are  implemented  automatically  or  with  the  participation  of 
man,  bat  it  is  possible  tc  assuire  that  for  each  system  is  certain 
regular  algorithm  (instruction  for  the  operator)  ,  permitting  to 
obtain  the  vector  of  evaluaticns/estimates  z  according  to  the 
realization  of  the  output  signal  accepted: 

(IV) 

Operators  7  and  2  give  from  a  fundamental  point  of  view  the 
j  complete  description  of  locating  system.  Operator  7  characterizes  the 

'  formation  of  the  echo  signals  in  "ether/ester”  and  their  conversion 

(  in  the  receiver,  ha  ccnsiders  also  the  form  of  the  sounding  signal 

i 

and  the  antenna  radiation  pattern.  This  operator,  identical  for  all 
radar  systems,  is  defined  ccncretely/specif ically/actuall y  with  th? 
help  of  the  prnvious  relationships/ratios  and,  as  it  seemed,  it  war 
linear  relative  to  almost  all  its  arguments. 


The  second  operator  Z  characterizes  further  processing  of  th- 
echo  signals,  beginning  from  the  detection.  The 
concretc/spccific/act ual  structure  cf  this  operator  is  more 
complicated,  it  depends  on  many  factors  and,  in  the  first  place,  from 
equipment  usage. 

Page  14. 
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Depending  on  type  of  BLS  are  mcnitcred  one  or  the  other  parameters  of 
targets  -  components  of  vector  2.  Intc  a  number  of  tasks  of  treatment 
can  enter  in  general  such  ••glcbal"  operations,  as  the 
evaluation/estimate  of  situaticc  as  a  whole  or  determination  of  the 
type  of  the  targets,  which  relate  to  pattern  recognition.  Even  such 
cases  can  be  included/ccnnected  in  cur  description,  after  assuming 
that  operator  Z  maps  many  signals  y  (t)  to  the  discrete  set  of  the 
possible  solutions  about  the  situation.  The  simplest  version  of  this 
type  is  a  detection  problem  when  vector  z  allcws/assumes  cnly  the  two 
values;  1  (target  of  eating)  cr  0  (there  is  nc  target). 

Straight/direct  and  indirect  approaches  to  the  synthesis. 

Let  us  attempt  to  formulate  the  task  of  ths  synthesis  of  signals 
and  ether  characteristics  of  locating  system  in  a  strict  form. 

The  vecter  of  parameters  z,  understood  in  the  generalized, 
indicated  above  sense,  completely  characterizes  the 

designation/purpose  of  tb»=  pre jeeted/designed  system.  The  ccmpcner.ts 
of  this  vector  are  the  continuous  parameters  of  targets,  which  are 
subject  to  msasuremrnt,  such  as  range  cr  rate,  and  also  th® 
discrete/digital  solutiens  abcut  the  situation  as  a  whole  -  pr-.s-;r.c‘= 


i 

I 
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of  targets,  their  number,  type,  etc.  Evaluaticn/astimate  'z,  obtained 
as  a  result  cf  processing  the  echc  signals,  differs  from  true  beam 
vector  z  and  is  random  variable,  which  depends  on  the 
concrete/specific/actual  realizaticn  of  signals  and  interferences. 

RLS  implements  its  designation/purpcse  the  better,  the  nearer  the 
evaluation/estimate  'z  tc  the  tr  te  value  of  z,  moreover  here  it  goes 
without  saying  it  is  necessary  to  have  in  mind  averaging  cn  many 
realizations,  and  also,  pcssibly,  tc  give  varying  "weight”  to  the 
different  components  of  vector  z.  Therefore  as  the  criterion  of  the 
quality  cf  system  it  is  possible  tc  select  certain 
adequate/approaching  furcticnal,  depending  on  difference  z-z.  Mot 
stopping  in  mere  detail  or  a  question  (generally  speaking,  important) 
about  the  appropriate  structure  cf  this  functional,  let  us  note  that 
as  the  measure  of  quality  it  car  serve,  for  example,  the  mean  square 
cf  the  difference 

,  =  \z-z\\  fV) 

where  the  feature  designates  averaging  cn  many  realizar ions  cf 
signals  and  interferences  for  the  ccncrete/specif ic/actual  situation, 
or,  possibly,  on  many  situations. 

Page  15. 

The  problem  of  synthesis  consists  in  this  selection  of 
characteristics  of  PLS  sc  rhat  the  valu;  c  would  be  minimum. 
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This  approach  to  the  synthesis  is  straight  line  in  the  sans® 
that  the  criterion  of  quality  (V)  ccnsiciers  final  effect  and  it  is 
directly  connected  with  equipment  usage.  However,  therr  is  a 
series/row  of  the  reasons,  due  to  which  this  approach  in  practic®  is 
not  used. 

In  fact,  wa  only  formalized  to  some  degree  the  problem  of  design 
of  ELS  as  a  whole.  Minimized  value  e  depends  on  ail  important 
characteristics  of  system  -  the  form  of  the  sounding  signal,  pulse 
raaction  of  receiver,  antenna  radiation  pattern  and  algorithm  of 
further  processing.  All  these  characteristics  substantially  affect 
the  quality  of  the  execution  cf  tasks  and  they  all,  according  tc  the 
previous  setting,  th^y  must  be  cptimizod  together,  taking  in' c 
account  mutual  effects.  Of  course  cf  this  consists  strictly  optimum 
design.  But  the  problems  cf  a  similar  scale  net  randomly  are  solved 
usually  on  the  base  of  engineering  intuition,  and  not  analytical 
methods.  To  regularize  the  soluticn  cf  this  proolam  is  complst=.ly 
impossible  and  even,  in  cur  opinion,  it  is  not  always  expedient. 

After  stepping  back  from  the  strict  approach  indicated,  they 
dism^mbs-r  task  on  the  part,  as  far  as  possible  Ssl^cting  the  locked 
groups  cf  questions.  Thus,  the  prcblem  of  angular  measurements. 
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connsctsd  with  ths  design  of  antenna,  is  axaninad  indep-^ndsnt  of 
rangings  and  rate  where  the  nait  rcle  play  waveform  and  method  of 
racepticn/proced  ure  ^ . 

FOOTNOTE  With  rhe  super  wide-band  signals  angular  measurements  and 
measurements  of  a  range-speed  are  net  independent  variables  and  must 
be  examined  tegother  [79].  ENEF CCTNCTE. 

In  the  separata  group  are  usually  selected  also  the  requirements, 
connected  with  the  concrste/specif ic/act ual  designation/purpose  of 
system  and  which  affect  in  essence  the  algorithm  of  treatment,  in  our 
terms  -  tc  the  structure  cf  operator  Z.  Other  at  the  same  time 
requirements,  which  affect,  mainly,  to  operator  Y,  to  a  considerable 
degree  are  general/commcr/total  for  all  locating  systems.  The  same, 
for  example,  is  the  requirement  of  the  maximum  probability  cf  rhe 
target  detacticn  or  corresponding  resolution  from  the  measured 
parameter . 

Page  16. 

Similar  "particular”  requirements  relate  to  the  S'^paratF  nodes, 
but  not  to  the  system  as  a  whole,  ard  on  their  basis  are 
rsvea lad/det?cted  thf  "working”  criteria  cf  optimum  cnaracter, 
utilized  during  rhe  design  cf  the  counterparts  ct  rhe  eguipmert.  L'c 
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us  note  that  the  "particular"  criteria  indicated  in  any  way  always 
cannot  be  connected  quantitatively  with  the  general/ccmmon/tctal 
criterion  of  a  quality  cf  the  type  (V).  Applying  such  criteria,  wr 
are  based  only  on  the  approxiuate  estimate  of  that  how  it  affects, 
lat  us  say  resolution  tc  tha  accoirplishment  of  -he  final  objective  of 
system.  Furthermore,  very  concept  cf  rasoluticn  and  analogous 
characteristics  allows/assumes  different  interpretations,  which 
affect,  generally  speaking,  the  results  of  synthesis^. 

FOOTNOTE  Let  us  mention  the  "classical"  concept  of  resolution, 
known  already  to  Rayleigh,  but  just  as  valuable  today  [83],  or  its 
contemporary  definitions,  which  are  basad  on  the  statistical 
treatment  of  the  tasks  of  detecticn  and  measuring  parameters  [19]. 
ENDFOOTNOTE, 

All  this  shows  that  unavoidable  virtually  rejection  from  a  strict, 
general/commcn/total  criterion  (V)  and  the  transition  to  the 
particular  criteria,  which  characterizs  tha  quality  cf  separata 
devices/equipment,  is  always  ccrnected  with  certain  risk. 

But  we  will  also  use  the  particular  criteria  of  quality,  which 
consider  only  the  properties  cf  signals  y (t)  at  the  output  of 
receiver  and  disragarding  the  sutsecuen':  procissing.  ir.  o*h^r  words, 
we  limit  our  analysis  by  eperater  Y  and  wish  to  indicate  sufficiently 
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g®nsral/coiniBon/total  requirements  oa  it  without  taking  into  account 
tha  subsequent  operator  Z.  Here  alsc  there  are  several  approaches, 
most  substantiated  from  which,  apparently,  is  the  following. 

Being  returned  at  the  beginning  of  the  previous  section,  we^  will 
consider  that  for  certain  situation  th>5  threo-dimensional/spaco 
density  of  ''useful”  objects  tc  eat  a  (r) ,  and  the  density  cf  the 
mixing  reflectors  and  sources  of  additive  interferences  -  b  (r)  and 
n(r)  respectively.  As  it  was  noted,  these  values  were  by  chance,  but 
it  is  assumed  that  their  probabilistic  distributions  are  known.  The 
aferssaid  indicates,  for  example,  that  in  certain  region  cf  space 
supposedly  are  "useful”  targets  with  the  known  middle  reflecting 
surface. 

Due  to  the  different  kind  cf  fluctuations  and  inrsrforences 
these  targets  either  will  be  discevered  by  BLS  or  no.  The  pretability 
of  detection  affect  also  characteristic  RLS  -  wavsfern,  th^  diagram 
of  antenna  and  the  pulse  reaction  of  receiver,  and  is  placed  the  task 
of  this  selection  of  these  characteristics,  sc  that  the.  probability 
of  detection  would  be  maximum  let  us  assume  with  the  assigned 
probability  of  false  alarms. 

Page  17, 
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Somewhat  less  strict,  tut  close  cte  is  the  requirement  of  the 
greatest  excess  (on  the  average)  cf  useful  signal  at  the  output  of 
rhe  receiver  above  the  level  cf  the  mixing  reflections  and  ether 
interferences.  In  the  designatiens  cf  the  previous  section  (see 
(Illb))  for  the  criterion  of  quality  of  RLS  in  this  case  is  accep*-ed 


valu= 


9~  yi'(yb-i-ynf. 


which  it  is  necessary  tc  iraximirc  on  arguments  s(t),  g(r)  and  h  (t)  . 


Th5.s  approach  to  the  synthesis  is  sufficiently  productive.  It  is 
used,  for  example,  in  the  works  cf  spafford  and  Stutt  [69,  71],  and 
also  Takovlev  [8^]*  Upon  this  ferauiation  of  the  problem 
"automatically"  ar^  considered  and  are  optimized  the  resolving 
properties  cf  signals,  they  in  the  test  way  are  coordinated  with  the 
task  cf  th'’  isolaticn  cf  useful  reflections  cf  all  others  fer  the 
selected  situation,  moreover  even  dees  not  appear  the  needs  for 
introducing  and  defining  the  concept  of  resolution  (as  it  was  nc*-sd, 
this  can  be  done  differently) .  Re  will  use  this  approach  fer  solving 
one  of  the  tasks  of  the  synthesis  cf  signals  in  chapter  6. 


The  important  result,  obtained  on  the  base  of  this  approach, 
consists,  in  particular,  cf  the  fact  that  the  matched  filter  is 
optimum  r'c-ivrr  only  in  cases  when  additive  int  jrf arences  of  th« 


type  of  white  noise  prevail  ateve  the  mixing  reflections.  3ut  if  tn  - 
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of  the  latt«r  is  relatively  great,  tho  structure  of  optimum 
signal  and  optimum  receiver  is  sore  complicated  and  it  depends 
substantially  on  the  concrete/specific/actual  situation. 

Specifically,  this  special  feature/peculiarity  blocks  th^ 
widespread  introduction  cf  this  approach  to  the  synthesis.  The 
necessary  a  priori  information  abcut  the  concrets/specif ic/actual 
situation  -  predicted  mutual  location  of  the  useful  and  mixing 
objects,  a  level  and  the  character  cf  interferences  and  sc  fcrth  it 
is  possible,  apparently  tc  obtain  ard  to  in  proper  time  use  only  in 
adaptive  RLS  cr  analogous  de  vices /eguipme nt ,  which  make  it  pcsslble 
to  cperationaily  change  fundamental  characterise ics  with  changes  in 
the  situation,  la  connection  with  such  d e vice  s/e gulp meat  the  method 
in  question  will  be,  it  is  necessary  to  assume/set,  that  prevail. 

Page  18. 

But  in  the  application/appendix  tc  the  usual,  not  adaptive  systems 
the  advantage  of  this  approach  they  can  become  its 
dsficiencies/lacks,  since  for  the  situation,  which  was  not  being 
assumed  with  the  synthesis,  the  obtained  solutions  can  prove  to  be 
very  distant  from  the  optimum. 

The  aforesaid  r'^lates  also  tc  tk-^  straight/diroct  crit«ricr.  cf 
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synthesis  (V) ,  since  here  is  required  the  knowladge  (in  the 
statistical  sense)  the  cfcserved  situation.  Therefore  not  only  the 
practical  need  for  disengaging  the  task  of  the  design  of  system  as  a 
whole  to  the  individual  parts,  hut  also  ths  absancs  of  reliable 
information  about  th^  situation  blocks  the  use/applicat  ion  of  this 
direct  method^. 

FOOTMOTE  Let  us  note  one  additional  approach  to  the  synthesis  of 
signals,  which  also  uses  further  a  priori  information  but  this  tima 
about  the  special  f aatures/pecu liarities  of  the  motion  of  target 
[64],  BNDPOOTNOTE. 

It  is  possible  to  note  two  bypass  routes  of  this  difficulty. 
First,  relying  on  the  play  treatment  of  problem,  it  is  possible  to 
attempt  to  determine  the  worst  situation  during  which  the  probability 
of  target  detection  is  minimum,  and  to  optimize  the  system 
characteristics  for  this  situaticr.  Besides  the  obvious  complexity  of 
this  task  let  us  note  certain  of  its  artificiality:  in  any  way  in  all 
use 3/applicaticns  of  FLS  is  justified  the  assumption  about  tbs 
sufficiently  great  possibilities  of  each  "player".  Furthermore,  if 
allow  such  possibilities,  task,  apparently,  will  be  reduced  to  a 
certain  trivial  situation  of  the  type  of  detection  against  the 
background  of  white  noise. 
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The  alternate  path  is  based  cn  the  assuaftion  that  there  are 
characteristic,  typical,  the  situations  which  are  encountered 
comparatively  fre-^uently,  and  they  by  hypothesis  they  are  sufficient 
for  the  developmant/detection  cf  th«  optimum  characteristics  cf 
equipment.  In  fact,  precisely,  this  assumption  is  the  basis  of  these 
placed  classical  of  the  tasks  atcut  the  detection  of  the  signal  of 
known  form  or  about  permission/iesolution  of  two  or  more  similar 
signals  against  the  backcround  cf  interferences. 

These  research  has  as  a  gcal  tc  optimize  c-r%rtain  part  cf  the 
equipment  (usually  receiver  respense)  for  the  typical  situation.  In 
the  case  of  detection  this  situaticn  assumes  the  presence  of  one 
pinpoint  target  against  the  background,  for  example,  cf  white  noise, 
in  the  case  of  permissicr/rescluticr  -  several  close- together 
targets.  In  this  case  is  used  a  strict  statistical  criterion  of  th? 
optimum  character,  when  the  measure  of  quality  is  the  probability  of 
the  correct  solutions  atcut  the  situation  -  about  the  presence  of 
targets  (detection)  or  atcut  their  number  (permission/resclut ion) . 

Page  19. 

3ut  for  tho  typical  situations  indicatad  this  approach  naturally  is 
closed  with  other,  indirect  and  krewn  long  before  the  da velopinont  of 
the  statistical  methods  cf  synthesis. 
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Actually/raall y,  from  the  solution  of  the  mentioned  statistical 
problems  it  follows  that  there  are  two  groups  of  values,  which  affict 
■Che  probability  of  the  ccxrect  solutions.  The  first  group  includes, 
for  exairple,  relation  the  signal/noise.  These  values  are  directly 
connocted  with  the  prcbabili  Stic  uatur'’  of  radar  surveillance  and 
their  rcle  is  correctly  r evealec/detected  only  during  the  statistical 
analysis.  The  characteristic  representative  of  the  second  group  is 
apparatus  function  of  RIS,  i.e.,  its  r«sponse  to  the  single  pinpoint 
target  in  the  absence  of  interf srerces.  Apparatus  function  this  is 
deterministic  of  its  nature  characteristic  whose 

concrete/specific/actual  structure  depends  only  on  the  type  and  th» 
parameters  of  RLS.  Moreover  fcr  the  typical  situations  indicated  the 
cptimizable  characteristics  of  equipment  -  waveform,  the  antenna 
radiation  pattsrn  and  the  pulse  reaction  of  receiv-jr  -  affect  the 
probability  of  the  correct  scluticns  not  directly,  but  through 
changes  in  the  apparatus  functicn.  Fcr  this  very  reason  apparatus 
function  can  with  a  sufficient  feurdation  serve  as  the  object  of 
synthesis  * . 

FOOTMOTE  The  aforesaid  is  correct  in  the  more  general  case.  As 
showed  Spafferd  [69],  the  excess  cf  the  signal  above  the  interference 
fcr  tho  arbitrary  situation  depends  only  on  the  functicn  cf  th'? 
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uncer tainty/indeterainancy  (apparatus  function  -  sse  bslow)  ,  but  not 
from  the  waveform  or  frequency  receiver  response  individually. 
ENDFOOTNOTE. 


The  corresponding  detorministic  approach  to  the  synthesis,  which 
uses  a  concept  of  equipnert  functicr,  in  greater  detail  is  considered 
belcw.  Now,  sumnarizing  the  aforesaid,  it  is  pcssibla  to  note  that  in 
proportion  to  unavoidable  simplifications  in  the  straight  lin?  and 
the  general/coamon/total  approach  to  the  opti uization  of  equipment  is 
substituted  by  less  general/ccmucr/tctal,  based  on  tne  analysis  of 
characteristic,  typical  situaticns.  But  this,  in  turn,  frequently  it 
leads  to  the  fact  that  straight/dirsct  probabilistic  evaluation 
criteria  of  quality  proves  to  be  tcre  or  less  equivalent  to  indirect 
deterministic  criterion,  known  it  is  considerably  earlier.  The 
latter,  although  has  laj,  in  a  sense  heuristic,  character  leads  in 
many  instances  to  the  results  which  obtain  only  further  ccnf : rnatior. 
with  the  help  of  the  prctafcilistic  lethods. 


Page  20. 


Synthesis  according  to  the  apparatus  function. 

The  apparatus  function  cf  ireasuring  meter  rhis  is  its  r^spons: 
to  pulst'd  input  effect,  which  has  th«  character  of  delta- function. 
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Initially  the  concept  of  apparatus  function  related  only  to  the 
optical  instruments  -  telescope,  the  microscope  and  ty  ether,  and  in 
the-  a pplication/appendi X  to  them  she  was  used  already  by  Rayleigh, 
but  with  the  same  foundation  this  concept  is  applicable  to  the  lin'»ar 
instruments,  which  measure  any  physical  quantitias. 

By  linear  is  understood  the  measuring  metar  whose  output 
response  n  is  connected  with  the  input  «:ffect  E  by  linear  integral 
transform.  In  one  measured  parameter  t  this  conversion  takes  the  form 

(VI) 

Kernel  x(0  is  an  apparatus  function,  sines,  as  can  easily  be  seen, 
il(0=x(0  -cr  the  case  of  impulsive  effect  E(t)=6(t).  Let  us 
d isma ntle/sel -ct  some  elucidating  examples. 

Of  course  conversion  (VI)  is  implemented  by  linear  electrical 
circuit,  in  particular  by  receiver  of  RLS.  In  this  case  is  measured 
time  t  of  the  entrance  of  input  signal  E  (t)  ,  and  tj’(/)  is  an  input 
signal  of  receiver.  Apparatus  function  x(0  is  its  pulse  reaction. 

The  wid^r,  is  more  prolonged,  pulse  reaction,  the  more  strongly  is 
distorted  the  inpur  signal  and  the  rougher  ether  conditions  being 
equal  occur  the  measurements  of  the  time  of  arrival. 


In  the  case  of  the  optical  instrument  t  is  a 
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three-dimensional/space  (angular)  ccordinat?,  and  €  (t)  and  ti(0  - 
brightness  distribution  in  the  plane  of  object  and  in  image  plane. 
Apparatus  function  X.(0.  is  the  pcirt-source  image,  obtained  taking 
into  account  to  the  diffracticn  alsc  of  other  distortions,  i.?.  , 
again  the  response  of  instrument  tc  the  input  affccr  cf  th',  ryp-:  cf 
the  delta-function  (now  delta-function  corresponds  to  signal  az  th^ 
fixed  point  cf  space,  but  not  at  the  specific  momant  of  time). 

Page  21. 

The  extent  of  apparatus  function  characterizes  the  width  of 
elementary  spot  on  the  shield  of  instrument;  the  lar ger/ccarser  th  = 
spot,  th»  greater  th'*.  introduced  ty  instrument  distcrtions  and  th= 
more  roughly  is  measured  the  position  of  the  light  source. 

Let  us  consider  ever,  frequency  measure  me  rts ,  for  example,  wit- 
the  help  of  the  usual  wavemeter.  let  to  the  input  of  wavemeter  be 
supplied  the  monochromatic  signal,  i.e. ,  input  offset  has  a  charactf 
of  delta- function  on  the  axis  cf  frequencies.  Seconstructing 
wavemeter,  is  f ixed/recerded  the  response  of  instrument  to  this 
effect  which  will  be,  obviously,  the  r'-sonanos  char actsrist ic  of 
wavemeter.  If  ws  study  the  serrated  signal,  which  contains  many 
harmonic  components,  with  the  retuning  of  wavemeter  is  obtained  th- 
oompound  curve,  which  is  ty  the  iipcsiticn  cf  clem'-ntary  r .-!spcr.s«-s. 
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This  curve  is  the  spectrua  of  signal,  measured  with  some  distortions 
the  larger,  tha  wider  the  rescnance  char acter istic.  It  is  not 
difficult  to  sea  that  this  curve  also  corresponds  to  integral  (VI)  i 
we  by  t  understand  frequency,  by  x(0  -  the  resonance  charact  =r istic 

of  wavemet-r  (s- 'ictly  speaking,  dynamic),  and  by  6  (t)  and  Ti(n  -  -h 
tru-  and  teasurad  sp^rctra  respsctl vcly. 

In  all  sxamplas  examined  the  resolution  cf  instrument  the 
higher,  the  less  rhe  extent  cf  apparatus  function.  Tha  corresponding 
determination  cf  resolution  as  the  extents  of  apparatus  function,  wa 
introducad  by  Raylaigh  [83],  Although  it  has  deterministic  character 
and  is  not  considered  the  statistical  natura  cf  measuring  errers, 
this  determination  frequently  is  used,  since  the  "fine  structure”  of 
input  effect  is  distinguished  the  bettsr,  th^  less  tne  extent  of 
apparatus  function. 

But  not  always  the  task  cf  measurement  requires  the  undistort- d 
transfer  of  input  effect.  For  example,  it  is  possiole  to  be 
interested  only  in  the  fact  such  as  energy  cf  signal  is  included  in 
the  assigned  frequency  hard.  Then  arises  a  question  about  the 
synthesis,  the  construction  cf  the  instrument  whose  frequency 
apparatus  function  (resonance  characteristic)  has  rectangular  form 
with  th<=  assigned  extent.  Cf  course  using  usual  terminology,  here  on 
should  speak  about  the  synthesis  cf  band-pass  filter.  Consequently, 
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th<9  synthesis  of  filters  acccrdir.g  to  th»  fraguincy  charact^^ristic 
can  be  treated  as  synthesis  acccrdinq  to  the  apparatus  function. 

From  somewhat  smaller  foundation,  but  similarly  it  is  possibl- 
to  treat  the  synthesis  of  the  circuits,  which  form  tha  signals  of 
special  fcrm. 

Page  22. 


In  this  case  is  used  the  pulse  reaction  of  circuit,  i.t.,  apparatus 
function  in  the  t  am  pora  r  y/time ,  tut  rot  in  the  rrequency 
representation. 


Passing  to  tha  radar,  we  will  ccnsjd'‘r  RLS  as  the  linear 
instrument,  which  measures  the  angular  coordinates,  range  (delay 
time)  and  the  radial  velccity  (Ccppler  frequency)  of  the  refl^ctinc 
ob-jects.  During  this  treatment  apparatus  function  of  RLS  is  its 
response,  reaction  tc  the  single  pinpeint  tarcc":  which  corresponds, 
obviously,  to  impulsive  input  effect.  Frcm  re  la ti on  ships/rati  os  (li) 
and  (II)  ,  the  describing  conversions  signals  in  the  lin'‘ar 
devicas/equtpmc  nt  of  RLS,  fellows  the  co  n  cret  e/specif  ic/act  ua  1 
structure  of  apparatus  function,  khlch  let  us  writi  out  h'lr®  wi*-hout 
talcing  in^o  account  seme  unessential  factors; 


/(r,  /.  O)  - f  (Vila) 
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It  is  clear  that  if  we  are  interested  only  in  angular 
oeasurements,  apparatus  function  cf  RLS  there  will  be  the  antenna 
radiaticn  pattsrn  (according  to  the  power) 

x(0=5^(«‘)-  (V116) 

But  if  we  concentrate  attention  in  rangings  and  rata,  the  significan 
role  plays  joint  apparatus  function  cf  cocrdirates  t  and  0: 

Z (^  Q)  =  J  s (/')  kH-  n  dr.  (Vila) 

It  d-»psnds  cn  the  form  of  the  sounding  signal  s{t)  and  the  pulse 
reaction  cf  recaiver  h(t)  and  is  called  in  the  theory  of  radar  th* 
cross  function  of  uncertainty/itdet.erminancy  (cross-ambiguity 
function)  . 

Principal  value  takes  the  particular  form  of  this  function,  wh - 
recaiver  of  RLS  is  matched  filter. 


Page  23, 


In  th«=‘se  cas®s  pulse  reaction  is  ccnnecttd  with  tho  sounding  signal 
with  ralationship/r at ic 1 

htt)  ^su—n. 

and  we  come  to  the  function  or  Woodward's  uncertainty/ind-t^rminercy 
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called  also  tha  eigenfunction  of  uncertainty/indeterminancy 
(auto-ambiguity  function)  and  which  depends  only  on  the  wavefcrm: 

y,(/,Q)=  f  (Vllr) 

— oe 

FOOTNOTE  By  asterisk  are  here  and  throughout  designated 
ccmpositely  conjugate  values.  EKCFCCTNOTE . 

Finally,  for  the  limited  applications  of  radar  Doppler  target 
speeds  can  be  considered  negligible.  Then  RLS  is  usrd  only  as  rang? 
finder,  and  the  function  cf  uncer tainty/indeterminancy  is  converted 
into  the  autocorrelation  function  cf  the  form 

/?(/)  =  / (7.  0)=  \'s(ns’(r tVIIat 
—00 

The  matched  filtration  is  the  eptimum  methed  of  the  reception  c 
the  echo  signals  in  the  sense  that  in  this  case  is  reached  the 
grratest  probability  cf  detsetien  against  the  background  of  white 
noise.  For  this  very  reason  the  function  of  the 

uncertainty/indeterminancy  cf  Keedwerd  and  autocorrelation  function, 
that  assume  this  type  of  receiver,  have  so  high  a  value  in  the  th«cr 
of  radar  (in  particular  as  the  criteria  of  the  quality  of  signals). 
But  in  light  of  the  aforesaid  earlier  it  is  pcsaible  to  emphasize 
that  thf  uso/applicaticn  cf  apparatus  functions  in  the  tasks  cf 
synthesis  always  assumes  particular  situation  -  impulsive  input 
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effect  on  the  aeasuring  aeter.  The  use  of  function  of  Woodwar'i' s 
uncertainty/indeter ainancy  is  assumed  also  that  the  observation 
occurs  against  rhe  backcrcund  cf  the  additive  white  ncisa,  which 
prevails  above  all  other  Interferences  [  otherwise  matched  filter  is 
not  optimum  receiver,  and  should  ke  used  the  cross  function  cf 
uncertainty/indeter minarcy  (7II  c)  ]. 

However,  we  see  that  the  synthesis  cf  signals  according  to  tho 
functions  of  uncertainty/indeterainancy  or  according  to  the 
autocorrelation  functions  is  justified  completely  in  the  same 
mcasurs,  in  which  is  justified  the  synthesis  cf  antennas  according  to 
the  radiation  patterns  cr  the  synthesis  of  filters  according  to  the 
frequency  characteristics.  In  all  these  cases  are  used  the 
deterministic  criteria  cf  quality  -  apparatus  functions  -  instaad  of 
stricter  statistical  criteria. 

Page  24. 

In  a  strict  setting  as  the  criterion  of  synthesis  must  serve  th- 
probability  cf  isolation  cr  evaluation  of  the  parameters  cf  useful 
signals  against  the  background  cf  thes'  mixing,  when  th-.  signals 
indicated  were  distributed  sciehcw  in  the  appropriate  interval  cf 
angles  (synthesis  of  antennas),  it  the  frequency  demair.  (syrth-sis  cf 
filt=rs),  cr.  the  plane  time  -  fr*gu?ncy  (sy  nt  h-.sis  cf  signals  fer 
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RLS,  which  measura  the  rarge  anc  the  rate)  or,  finally,  only  in  th 
time  (synthesis  of  signals  for  the  range  finder) . 

In  the  principle  statistical  approach  always  offers  further 
possibilities  in  ccmpariscn  with  the  synthesis  according  re  the 
apparatus  functions.  Thus,  with  the  synthesis  of  anrenna  it  is 
possible,  for  example,  to  attempt  tc  fulfill  th=  mutual  compensati 
for  interferences  frem  different  sources,  which  arrive  on  the 
different  minor  lobes  of  diagrai.  In  some  cases  this  is  possibla, 
although  is  required,  obviously,  the  very  complete  knowledge  of 
concrete/specific/actual  situation.  But  usually  ws  use  th*  si  spier 
and  mors  universal  methed  cf  syrthesis,  being  given  in  a  certain 
adequate/approaching  manner  very  radiation  pattern  -  apparatus 
function  for  the  angular  measurements.  In  this  cass  are  considered 
the  actual  conditions  fer  the  werk  cf  system  in  that  measure,  in 
which  they  are  frequently  known  with  a  sufficient  reliability.  In 
vi<sw  of  such  conditions  we  arc  given  for  soma  systems  the  highly 
directional,  "pencil”  diagram,  fet  ethers  -  the  diagram  of  special 
form,  fer  example,  cosecant.  The  same  approach  is  used  for  the 
synthesis  of  rhe  filters  when  we  choose  the  "adaguars/approaching'' 
frequency  characteristic  -  apparatus  function  for  the  frequency 
moasuraments,  although,  strictly  speaking,  seaboard  would  b=  sclv= 
the  statistical  problems  about  the  Isolation  cf  the  signals  cf 
diff-rant  frequencies  from  the  interf^r  jock's  . 
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The  aforesaid  entirely  relates  to  the  synth-asis  of  signals. 

Being  given  the  desired  structure  of  th=  corresponding  apparatus 
functions  -  function  cf  uncertaint y/indetsrminancy  or  autccorrelation 
-  wo  we  consider  the  actual  conditions  for  work  of  RLS,  without 
overloading  at  the  same  time  the  prcblem  of  synthesis.  The  rcl'^  cf 
stricter,  statistical  methods  is  reduced  in  this  case  to  the  preof, 
the  a valuaticn/ssrimate  cf  the  ad sissibility  cf  this  deterministic 
approach,  moreover  in  cur  view,  statistic  scudies  sufficiently 
convincingly  confirm  its  legitisacy. 

Page  25. 

From  the  aforssaid  clear  alsc  that  tha  det arminisnic  traatmrr.r 
of  synthesis,  which  assumes  the  preliminary  selection  of  the  desired 
apparatus  function,  always  leaves  certain  scope  for  the  engir.  scrir.g 
intuition.  Choosing  one  cr  the  ether  desired  function,  designer  uses 
his  experiment  of  the  solution  cf  analogous  problems.  The  richer  this 
experiment,  the  more  complete  the  understanding  of  possibilities  and 
limitations,  inherent  in  the  pr ejected/designed  eguipment,  the  betttr 
to  it  to  match  different,  usually  contradictory  requirements  and  it 
is  possible  to  nakr  intc  acccunt  the  special  fsatur es/peculiariti^s 
cf  the  sguipmrnt  r'.ali'zaticn  cf  its  project. 


— vTT-r-'y' 
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Apparently,  by  the  expensive  cf  tests/sa spies  and  errors, 
successes  and  disappointments  it  must  pass  anyone  who  seeks  the 
solutions  of  similar  problems.  Are  too  complicated  these  tasks,  sc 
that  always  it  would  he  pcssifcls  tc  arrive  at  the  forsssable 
solution,  using  only  straight/direct,  completely  serial  modes  and 
without  resorting  to  heuristic  ones.  Synthesis  according  to  th<^ 
apparatus  functions  exists,  in  a  sense,  this  heuristic  method. 

Basic  concepts  of  the  thecry  cf  signals. 

Signal, 

By  th^  sounding  signal  it  follows,  strictly  speaking,  tc  call 
the  real  function  of  time  u(t)  =A  (t)  cos[iDo:  +  ilnii].  the  determining 

form  cf  the  emitted  oscillation/vihration.  Here  A  (t)  and  <D(f^  -  law 
of  amplitude  and  phase  mcdulaticn  respectively,  it  is  pcssibl?  to 
consider  that  the  signal  has  the  final  duration  T,  but  this  value 
requires  certain  refinement. 

Ev;n  whon  the  ?ini*ted  signal  is  conveniently  depicted  in  the 
form  of  infinite  sequence,  the  scluticn  about  tae  presence  and  thr 
parameters  of  target  -  range,  of  rate,  the  angular  coordinates  -  is 
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always  accepted  on  certain  final  packet  of  the  =cho  pulses  cr  or  on;. 
impulse/Boaentum/pulse.  Therefore,  without  decreasing  generality,  it 
is  possible  to  bound  the  signal  in  Question  by  the  final  duration  T, 
but  this  value  depends  cn  equipsect  usage  and  method  of  informaticn 
processing.  Ds  further  interest  crly  rangings  and  -argst  speed. 
Signal  u  (t)  it  is  possible  in  this  case  to  examine  during  one  or  the 
maximum  of  several  repetition  periods.  At  least,  duration  T  does  not 
exceed  the  time  of  the  coherence  cf  signal. 
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Analytical  signal. 

The  separation  of  the  single  real  signal  u(t)  to  the  envelope 
A  (t)  and  the  fluctuating  factor  ccs  [wot  ♦<!)(/)]  alsc  reguires 
refinement.  These  factors  it  is  pcssibla  to  select  more  or  less 
arbitrarily,  retaining  their  product,  in  connection  with  which 
appears  the  difficulty  with  a  strict  formulation  of  concepts  of 
amplitude  and  phase  mcdulaticn*  These  concepts  prove  to  be  ambiguous 


The  most  substantiated  way  of  eliminating  this  ambiguity  leads 
to  the  introduction  of  analytical  signal.  In  this  case  real  function 
u(t)  is  supplemented  by  the  iiragitary  component  v(t),  so  that  is 
formed  the  complex  signal  s  (t)  =  u  (t)  ♦jv (t)  ,  Component  v(t)  it  depends 
on  u(t)  and  it  is  connected  with  It  with  the  conversion  of  Gilbert; 


op 


This  selection  of  function  v  (t)  has  the  weighty  physical 
foundations  (appendix  2).  Furthermcre,  for  each  ccsinuscidal 
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component  in  spectrum  u  (u)  functicn  u  (t)  is  the  same  in  the  amplitud 
harmonic  component  in  spectrum  v(«i:)  of  functicn  v(t).  Therefore 
spectrum  s(u)  of  the  composite  signal  s(t)  is  different  from  zero 
cnly  with  the  positive  ones  u,  and  in  this  region  of  the  spectrum 
u  (u)  and  s(u)  coincide  in  form  and  are  characterized  by  only  the 
scale  factor: 

s  (®)  =  ,®  >  0, 

\  0  QnpH  »<0. 


Key:  (1).  with. 


Thus,  the  conversion  of  Gilbert  leads  to  the  composite  signal  whose 
spectrum  has  the  same  functional  structure,  as  the  spectrum  of 
initial  real  oscillation. 


After  registering  analytical  signal  in  the  form 

s(0  =  4U)e'''''\  (Villa) 

it  is  seen,  that  now  enveloping  and  phase  they  are  determined  by  the 
only  form: 

A  (/)  =  +  ?  {1)  —  arctg 

in  this  case  real  part  retains  the  assigned  fcrm 

;^(‘)  =Rei(/)  =.-1  (.')co5,<|:(/). 
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This  ramoves  ambiguity  in  the  determinaticn  of  amplitude  and  phase 
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factors. 

Composite  enveloping. 

If  real  function  u(t)  has  rapidly  oscillating  character,  then 
phase  *  usually  can  be  presented  in  the  form  cf  sum  of  tvo  the  addend 

+<!)(/>, 

moreover  second  of  them  is  changed  relatively  slowly 
characterizes  phase  modulation  cf  signal.  Generally  speaking,  the 
determination  of  the  carrier  freguency  uq  and  with  respect  tc  linear 
component  of  phase  ♦(t)  also  requires  refinement.  But  for  many 
questions  of  the  theory  of  signals  linear  component  of  phase  does  not 
play  the  significant  role.  Therefore  we  can  use  with  cempesite  signal 
amplitude  envelope 

disregarding  the  absence  rapid  cscillaticn  factor  e***'  *bd  without 
being  interested  in  the  value  cf  linear  inphase  component  0(1). 

For  cemposita  envelope  (Vlllt)  we  retain  the  same  designation, 
as  for  signal  (Villa),  nereever,  fer  the  brevity  we  speak  signal 
s(t),  understanding  by  this  cempesite  envelope  (Vlllb)  without  taking 
into  account  tha  carrier  frequency. 


Spectrum  cf  signal 
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Transition/ junctior  to  ccmpcsito  en?<»lope  cornssponds  to  tha 
transfer  of  the  spectruB  froo  the  carrier  to  the  zero  frequency.  The 
spectrum  of  composite  envelope  (usually  we  call  its  spectrum  cf 
signal)  is  placed  both  with  the  positive  ones  and  at  the  negative 
frequencies,  and,  if  the  carrier  fiequeacy  wq  is  sufficiently  great, 
it  is  possible  to  consider  that  the  spectrum  is  spread  to  entire 
frequency  domain 

Page  28. 


After  determining  spectrum  s  {«)  by  the  relationship/ratic 

^  00 

s(<d)=  f 

— oo 

it  is  called  a(u)  by  the  amplitude  spectrum,  and  o (w)  -  by  the  phase 
spectrum  of  signal. 

Function  of  uncertaint y/i ndeter rinancy. 

As  it  was  notad,  the  functicr  cf  uncertainty/indeter minancy  is 
an  apparatus  function  RIS  in  the  coordinates  "time  -  frequency".  It 
characterizes  raspense  fls  to  the  single  pinpeint  target  whesa  range 
corresponds  to  tha  moment/torque  cf  tima  t=0,  and  speed  -  to  Doppler 
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frequency  Q.  Distinguish  the  cress  function  of  the 
uncertainty/indeter  ainancy 


—00 


(IXa) 


and  eigenfunction  uncertainties/indeterminanciDS  (Woodward) 


00 


£1)=:^  (ixb) 

These  expressions  insignificantly  differ  from  (Viiic)  and  (VlTd) 

here  the  functions  of  uncertainty/indeterminancy  are  calibrated, 

the  basis  of  tha  condition 

00  00 


4  ( J  i  Q)  r  dido. = i-  II ;  X.  it-  01  r  dtdti = i . 

—00  —go 


but 

on 


The  standardizing  factor  F  is  ereigy  of  the  corresponding  signal 
in  particular 

£,=  f 

—00 

FOOTNOTE  »,  It  is  acre  precise,  E  is  the  doubled  energy  of  real 
signal,  since  components  u  (t)  and  v  (t)  possess  equal  energy. 
ENDFOOTNOTE, 
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Examining  the  signals,  calibrated  on  the  energy,  i.e.,  after  placing 
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E=1,  it  is  possible  not  to  write  cut  this  factor.  As  is  known,  the 
functions  of  uncsrtainty/lndete rninancy  allow/assume  also  the 
equivalent  recording  through  the  spectra  of  the  signals: 

(t.  Q)  =  1  S  j'cn  —  4-)  Ir  '«)  -i-  4-'' 

—30 

UXC) 

00 

Autcccrrelation  function. 


If  RLS  is  intended  fcr  the  measurements  only  of  the  range  of 
targets,  then,  as  a  rule,  are  used  such  signals,  that  Doppler 
frequency  switches  become  neglicitle.  Under  these  conditions  the 
vital  importance  has  only  one  section  of  the  function  of 
uncertainty/indeterminancy  This  function  is  called  the 

autcccrrelation  function  of  signal;  for  it  we  have  two  equivalent 
expressions,  which  ensue  from  (IXt)  and^IXd)  with  D=0: 

00 

^(0  —  -^  j  s l-Xn) 

— oc 

OS 

/?  (n  =  ^  !  s  («|)  r  'c.V  (Xb) 

w 

—30 

As  in  the  case  of  functioning  the  uncertain ty/indet erminarcy ,  here  it 
is  possible  to  use  the  standard ized/normali  ze  d  signals,  after 
assuming  E=1.  From  (Xb)  it  is  clear  that  the  autcccrrslation  functicn 
is  completely  determined  by  the  spectrum  of  the  power  of  signal 
and  in  turn,  determines  this  spectrum. 
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Chapter  1. 

CHITEPION  OF  PROXIMITY. 

In  question  in  this  chapter  general/common/total  approach  is 
applicable  to  different  tasks  of  the  synthesis  of  signals,  antennas, 
filters,  etc.  For  these  tasks  it  is  characteristic  that  we  attempt  to 
find  out  the  parameters  cf  the  synthesized  object  or,  more  generally, 
its  structure,  which  ensures  scire  desired  properties.  The  class  of 
permissible  structure  is  always  limited,  since  the  objects  of 
synthesis  must  permit  realization  under  some  specific  conditions. 
Characteristic  also  that  the  desired  properties  ate  usually 
impracticable  on  the  assigned  class  of  structures.  For  example,  they 
attempt  to  obtain,  but  do  net  ottair  filters  with  the  strictly 
table-shaped  frequency  characteristic  or  antennas  without  the  minor 
lobes  of  radiation  patterrs. 

In  such  cases,  which  are  cf  fundamental  interest,  the  synthesis 
of  properties  to  finding  cf  the  optimum  structure,  which  gives  best 
approximation  to  the  desired  preperties.  It  is  assumed  also  that  the 
desired  properties  (or  property)  are  determined  in  a  certain 
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deterministic  manner,  without  resorting  to  the  probabilistic 
description  of  task.  In  particular,  as  the  desired  property  can  be 
assigned  the  required  antenna  radiation  pattern,  the  frequency 
characteristic  of  filter  cr  the  function  of  the 
unc.ertainty/indster minancy  of  signal. 

Let  us  attempt  to  give  tc  a  similar  problem  cf  synthesis  tha 
adequate/approaching  mathematical  description,  and  as  the  first  space 
let  us  note  its  connecticn/communication  with  the  task  of 
apprcxiraaticn. 

1.1.  Task  of  approximaticn. 

In  sufficiently  general/commcn/total  fcrirulaticn  this  task 
consists  in  the  following  [  1,  20,  24], 

Page  31. 

Is  given  certain  multitude  of  the  X  functions  x  (t)  ,  and  also 
function  y(t) ,  which  does  net  belong  to  set  x.  It  is  necessary  to 
determine  function  which  provides  best  approximaticn  to 

y (t) .  The  criteria  of  apprcximaticn/approach  can  be  different.  It  is 
possible,  fer  axaaplc,  tc  require,  so  that  would  b=i  minimum  a 
quadratic  difference  in  the  functlcrs  in  the  assigned  timf=  interval 


DOC  =  80206702 


PAGE  -W" 

(■“T/2»  *T/2)  f  3.«8« 

Tl: 

f  |«/(0  — =  niin.  (1.1) 

-Ti: 

or  ninimize  the  great  divergence  cf  functions  in  the  sane  interval 

max  i  z/(7i  —  .n.M min.  (1.2) 

i^r  ■ 

The  first  condition  corresponds  to  the  quadratic  criterion  of 
approximation/approach,  the  second  -  to  uniform  (mininax)  criterion. 
More  general/more  conmon/more  total  treatment  is  reduced  to  the 
following.  Of  aach  function  x(t),  which  belongs  to  set  X,  is  pieced 
in  the  conformity  certain  non-negative  number  d(x,  y)  ,  which  depends 
also  on  assigned  function  y(t).  The  condition  for  the  best 
apprcximaticn/approach  consists  in  the  minimization  of  value  d(x/y) 
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characterizes  the  aetric  cf  certain  abstract  space.  These  impcrtant 
concepts  lead  to  the  gecaetric  interpretation  of  the  task  of 
approximation  and  many  tasks  cf  synthesis.  In  greater  detail  let  us 
pause  at  the  mathematical  essence  cf  the  concepts  indicated. 

Page  32. 

1.2.  Simplest  concepts  of  functional  analysis. 

In  many  H  elements/cells  cf  arbitrary  nature  (x,  y,  z,  ...)  the 
non-negative  value  d(x,  y)  is  called  distance,  if  it  satisfies  the 
following  axioms  of  metric: 

1)  d(x,  y)  =0  when  and  only  when  x=y  -  axiom  of  identity; 

2)  d(x,  y)=d(y,  X)  -  the  axicm  of  symmetry; 

3)  dix,  z\^d{x,  y)^d{y,  z)  -  the  triangle  axiom. 

set  itself  H  is  called  the  locked  metric  space,  if  tc  each  pair 
of  its  elements/cells  is  set  in  the  conformity  distance  d(x,  y)  , 
which  satisfies  the  axioms  indicated,  and  set  H  contains  all 
alsmants/cells,  for  which  specifically  is  distance,  switchirg  or.  all 
maximum  elements/cells.  Elsment/cell  x  is  called  the  limit  cf 


DOC  =  80206702 


PAGE 

sequence  .«i,  . . . .Vn, . . cr,  it  is  shorter,  by  tho  maxiaum  eleaent/cell 

of  space,  if  d{x,Xn)-*Q  with  r— ♦•. 

Any  set  X,  entering  H,  is  sutspace  or  region  of  space  H, 

The  given  isterminat ions  consider  the  most  general/aost 
comaon/BOst  total  properties  of  distance  and  space  and  they  are  the 
natural  generali2ation  cf  the  properties  of  usual  three-dimensional 
space.  Stressing  analogy  with  the  geometric  fcrms,  the  elements /cells 
of  metric  spaces  frequently  call  points. 

The  dominant  role  in  the  functional  analysis  and  its 
applications/appendices  play  such  spaces,  in  which  are  additionally 
determined  the  operations  cf  addition  of  elements/cells  and  their 
multiplication  by  r^al  cr  complex  numbers,  moreover  both  operations 
satisfy  the  normal  conditions  of  ccimutativity,  associativity  and 
distr ibutivity.  Such  spaces  are  called  linear. 

If,  furthermore  for  each  ele irent/cell  x  cf  linear  space  is 
determined  r.crm  ;.v„.  which  satisfies  the  following  axioms: 

h  -  yV.:'ir-:cM  ■  ibKo  c-vi;i  a-O; 


Key;  (1).  moreover.  (2).  only  if. 
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th«s  space  is  called  standardized/ocraalized.  It  is  obvious,  ncra  is 
the  generalization  of  the  length  cf  vector  in  the  usual  space. 

Page  33. 

The  linear  standardized/ncrmalized  space  becoaes  metric,  if  distance 
in  the  fora 

y)  =  U—y\\, 

which  also  specifically  ccrrespcnds  to  usual  three-dimensional  space. 

Finally,  if  in  the  linear  standardized/normalized  metric  space  H 
is  determined  the  scalar  product  cf  eleaents/cells  (.<,  y)  satisfying 
conditions; 

1)  (x»  y)  =  (y»  X)*: 

2)  (Xi  +  Xz  ,  y)  =  (Xi  ,  y)  ♦  (Xj  ,  y)  ; 

3)  (Xx,  y)  =X(x,  y)  ,  where  X  -  any  complex  number,  and  norm 
is  connected  with  the  scalar  product  with  the  relationship/ratio 

(lA;jp=  (x,  .t), 

the  space  is  called  Hilbert. 


The  concept  of  a  Hilbert  space  is  sufficiently 


J  « 
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general/coramon/total,  it  is  addfld  tc  appropriate  multitudes  of 
functions  from  one  or  several  variable/alternating,  to  many  vectors, 
matrices/dies,  numerical  cr  functional  sequences,  etc.  At  the  same 
time  whatever  nature  had  the  elements/cells  in  question,  them  it  is 
possible  to  liken  to  the  points  of  space,  after  preserving  analogy 
with  the  geometric  forms.  In  this  case  many  dependences  and 
properties  of  the  objects  in  question  usually  obtain  demonstrative 
geometric  description,  which  sioplifies  tha  solution  of  series  of 
problems.  We  will  attempt  not  tc  use  geometric  analogies  for  the 
proof  of  fundamental  results,  but  they  us  will  help  to  plan  the 
methods  of  solution,  tc  explain  the  essential  features  of  the  tasks 
of  synthesis.  Specifically,  of  this  consists  the  principal  value  of 
the  concepts  of  functional  analysis  for  this  work. 

1.3.  Space  of  signals. 


In  certain  cases  of  the  concept  of  distance,  norm,  space  and  so 
forth  it  is  possible  to  introduce  ccmpletely  naturally,  but  not 
axiomatic,  as  it  is  done  above.  Let  us  consider,  for  example,  many 
signals  of  the  limited  energy,  i.e.,  many  functions  s(t)  with  the 
integrated  square 

£=  j|5(or  </#<«. 

Pag®  34, 
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After  selecting  certain  crthcncrmal  set  cf  functions 

hit), •■■•f nit) .  we  can  present  signal  as  expansion 

s(t)='£  (1.4) 

n<sl 

Then  function  s(t)  is  completely  assigned  by  the  set/dialing  of 


numbers  -  the  coefficients  cf  expansion  ss(s,.  sz. 


sn,  ...).  This 


ordered  sequence  of  numbers  can  be  treated  as  multidimensional 
vector,  and  numbers  themselves  s„  -  as  the  projections  of  vector  on 
some  axes  in  the  multidimensicnal  space.  After  defining  further 
distance,  norm  and  scalar  product  by  the  relationships/ratics , 
similar  to  usual  three-diuensicra 1  space,  i.e.,  after  placing 


d  (S,.*  S J  =  I S  1  S,n  -  S„'l*  I  , 


a-5) 

(5^,  Sj)  =  £ 
n 

we  satisfy  (as  it  is  not  difficult  tc  checlc)  all  axioms  indicated 
above.  Consequently,  many  multidiiersional  vectors  s  (or,  which  is 
the  same  thing,  many  crdetsd  nuseiical  sequences  Si.  Si. . . .,Sn, • .  ■)  are 
Hilbert  space.  In  the  functional  analysis  such  space  frequently 
designate  1*.  This  representation  cf  signals  -  as  vectors  in  the 
Hilbert  space  -  is  used  extensively,  for  example,  in  the  theory  of 
freedom  from  interference  fcr  the  geometric  description  of  the 
corresponding  tasks. 


We  introduced  the  values  irdfoated,  using  ^hs  expansion  cf 
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functions  s  (t)  in  th?  Fcurier  series  (1.4)  and  considering  base  set 
of  functions  as  certain  cocrdicate  systea,  and  coefficients  s« 

-  as  projections  on  the  ccrrespcnding  axes. 

However,  in  the  usual  space  all  geometric  concepts  can  be 
directly  connected  with  the  parameters  of  vectors,  without  resorting 
to  coordinate  representation. 


Page  35, 


similar  to  this,  in  the  generalized  space  in  question  it  is  possible 
to  express  distance,  norm  and  scalar  product  directly  through  the 
functions  of  time,  without  using  their  expansions  in  the  Fourier 
series.  For  this  it  suffices  to  use  to  the  previous 
relationships/ratios  equality  Parseval  for  serias/row  (1,4),  As  a 
result  it  is  obtained 


1'  ■ 

d(5,.  S,)=  ps,(/) -5,1/1  . 

I— 00  I 

►00  u,'! 

(S,.S,)=  f5,(/)s*,(/)d/. 


5  = 


(1.6» 


Consequently,  these  values  dc  not  depend  on  the  selection  cf  the 
system  of  base  functicrs  /«{/)•  Trarsition/j  unction  from  one  system  to 
another  changes  the  ccefficients  cf  expansion  5„.  but  their 
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coabinations,  which  express  distance,  norm  and  scalar  product  are 
invariant  during  such  ccnvarsicrs  and  are  determined  only  by  the 
structure  of  signals.  Here  also  there  is  an  analogy  with  the  usual 
three-dimensional  space:  the  length  of  vector,  the  distance  between 
the  vectors  and  so  forth  they  are  expressed  as  projections  cn  the 
axis,  but  they  do  not  depend  cn  the  selection  of  coordinate  system. 

Values  (1.6)  satisfy  the  axicms  of  Hilbert  space.  This  space  of 
signals  -  the  space  cf  the  quadratically  summarized  functions  - 
frequently  designate  . 

With  axiomatic  formal  approach  of  space  1*  and  L*  -  these  are 
diffarant  spaces.  Element  s/cells  cf  one  of  them  are  numerical 
sequences,  and  another  -  function ;  distanca,  norm,  scalar  product 
they  are  expressed  differently.  Eut  w®  ob'^aincd,  cbvicusly,  cnly 
different  descriptions,  various  forms  of  one  and  the  same  laws 
(similarly  how  Euclidean  and  analytical  geometry  they  give  only 
different  description  of  one  and  the  same  mathematical  essence)  . 

Page  36. 

Here  we  come  to  the  important  concept  cf  isometric  spaces.  If 
between  the  elements/cells  cf  twc  spaces  is  astablishsd/ir.stalled 
one-to-one  conformity,  such,  that  the  norms  of  equivalent  ccmponents. 
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and  also  of  distance  and  scalar  products  for  tho  corresponding  pairs 
of  elsaents/cells  are  identical,  then  sach  spaces  are  called 
isonetric.  in  view  of  equality  cf  Farseval  for  the  generalized  series 
of  Fourier  (1.4)  these  ccrditiots  ^rs  satisfied  in  spaces  1*  and  L*. 

Isometric  space  are  completely  equivalent  in  the  examination  cf 
the  questions,  which  are  the  ob  ^ect/sub  ject  of  this  book;  it  is 
possible  to  use  one  or  the  other  iscmetric  space  depending  on 
convenience . 


Fourier  transform  places  in  the  conformity  to  each  signal  s(t) 
his  spectrum  s (  u)  : 

s(«)=  js(f)e~^di. 

—00 


This  conformity  is  mutually  unambiguous,  since  also 

•Koo 

Many  spectra  ^(w)  form  Hilbert  the  space  (which  we  further  d«=>signat9 

m 

H) ,  if  we  determine  distance,  nor*  and  scalar  product  by  the 
relaticnships/ratios ; 

d  (S,.  S,)  ==  j-gr  J I  ^  (•)  —  •Si  (®)  r  dm  I  ; 


1/2 


j  ;5(<o)|’doB|  , 

—00 
+00 

I-?,.  J  s,  (<o\  ((l)t //lu. 


(1.7) 
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Equality  Parseval  (fcr  the  Fcurier  integrals,  but  not  for  the 

series/rows  of  the  type  (1.4))  shews  that  the  corresponding  values  in 

00 

spaces  H  and  H  coincide,  i.e.,  spaces  are  isciretric.  This  it 
indicates  the  equivalence  of  the  repres? ntatiens  cf  signals  in  the 
form  of  the  functions  cf  tine  ard  in  the  fora  of  the  spectra  -  the 
functions  of  frequency. 

Page  37. 

However,  complate  equivalence  occurs  only  if  is  applied  the  quadratic 
space  metrics,  which  corresperds  tc  formulas  (1.5)- (1.6).  If,  let  us 
say,  is  used  uniform  (Chetyshev)  metric,  i.e.,  distance  :s  measured 

by  the  maximum  divergence  cf  furctiens  in  certain  interval  - 

</  ( s, .  5 j  =  max  I  s,  i7)  —  s.  I ; )  |.  ( i  .8j 

that  isometric  nature  it  Is  not  observed  and  the  space  of  the  spectra 
it  is  not  equivalent  to  the  space  cf  signals. 


— - - — — ^ 
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1.4,  Fundamental  tasic  of  synthesis. 

In  the  terms  of  the  functional  analysis  (or,  that  almost  the  i 

i 

same,  in  the  geometric  terms)  task  examined  afccve  of  approximation  is  j 

formulated  as  follows.  In  function  space  H  with  metric  d(x,  y)  is  a 
region  X  whose  points  jcs.V  form  many  approximating  functions.  In  the  | 

same  space  thera  is  a  function  y,  which  does  not  belong  to  region  X.  j 

It  is  necessary  to  deteriiine  point  Xopt^X,  least  distant  (in  sensa  of  / 

space  metrics)  from  the  given  point  y  (Fig.  1.1)  ». 


(  FOOTNOTE  1.  Using  conditional  gecietric  model,  we  represent  the 

'  elements/cells  of  multidimensional  spaces  as  the  points  of  plane.  On 

I  figure  to  set  x  corresponds  one -dimensional  curve.  By  this  it  is 

stressed  that  a  number  of  measurements  for  region  X  is  frequently 
less  than  for  entire  space.  ENDFCCTNOTE. 

The  criterion  of  approximaticn/approach  dspends  on  metric, 
quadratic  metric  (1.6)  leads  to  the  least  squares  criterion  (1.1), 
Chebyshev  metric  (1.8)  -  to  minimax  criterion  (1.2).  An  error  in  the 
■-  '  approximation  is  measured  by  the  mirimum  distance 
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Fig .  1.1. 


Page  38. 

'"he  operator  of  finding  the  point  of  set  X,  nearest  to  y,  is 
called  the  operator  of  design  tc  this  set  and  is  designated  Px,  sc 
that 

•topt  =  P  (y) 

and 

dmtn  =■-  nim  i  UV.  y)  =  ||  y  -  {y) t !  ,9) 

In  certain  cases  of  the  prcblea  of  synthesis  they  are  reduced 
and  tc  a  similar  task.  Ir  the  theory  of  electrical  circuits  is  known, 
for  ejcaaple,  the  task  about  the  fcraing  two-terminal  network  when  it 
is  necessary  to  form  the  circuit  whose  impadanca  approximates  the 
assigned  function.  Thus,  for  the  iirpulse  shaping,  close  to  the 
rectangular  ones,  it  is  necessary  tc  obtain  approximation/approach  to 
an  impedance  of  the  open  section  of  long  line,  in  our  designations 
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where  T  -  pulse  duratior.  with  the  synthesis  cf  circuits  with  the 
lumped  parameters  region  1  contains  the  functions  of  form 
jc(<d)  =Pm(<o)/Q,(©),  where  and  -  polynomials,  to  which  are 

superimposed  also  some  further  conditions. 

Further  frequently  they  resort  to  the  artificial 
receptions/procadures.  For  exam  fie,  it  is  possible  to  obtain 
approximation/approach  to  assigred  y,  if  we  use  the  expansion 


00 


and  to  be  bounded  to  a  finite  nuaiter  of  terms  of  this  series/row. 
Similar  receptions/prccedores  lead  also  to  other  known  results  (see 
for  example  [26]).  Thus  is  found  cut  the  rational-fractional 
function,  which  approximates  with  certain  accuracy  the  assigned 
impedance,  and  on  it  is  restored  the  electrical  circuit  of 
two-terminal  network. 

Page  39. 

Clear  thus  far  questions  about  the  criterion  of 
approximation/approach  and  accuracy,  let  us  ncte  the  following 
special  featura/peculiarity  cf  the  task  examined.  Here  to  us  it  was 
completely  known  function  -  impedance  of  tha  segment  of  the  long  lina 
approximation/approach  to  which  was  required  to  obtain.  Specifically, 
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this  made  it  possible  to  use  apprcximation  methods  for  the  synthesis 
of  circuit.  Hcwevar,  considerably  mere  frequent  we  do  not  have  so 
perfect  information  about  the  desired  structure  of  object. 

For  example,  with  the  synthesis  of  filter  frequently  there  is 
known  only  the  required  amplitude-frequency  characteristic,  i.e.,  the 
modulus/module  of  transmission  factor;  the  phase  response  of  filter 
can  be  arbitrary. 

It  is  analogous,  with  the  synthesis  of  antennas  frequently  is 
assigned  only  desired  amplitude  radiation  pattern,  but  the  phase 
structure  of  field  does  net  play  the  significant  role  *. 

FOOTNOTE  ‘.  In  the  ssries/rew  cf  cases  it  is  necessary,  on  the 

contrary,  to  perform  antenna  with  the  assigned  phase  diagram  with  by 
arbitrary  amplitude. 

Similar  tasks  were  called  mixed  problems  of  the  synthesis  of 
antennas  [2].  ENDFOOTNOTE. 

Said  means  that  in  the  appropriate  metric  space  is  net  an  only 
element/cell  y,  which  possesses  the  desired  property,  but  certain  set 
Y,  in  each  element/cell  cf  which  irherently  this  property. 
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In  particular,  set  I  can  certain  all  filters  with  the  assigned 
■od ulus/ module  of  transmission  factor  or  all  antennas  with  the 
assigned  amplitude  radiation  patterc 

FOOTNOTE  2.  aere  is  disregarded  the  requirement  of  physical 
feasibility,  so  that  the  guesticn  can  deal  with  hypothetical  filters 
or  hypothetical  antennas.  ENDFOCTNOTE. 

He  will  see  also,  that  many  tasks  of  the  synthesis  of  the 
signals  of  those  characterizing  by  similar  conditions.  Therefore, 
applying  for  the  concreteness  the  terminology  of  the  theory  cf 
signals,  let  us  formulate  the  fcllcwing  task,  which  generalizes  task 
indicated  above  of  the  appreximatien: 

In  the  space  of  signals  u  are  given  many  X  signals  x  (t)  ,  which 
allcw/assume  realization  in  seme  specific  conditions  (many 
permissible  signals),  and  also  norintersecting  with  a  X  multitude  Y 
of  signals  y  (t)  ,  each  cf  which  possesses  the  assigned  desired 
property  (many  desired  signals)  .  It  is  necessary  to  determine  signal 
A'optlOe.V.  which  provides  best  approximation  to  the  property,  which  is 
determining  set  Y. 

Page  UO. 
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This  tasic  let  us  naac  the  furdaiaental  tasic  of  synlhesis.  with  an 
obvious  change  in  the  tetninclocy  those  formulated  conditions  can 
relate  to  the  synthesis  cf  filters,  antennas  cr  units  of  another 
nature.  Let  us  emphasize  again  that  has  in  mind  the 

apprcxiaaticn/approach  to  the  property,  gen eral/coamcn/total  for  all 
elements  of  set  7,  but  ret  to  any  ccncrete/specif ic/act ual 
eleaent/cell  y^Y. 

Questions  about  accuracy  ard  criterion  of 
a pproximation/approach,  let  as  again,  clear  clarify  the  general 
method  cf  solving  assigned  mission.  Os  will  aid  the  simple  heuristic 
consideration,  based  on  the  gecretric  treatment. 

\ 

If  we  fix  arbitrary  signal  y^Y,  then,  after  using  approximation 
methods,  it  is  possible  tc  deteririre  the  shortest  distance  of  d  (X,  y) 
between  this  signal  and  set  X,  and  to  also  find  permissible  signal 

best  appreximation  to  selected  y  (Fig.  1.2).  This 
approximation  gives  certain  appro xiiration/approach  to  any  property  cf 
signal  y,  including  to  the  desired  property,  ganeral/comacn/t ctal  for 
all  y^Y. 

However,  if  ws  vary  signal  y,  being  moved  on  the  region  (by 
curved)  Y,  and  to  monitor  distance  cf  nearest  a:s.V.  then  it  is 
possible,  to  coma  to  light/detcct/expose  signal  arrang'^d/lccated 
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on  the  shortest  distance  froa  region  X.  This  signal  makes  it  possible 
to  obtain  better  approxlaation/apprcach  on  set  of  X  in  comparison 
with  all  other  signals  set  Y  -  indeed  precisely  distance  d(x,  y)  it 
is  the  measure  of  the  quality  of  approximation/approach. 

Since  set  7  contains  all  signals,  which  possess  necessary 
property,  and  permissible  is  any  signal  of  set  x,  logical  to  assume 
that  precisely  signal  //  ?,.  should  be  selected  as  the 
"sa aple/speciman'*  with  the  approximation.  But  the  nearest  to  sr.n. 
signal  cf  set  x  is  signal  Xop,.  arrarged/located  on  the  shortest 
distance  from  set  Y. 
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Fig.  ).2. 

Page  41. 

As  a  result  ws  ccae  to  the  following  position  which  subsequently 
is  named  the  hypothesis  (or  criterion)  of  the  proximity; 

•Solution  of  the  fundamental  frcblem  of  synthesis  gives  signal 
.v,,7„(S  X,  arranged/located  on  t!.t  shortest  distance 

d„in  —  \VLmd{x.  u)  (l.iO) 

x^X  '  ' 

from  set  Y,  using  operators  of  design  on  X  and  Y  respectively,  it  is 

possible  to  register  also 

d„in  =  min  jj  y  —  P^  iy)  il  =  min  \lx  -  Py  {x)  (  I .  I  Oa) 

The  formulated  tasic  of  synthesis  and  the  hypothesis  of  proximity  are 
the  basis  of  this  work,  eany  questions  of  the  synthesis  of  signals 


are  reduced  to  this  task  cr  its  generalizatiors,  moreover  the 
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hypothesis  of  proximity  indicates  the  g** npral/common/total  way  of 
experiaent. 

For  the  first  time  the  hypothesis  of  proximity  was  formulated  by 
one  of  the  authors  of  this  beck  in  1967  [8].  From  the  works  of 
predecessors  it  is  possible  tc  note  the  following. 

Landau  and  Pollack  [43],  examining  the  task,  investigated  by  us 
in  chapter  2,  mention  abcut  the  possible  treatment  of  synthesis  as  to 
the  problem  of  the  minimi2aticn  of  the  angle  tstween  the  appropriate 
subspaces.  This  is  close  tc  cur  irterpretation  (see  §1.7) . 
Unfortunately,  the  more  complete  work  of  the  same  authors  on  the 
theme  indicated  (reference  of  6  articles  [43])  was  not  published. 

In  the  cumber  of  research  cn  pattern  recognition  (see  for 
example  [59])  as  one  of  of  the  heuristic  algorithms  of  discrimination 
is  mantioned  that  the  called  rule  of  proximity,  which  consists  of  the 
following.  The  tested  object  relates  to  that  class,  of  which  is  less 
the  distance  (in  the  sense  of  certain  space  metrics  of 
signs/criteria)  .  Here  it  is  possible  to  perceive  analogy  with  our 
approach,  but  to  another  task,  which  differs  significantly  from  the 
synthesis  of  signals,  antennas  or  filters. 


Let  us  note  also  that  the  theory  of  the  synthesis  of  radar 
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signals  is  developed/processed  ccaparatively  recantly, 
approximataly/axemplarily  frcni  seccnd  half  of  the  1950th  years.  The 
synthesis  of  antennas  and  electrical  circuits  has,  at  least, 
thirty-year  history.  Under  these  conditions  the  appearance  of  a 
similar  general/common/tctal  idea  in  the  theory  of  signals  can  be 
explained,  perhaps,  only  by  the  fact  that  the  latter  is  the  branch  of 
the  theory  of  the  freedom  free  interference  where  the  geometric 
representations,  analogous  by  that  used  by  us,  are  used  extensively. 

Page  42, 

In  connection  with  antennas  or  filters  similar  representations  did 
not  win  acceptance  that  it  cculd  be  reflected  in  the  methods  of 
synthesis. 

1.5,  Some  generalizations  of  fundamental  task. 

Above  task  of  synthesis  was  formulated  in  the  space  of  signals  H 
or,  it  is  more  general/mcre  cca Jtor/irore  total,  in  the  space, 
elements/cells  of  which  are  the  objects  of  the  synthasis  of  another 
nature. 

However,  a  similar  task  can  be  formulated  also  in  soma  cth^^r 
spaces,  in  connection  with  the  elements/cells  which  are  connacted  in 
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any  Banner  with  tha  objects  of  synthesis,  but  they  are  not  id'^ntical 
to  then.  For  example,  with  the  synthesis  of  filter  it  is  possible  to 
examine  as  the  objects  net  of  the  structure  of  quadrupoles,  but  their 
mat  rices/dies,  transmissicn  factors  or  let  us  assume  transient 
functions.  Similar  versiens  ate  contained  by  the  following  diagram. 

Let  operator  B  place  in  accordance  to  each  element/cell  s  of 
space  H  certain  of  his  ferm  s*  in  space  H*; 

s^=Af(s);  se//; 

Regions  X  and  Y  of  space  H  are  converted  in  this  case  into  the 
new  regions  X*  and  Y*  in  space  E*.  it  is  obvious,  with  the  synthesis 
it  is  possible  to  use  a  hypothesis  of  proximity  in  any  of  these 
spaces,  and  depending  on  what  space  is  examined,  the  solution  will  be 
either  elsment/cell  cf  space  H  or  element/cell  x'op,  ■  of  space  H* 

(Fig.  1.3). 
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Fig,  1.3. 

Page  43. 

These  scluticns  are  not  eguivalent,  different  conversions  lead, 
generally  speaking,  to  different  tasks  of  synthesis  and  different 
solutions.  Here  it  is  expedient  tc  consider  three  fundamental  cases. 

First  case.  Let  spaces  H  and  H*  be  isometric.  As  it  was  noted, 
this  means  that  there  is  cne-to-cne  conformity  between  the 
slements/calls  and  their  ferms,  i.e.,  there  is  an  inverse  operator 
H“*,  which  unambiguously  reflects  H'  on  H:s  =H"’‘ (s  ’ )  • 

Furthermore,  isometric  ccnveision  retains  tha  distance  between 
the  appropriate  pairs  of  the  eleoents/cells : 

During  this  conversion  sets  X  and  Y  do  act  change  mutual 
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location.  Therefore  eleaent/cell  x'„p,,  the  realizing  miniaiua  of 
distance  cf  Y*  in  space  H*,  Is  the  form  of  element/cell  Xop<  cf  space 
H.  Consequently,  isometric  conversions  they  do  not  l?ad  tc  the  new 
solutions  of  the  problems  of  sytthesis,  all  isometric  spaces  are 
equivalent  in  these  tasks. 


The  second  case  occurs,  if  operator  a  realizes  the  hcmeomorphic 
conversion  H  on  H*.  This  means  that  there  is  cne-to-one  conformity 
between  s  and  s'  (there  is  an  inverse  operator  a**')  ,  but  the 
distances  betwean  the  corresponding  pairs  of  el^ments/cells  are  not 

equal  to  Bst— SiB vtlls'i— s'lll-  This  conversion  is  equivalent  to  the  elastic 

•  «  ... 

deformation  of  space.  Actually/really,  it  is  possible  to  introduce  in 
the  initial  space  H  new  metric,  after  assuming 

d(Si,  si)=*Bi'i— s'!!!. 

In  view  cne-to-one  conformity  s  and  s',  and  also  that  the 
homeomorphic  conversion  is  mapping  cf  a  space  H  onto  itself,  new 
metric  satisfies  the  necessary  axicas.  Therefore  as  a  result  of 
conversion  some  points  converge,  ethers,  on  the  contrary,  are 
separated/expanded,  but  does  not  occur  mergings/ccalescences  of 
several  points  into  one  cr  disccrtirucus  changes. 


It  is  cbvinus,  those  points  cf  regions  X  and  Y  which  were 
located  at  the  shortest  distance  frem  each  ether,  after  deformation 
they  can  not  satisfy  this  cerditien,  Thsm  will  bs  replaced  ether 


— t.  ^ 
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points,  i.e.,  the  solution  of  the  problem  of  synthesis  in  space  H* 
will  be  obtained  other,  than  in  space  H. 

Page  «4. 

This  change  in  the  space  metrics  leads  to  a  change  in  the 
criterion  of  approximaticn/appr each ,  moreover  for  each  criterion 
there  is  an  adequate  metric  fer  which  minimization  of  distance  givas 
approximation/approach  in  the  sense  of  the  assigned  criterion  (see 
§1.6),  By  other  owls,  there  is  a  reversible  operator  M,  which  permits 
to  convert  the  initial  space  H  intc  the  homeomorphic  for  it  space  a», 
where  use/application  of  a  hypothesis  of  proximity  gives  the 
solution,  matched  with  the  assigned  criterion  of 

approximation/approach.  However,  as  it  will  be  clear,  finding  this 
operator  it  presents  considerable  difficulty. 

High  value  foe  future  reference  has  the  third  case  of  the 
conversions,  during  which  space  H  is  mapped  net  to  entire  space  H*, 
but  to  certain  part  of  it  Q.  Set  7*,  which  reflects  the  set  of  the 
permissible  objects,  is  included  in  this  case  within  Q  (Fig.  1.4). 

Let  us  consider,  for  example,  the  transformation  of  signal  into 
its  autocorrelation  function 

5' = .tf  (5) = /?  ,7) = ^  j  5  ft’ + 4-)  (^'  -  4-) 


(1.11) 
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Fouriar  transform  from  autocorrelation  function  is  the  energy 
spectrum  of  signal,  i.e. 


${<0)  =  j5  («)(». 


Fig.  1.4. 

Page  45, 

Ccnsequently ,  the  spectrum  of  autoccrr slation  function  is 
positive.  This  condition  limits  the  class  of  tha  functions,  feasible 
as  autocorrelation,  and  are  determined  region  3  of  space  H’ , 
containing  entire  autocorrelation  of  function.  3ut  set  Q  doss  not 
cover/ccat  entire  space  H*.  the  elements/cells  of  this  space  are  also 
the  points,  which  are  formed,  for  example,  with  the  linear 
superposition  of  different  autocorrelation  functions.  As  a  result  are 
formed  the  functions  with  the  arbitrary  spectral  density  (not  only 
positive),  which  suppleiert  Q  reglct  to  space  H*. 

The  formulation  of  the  fundamertal  task  of  synthesis  assumes 
that  the  assigned  property  is  feasible  (since  in 


space  H  is  a  set  Y, 
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in  each  element/cell  of  which  inherently  this  property)  .  However,  in 
a  number  of  cases  it  is  expedient  tc  be  given  as  that  required  the 
impracticable  property  which  possesses  not  one  element/cell  se.H.  and 
to  seeic  best  approximaticn  to  this  property  on  the  assigned  set  X. 
Specifically,  in  these  cases  are  useful  nonhomeoocrphous 
transformations  of  the  type  in  question. 

Assume  it  is  necessary  to  find  out  signal  xe.Y  with  a  '♦good" 
autocorrelation  function.  It  is  thought  that  this  function  must  be 
maximally  crowded  in  the  low  tiie  interval  (-1/2,  T/2)  and  have  low 
remainders/residues  out  of  this  interval.  In  the  absence  of  the  more 
complete  information  about  the  necessary  autocorrelation  function 
R  (t)  it  is  expadiant  to  take,  fcr  example,  the  condition 

^  (1.12) 

I  (PnpH  '  ( ,  >  r  '2. 

Key:  (1).  with. 

But  this  autocorrelation  function  is  impracticable 

F '''TVOTE  *.  Since  spectrum  P  («)  alternating.  EKDFOOTNOTE. 

-  "'rssible  CO  indicate  cne  signal  ve/y.  which  possesses  the 

r  -lowever,  after  using  transformation  (1.11),  it  i? 

•'rx'.litp  the  task  cf  synthesis  .in  space  H'  -  the  space 
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of  the  autocorrelation  functions  where  among  the  elements/cells , 
which  supplement  Q  region,  are  these  satisfying  condition  (1.12). 
Many  such  elements/cells  of  space  H‘  let  us  designate,  as  earlier, 
Y',  but  now  it  does  not  have  a  pretetype  in  the  space  of  signals  H. 

Page  46. 


As  it  is  clear  from  Fig.  1.4,  task  is  reduced  to  the  minimiraticn  of 
the  distance  between  sets  X*  and  Y*  space  H*.  Optimum  is  element/ccll 
x'op,,  for  which  it  is  necessary  tc  further  find  out  prototype  in 
region  XezH. 


Set  X’  can,  in  particular,  ccver/coat  entire  realizable  region 
Q.  Then  we  com^  to  the  task  about  the  best  approximatior./approach  to 
the  assigned  impracticable  property  on  entire  space  of  signals, 
reoressntaticn/t  ransf  orma  tion  of  which  is  Q  region.  This  is  cna  of 
the  most  important  of  the  prcbleis  cf  synthesis. 

With  the  approximaticn/apprcach  to  tha  unrealizable  property  is 
applied  also  the  followirg  indirect  method.  First  is  found  out 
optimum  signal  Snp,,  ensuring  best  approxima tier  to  the  assigned 
property  in  entire  space  cf  signals  H,  and  then  is  realized 
approximatior./approach  to  this  cptiium  signal  on  the  permissible  set 
X.  Since  X  is  part  of  H,  it  is  at  first  glance,  t 


^  • 


his  method  is 
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correct:  is  solved  the  prcblen  of  synthesis  ir  a  broader  class,  and 
then  is  obtained  best  apprcrlfaticn  on  the  assigned  subset.  However, 
this  solution  is  reduced  to  twc  ccnsecutive  operations  in  space  H*: 
first  is  deterained  the  shortest  distance  between  T'  and  of  Q,  and 
the  then  corresponding  point  Q  tecicn  is  projected/designed  for  X* 
(dotted  line  in  Fig.  1.U).  As  can  te  seen  from  figure,  in  general  we 
do  net  come  into  that  point  x'opt.  .  which  gives  direct 
approximation/approach  between  Y*  ard  X*.  Therefore  the  indirect 
method  indicated  requires  further  proof. 

From  a  practical  point  of  view  this  method  frequently  can  be 
justified  by  the  fact  that  the  desired  property  is  net  ‘known 
completely  accurately.  In  particular,  conditicn  (1.12)  is  formulated 
only  on  the  base  of  intuitive  considerations.  It  is  possible  to 
replace  the  required  cenditier  with  certain  close  one  to  it  and  to 
use  this  possibility  for  simplification  in  the  task.  The  replacement 
of  impracticable  conditicn  by  close  one,  but  feasible  makes  it 
possible  to  formulate  task  in  tie  initial  space  H  (i.e.  to  arrive  at 
the  fundamental  task  of  synthesis),  which  gives  the  considerable  of 
simplification.  The  indirect  method  examined  can  be  treated  as  one  of 
the  realirations  of  this  possibility.  Frequently  it  also  happens, 
that  the  distance  from  Y*  to  Q  is  considerably  acre  (or,  on  the 
contrary,  it  is  considerably  less)than  from  the  appropriate  (nearest 
to  Y*)  point  Q  region  to  X'. 
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For  axample,  if  region  X*  corresponds  to  set  Chn  of  signals,  -  3 
region  to  many  arbitrary  signals,  and  Y*  is  assigned  ty  the  desired 
(impracticable)  autoccrre laticc  function,  then  as  it  is  possible  to 
show,  the  distance  between  Y*  and  of  Q  remains  final,  and  the 
distance  between  Q  and  X*  asymptotically  approaches  zero  during  the 
large  compression.  Therefore  with  the  synthesis  of  signals  with  the 
sufficiently  large  compression  completely  it  is  possible  to  use  the 
indirect  method  indicated,  moreover  main  role  plays  the  first  stage 
the  approximation/a ppxoach  of  the  assigned  autocorrelation  function 
on  many  arbitrary  signals  (see  Chapter  4)  . 

1,6,  Criterion  or  hypothesis? 

Open  the  correct  formulation  of  the  problem  of  approximation  it 
is  necessary  to  assign  not  only  desired  function  y(t)  and  many  X 
approximating  functions,  tut  also  the  criterion  of 
approximation/approach.  In  other  words,  it  is  necessary  to  clarify, 
in  what  sense  anhnown  of  function  Xopt(t)  must  approach  assigned  y  (t)  . 
The  criterion  of  apprcximaticn/apprcach  is  determined  by  a  condition 
of  the  type 

e(x,  y)=min,  (1.13, 
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where  e  ”  positive  functional,  and  mininization  is  produced  on  all 
JTsJf.  Special  casgs  (1.13)  are  conditions  (1.1)  and  (1.2), 

The  criterion  of  approxiaaticn/approach,  if  it  is  assigned, 
usually  makes  it  possible  to  estat 1 ish/i nstall  the  metric  (it  is  more 
precise,  quasi-metric)  cf  space  in  which  must  be  solved  the  task  of 
approximation.  For  example,  it  is  possible  to  assume 

d(x,  j/)=<p(e(x,  y)].  (114) 

where  *  -  arbitrary  increasing  functicn.  In  particular,  metric  (1.5) 
is  connectad  with  quadratic  criteticn  (1.1)  with  relationshipAatic 
<y=g'-,  and  chebyshev  aretric  (1,6)  is  connected  with  minimax  criterion 
(1,2)  with  simplest  dependence  d  = 

The  selection  of  the  critecicn  of  approximation/approach  is 
almost  always  a  difficult  and  disputable/debatable  question.  The 
cases  when  it  is  possible  with  the  proper  foundation  tc  indicate, 
what  kind  approximaticn/a pproacb  is  necessary,  they  are,  it  is 
faster,  by  exceptions/eliminaticns  from  the  general  rula.  Me  already 
mentioned  tlie  task  about  the  forming  two-terminal  network,  which  is 
reduced  to  the  approximation  cf  the  impedanco  cf  the  segment  cf  Icng 


line 
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It  is  obvious  that  it  is  necessary  to  approach  this  ideal,  but  it  is 
in  no  way  clear,  what  approximaticns/approaches  -  minimax,  quadratic 
or  others  -  will  give  the  best  shape  of  pulse.  Besides  the  fact  that 
does  mean  the  best?  how  tc  measure  the  divergences  from  the  desired 
rectangular  form? 

Frequently  only  the  intuitive  considerations  are  used  during 
this  selecticn,  or  preference  is  given  up  to  that  criterion  which 
more  easily  leads  to  the  scluticn. 

In  the  locating  tasks  the  criterion  of  approximation/approach  it 
is  possible,  in  the  principle,  tc  establish  relying  on  the 
statistical  analysis  of  problem  as  a  whole,  the  detection  problems  or 
measurement  under  conditions  cf  ere  or  the  other  interferences.  Soma 
research  of  this  type  is  [15].  But  here,  as  when  selecting  of 
general/coramon/total  apprcach  tc  the  synthesis,  fundamental 
obstruction  is  connected  with  the  incompleteness  of  the  a  priori 
information  about  the  ccncrete/specific/act ual  situation  ». 

FOOTNOTE  *.  Should  be  distinguished  the  criteria  of  the 
approximatiors/apprcaches  under  discussion,  and  criteria  quality 
(synthesis,  optimization),  that  were  being  mentioned  in  input 


DOC  =  80206702 


PAGE 

chapter.  The  criteria  of  quality  fcrmulate  nain  circuit  of  the  task  - 
to  obtain  approxiaaticn/approacl  to  the  assigned  apparatus  function, 
to  ensure  the  ■aximum  cf  the  prcbability  of  detection,  etc.  The 
criteria  of  approxiaaticn/apprcach  play  more  modest  role.  They  make 
more  precise  some  special  features/peculiarities  of  the  decided  task, 
they  indicate,  what  kind  apptcx iiraticn/a pproach  is  required  to 
obtain.  ENDFOOTNOTE. 

It  is  clear,  for  example,  that  for  elimirating  the  masking 
action  cf  close  ones  in  the  ranee  cf  targets  it  is  necessary  to 
reduce  the  remainders/residues  cf  autocorrelation  function.  But  what 
criterion  of  the  level  of  remainders/residues  to  take,  does  approach 
the  decrease  cf  the  greatest  remaieder/residoe  (miniaax  criterion)  cr 
the  average  (quadratic  critericr) ?  This  depends  on  situation.  If  the 
mixing  targets  are  comparatively  tare,  the  greatest  remainder/residue 
characterizes  the  worst  case  when  useful  signal  interferees  with  one 
of  that  mixing.  But  if  the  mixing  reflections  are  arranged/lccated 
sufficiently  tightly  (dipcle  clcud,  the  background  of  terrain  echoes 
or  sea),  in  each  quantum  cf  range  cccurs  the  imposition  of  many 
random  signals,  and  is  here  apprcpxiate  quadratic  criterion  C  ^5  ], 

Thus,  even  in  the  tasks  cf  approximation  the  selecticn  cf  the 
criterion  of  approximat icr/ap preach  must  be  produced  or.  the  base  cf 
those  initial  prerequisites/prenises  which  led  to  the  setting  of 
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antire  problem.  Evan  more  is  coaplicatad  this  question  in  the  tasks 
of  the  synthesis  when  the  object  cf  approtimation/approach  is  not 
accurately  known,  but  is  assigned  cnly  certain  property,  inherent  in 
many  objects,  and  a pproxi aaticn/approach  to  this  property  is  required 


to  obtain 
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Let  H  -  be  Hilbert  space,  elenents/cells  of  which  are  the 
objects  of  synthesis,  in  particular,  th^  space  of  signals.  Set  X 
includes  all  permissible  objects,  and  Y  -  objects,  which  possess  the 
desired  property.  He  are  interested  in  the  specific  property  of 
objects,  for  example,  by  the  autcccrrela tion  function  of  signal.  This 
means  that  there  is  an  operator  M,  whom  places  in  the  conformity  to 
each  element/call  of  space  the  property  indicated.  In  particular, 
with  the  synthesis  according  to  the  autocorrelation  function 

M  (s\  = ;?  (0 = -L  J  s  4.  5*  dv. 

—00  '' 

Operator  a  maos  space  H  into  another  space  a'.  But,  in  contrast 
to  the  cases,  examined  earlier,  set  Y  is  converted  in  this  case  into 
one  point  space  H*,  since  all  possess  one  and  the  same  desired 

property 

M{y^Y)  =M9. 

As  a  result  of  this  conversion  the  synthesis  is  reduced  to  th^ 
approximation;  in  space  H'  it  is  recessary  to  find  point  ^opi  of  set 
X',  nearest  to  point  Hq  (Fig.  1.5), 
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It  is  hera  assumed  ttat  the  space  metrics  is  matched  with  the 
assigned  criterion  of  the  apprcxiuaticn/a pproach 

e(*',  Afo)  =min.  (1.15) 

Of  course  the  selection  cf  criterion  (1,  15)  is  so/such  difficul 


as  with  the  usual  approxiaaticn. 
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Fig.  1.5. 
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But,  f urtharaora,  it  is  necessary  on  obtained  fora  x'ort  to  determine 
the  unknown  object,  i.e,,  to  return  to  space  H. 

with  this,  completely  correct  formulation,  the  problem  of 
synthesis  frequently  proves  tc  be  eitremely  ccaplicated.  The 
hypothasis  of  proximity  gives  t  be  simplified  approach  to  the 
solution,  which  doas  not  require  sapping  of  a  space  H,  but  precisely 
this  fact  leads  to  certair  contradiction  in  a  question  about  the 
criterion  of  approximaticn/ap preach  . 

It  is  not  difficult  to  establish/install,  what  condition 
satisfies  object  Xopi,  that  obtained  cn  the  base  of  the  hypothesis  of 
proximity.  As  it  is  clear  fre*  Fig,  1.5  and  fcrmula  (1.10),  this 
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object  realizes  shortest  distance  in  space  H  cf  set  Y,  i.  e,  , 

d{x.  >')  =  mindijf.  y)  =  lj:-P„(jc)i  =  min.  (1.16) 

where  the  miniaization  is  produced  on  all  elements/cells  xe.V. 

Actually,  this  condition  fornulates  the  criterion  of 
approximation/approach,  utilized  with  our  approach  to  the  synthesis, 
and  it  is  hora  appropriate  to  speak  not  about  the  hypothesis  cf 
proximity,  but,  rathar,  about  the  critericn  of  proximity.  If  space 
metrics  H  is  fixed/recorded  and  in  it  there  are  many  desired  objects 
Y,  then  ccndition  (1,16)  it  completely  determines,  what  kind 
apprcximaticn/approach  is  achieved  at  the  synthesis,  in  this  sense 
our  approach  to  the  synthesis  is  reduced  only  to  the  special 
selection  of  tha  criterion  of  apprcximaticn/approach. 

As  it  was  noted,  a  change  in  the  metric  by  the  corresponding 
homecmorphic  conversion  is  equivalent  to  the  elastic  deformation  of 
space.  This  makes  it  possible  tc  show  that  for  each  assigned 
critarion  of  approximat icn/apprcach  there  is  an  adequate  metric  with 
which  the  synthesis  on  the  critericn  of  proxiniity  leads  to  the  same 
result,  as  direct  synthesis  on  the  assigned  criterion. 

Actually/reall  V,  let  initial  criterion  (1.15)  satisfy 
element/call  of  space  H'  (see  Fig.  1,5).  Being  returned  with  the 

help  of  the  inverse  operator  (ambiguous)  into  space  H,  let  us 

establish  that  scluticr.  cf  prcblei  gives  tlemsnt/ct li  a".,.,.  form  of 
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which  in  space  U*  is  x'o„t.  In  general  x"o,.,  is  not  locatsd  at  the 
shortest  distance  from  Y  in  the  iritial  space  metrics  H. 

Page  51. 

But,  after  fulfilling  the  appropriate  homeomorphic  conversion,  it  is 
possible  it  goes  without  saying  sc  to  deform  this  space  sc  that  the 
element/cell  x"„pi  would  prove  tc  be  nearest  to  Y.  After  such  straia 
(it  is  obvious,  not  only)  the  use/application  of  a  criterion  of 
proximity  (1,16)  will  be  equivalent  to  synthesis  on  initial  criterion 
(1.^5). 

Consequently,  examining  cur  approach  to  tha  synthesis  on  many 
different  homeomorphic  spaces,  it  is  possible  to  speah  about  its 
universality  in  ths  sense  than  the  criterion  of  proximity  generalizes 
all  other  criteria  of  approxiiaticn/approach.  ifiiataver  initial 
criterion  was  assigned,  there  is  always  an  adequate  metric,  which 
makes  it  possible  to  find  the  necessary  solution  on  the  base  of  the 
criterion  of  proximity. 

However,  the  regular  methods  of  finding  this  metric  are  unknown, 
and  usually  we  forced  to  enter  ctherwise.  We  choose  metrics  of  spare 
a  a  priori,  it  is  irtuitiv?,  and  cnly  in  the  coursn  of  solution  of 
problem  appears  the  ucssitility  tc  chscx  (via  the  analysis  of 
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conditicn  (1.16)),  what  criterion  of  approxim atioa/approach  satisfies 
the  synthesized  object.  Of  this  consists  the  heuristic  nature  of  the 
approach  in  question  to  the  synthesis,  this  is  why  we  speak  not  only 
about  the  criterion  of  proximity,  but  also  about  the  hypothesis  of 
proximity. 

Ms  will  apply  the  hypothesis  of  proximity,  mainly  in  the  spac* 
with  quadratic  metric  (1.6).  This  gives  simplification  in  the 
solutions.  But,  in  spite  of  the  so/such  "unjustified"  selection  of 
metric,  ccndition  (1.16)  is  reduced  for  the  majority  of  probl=m3  tr 
one  of  the  commonly  used  ones  cr,  at  least,  the  acceptable  criteria 
of  approximation/ap proach .  This,  means  that  in  many  instances  we 
succeeds  in  confirming  the  applicability  of  the  hypothesis  of 
proximity  in  the  simplest  version,  demonstrating  the  practical 
acceptability  of  the  correspond  inc  results. 

In  other  cases  when  with  the  quadratic  metric  criterion  (1.16) 
to  justify  is  difficult,  we  attempt  to  indicate  the  adequate  space 
metrics  with  which  the  cr.iterion  of  proximity  is  equivalent  to  the 
given  one.  Frequently  this  can  be  dene,  but  this  path  does  not  always 
lead  to  th-  practical  results;  in  the  new,  "adequata"  metric 
mathematical  difficulties  sharply  they  grew  tc  rind  optimum  signal, 
applying  the  criterion  cf  proximity,  it  does  not  succeed.  In  such 
problems  th-  scluticr. ,  obtained  according  to  tna  hypenhesis  cf 
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proximity  with  the  quadratic  metric,  is  expedient  to  consider  as 
initial  approximation/approach  and  to  obtain  its  refinement  by  one  cf 
the  known  iterative  methods. 

Page  52. 

Moreover,  applying  the  latter,  nothing  interferes  to  use  the  initial 
criterion  of  approaching  type  (1.15),  specifically,  this  method  of 
synthesis,  which  combines  the  analytical  solution  in  the  initial 
stage  (based  cn  the  hypothf)Sis  cf  proximity)  with  the  numerical 
iterations,  is  most  efficient  fcr  the  complex  problems  of  synthesis, 

1.7.  Standardization  and  the  coefficient  cf  proximity. 

A  question  about  the  space  metrics  is  ccnnact^d  also  with  th? 
method  of  the  standardization  of  signals.  Osually  the  significant 
role  plays  form,  but  not  signal  aaplituie,  not  its  scale.  All 
signals,  which  are  characterized  by  only  scale,  i.a., 

where  f  -  assigned  function,  p  -  arbitrary  positive  value,  frequently 
can  be  treated  as  one  object  cf  synthesis,  since  the  scale  does  not 
affect  those  characteristics  cf  signal  which  ari  important  fcr 
permission/resoiution  or  measuring  the  parameters  of  targets. 
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In  this  coansstion  it  is  expedient  to  superimpose  normalization 
the  condition,  which  is  urambigucosly  determining  factor  p  according 
to  function  f  (t)  .  This  condition  usually  fixs/records  energy  of 
signal  cr  its  maximum  amplitude.  They  assume/set 

or 

s^=a^ls(/)j  =  J.-  :  (Ijg) 

In  the  linear  srandardized/ncrmalized  spaces  two  signals,  that 
are  characterized  by  only  scale,  are  represented  as  the  vectors  of 
different  length,  directed  along  cna  straight  line.  On  waveform 
depend  the  angular  position  of  vector,  while  from  the  coefficient  p  - 
only  its  length,  norm  '!sll  Condition  (1,17)  or  (1.18)  can  be 
understood  therefore  as  setting  of  the  norm  of  signals.  In  other 
words,  the  signals,  which  satisfy  standardization  condition,  are 
conveniently  mapped  by  the  points  of  the  single  hypersphere  S  in 
space  H.  Sets  X  and  Y  are  in  this  case  some  sections  of  the  surface 
of  sphere.  It  is  mere  precise,  X  Y  correspond  to  the  conical  spaces, 
shown  in  Fig.  1.6,  but  standardization  condition  satisfy  only  the 
traces  of  these  cones  on  the  surface  of  sphere  S. 

Page  53. 

tinder  these  assumptiens  condition  (1.17)  means  that  the  norm  of 
signal  must  be  iet’rained  by  the  telationship/ratio 
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iuii=|  J)-'{or^ 

analogously,  condition  (1.18)  leads  to  tha  ralationship/ratio 

,  |(i-||  =  max|s(0|. 

Mcrm  determinas,  in  turn,  space  aetrics.  Therefore 
standardization  on  energy  (1.  17)  is  conveniently  usad  in  space 
with  quadratic  matric  (1.6),  and  standardization  in  amplitude  (1.13) 
-  in  the  space  with  Chetyshev  metric  (1.8). 

He  examine  tha  synthesis  of  radar  signals  according  to  tha 
functions  of  uncertaint y/indetorminancy  or  tha  autocorrelation 
functions.  Both  these  functions  use  the  signals,  calibrated  on  the 
energy.  Therefore  the  problems  cf  synthesis  it  is  frequently 
expedient  to  examina  in  space  L*,  where  condition  (1.17)  corresponds 
to  standardization  i:s!i  =  l. 


Fig.  1.6 
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Consequently,  for  the  majority  of  the  exaained/considerei  by  us 
prcblens  is  more  convenient  the  quadratic,  but  not  luinimax  criterion 
of  approximation/ap proach ,  since  precisely  quadratic  approximations 
are  achieved  by  the  ainiaizaticn  cf  distance  to  L*. 

Let  two  signals  -  x  (t)  and  y  (t)  -  have  single  norm,  i.  e.,  they 
satisfy  ccnditioa  (1.  17),  For  the  distance  betwean  them  wa  have 
according  to  (1.6) 

(P  {X.  £/)  =  *  |.v  (/)  -  y  (Oi’  dt=  J  I|x  (/)!=  +  \y  (/)r  - 

-  2Re  A*  (/)}  nt  =  !1a|!*  iW  -  2Re  (a,  y)  = 

=  2{1  —  Re  (A.  I/)).  (1-19) 
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where  (x,  y)  -  scalar  product. 


It  is  evident  that  the  ainiaization  of  distance  of  d  (x^  y)  is 
equivalent  to  the  oaxiaization  of  the  real  part  of  scalar  product  (x, 
y) .  This  is  not  difficult  to  interpret  geometrically,  Angle  9  between 
vectors  x  and  y  is  determined  ic  the  composite  Hilbert  space  by 
relationship/ratio  [43] 


CCS  9  = 


Re(*: 

11*11 -IWI  * 


For  standardized/noroali zed  signals  IIxj|=»  11^0  =  1.  therefore 


cos9=Re(x,  y). 

It  is  obvious,  the  decnrease  of  the  distance  between  the  unit  vectors 
is  equivalent  to  a  decrease  of  the  angle  between  them  and  to  increase 
cos  d,  that  also  correspccds  tc  fciffula  (1.19), 


Value  cos  &,  which  characterizes  the  distance  between  the 
sta ndardizsd/noroalized  signals,  in  future  large  role.  Re  will 

introduce  for  it  the  special  desicnation  C(x,  y)  and  we  will  call  tbs 
coefficient  of  the  proximity  cf  signals  x  and  y.  Thus, 

00 

Ci.v.  (/I  (.V.  //I  —  Pe  {  x(f)  II*  mtff.  (1.20) 

moreover 

The  coefficient  cf  proximity  it  is  nor  difficult  to  express  also 
through  the  spectra  of  signals. 
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Actually/really,  talcing  into  account  (1.7),  we  have 

db 

Distance  i (x,  y)  between  t be  standardized/noroalized  signals  is 
expressed  as  tha  coefficient  cf  preximity  by  formula  (1.19),  i.e., 

cP(x,  y)=2il~C{x,  y)].  (1.22) 

Analogously  is  introduced  the  coefficient  of  proximity  for  a 
signal  and  certain  multitude  cf  signals,  for  example,  for  signal  y 
and  set  X.  This  coefficient  corresponds  to  distance  (smallest) 
between  y  and  X: 

C{X,  y)  =  m3xC {x,  y).  (1-23) 

Finally,  the  minimum  distance  bstween  two  sots  X  and  Y  also  can  be 
characterized  by  the  coefficient  cf  the  proximity 

C{X.  Y)  =  maxC{x.  y).  (1.24) 

In  ths  lattsr/last  formulas  it  is  assumed  that  sets  X  and  Y  arT 
arr anged/locatad  on  the  surface  of  single  hypersphere,  i.e.,  X,  YerS. 


Using  the  introduced  concepts,  it  is  possible  tc  formulate  thr 
hypothesis  of  proximity  also  as  fellows:  solution  of  tns  fundam»ntal 
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problem  of  sycrhssis  gives  signal  Xopt^X,  tae  realizing  coefficient  cf 
proximity  C(X,  Y)  between  regiors  X  and  X. 

In  conclusion  let  us  note  that  the  coafficiant  cf  proximity  is 
analogous  to  the  correlation  coefficient,  used  in  the  statistics. 

Both  values  characterize  proximity,  interconnection  of  the  phenomena 
in  question.  In  particular,  the  coefficient  of  proximity  as  the 
correlation  coefficient,  does  not  exceed  one  and  is  equal  to  it,  only 
if  signals  ccincida.  Borecvcr,  if  x  (t)  and  y(t)  is  the  randcm  argodic 
processes,  calibrated  on  the  dispersion,  then  the  correlation 
coefficient  is  formally  determined  ty  relationship/ratio  (1.20).  Me 
introduced  new  term  for  the  designation  of  this  value  only  because  in 
our  case  there  is  no  any  ccnnecticn/communica tion  with  the 
probabilistic  laws. 

Page  56. 


1.8,  Three  methods  cf  the  solution  of  the  fundamantal  problem  of 
synthesis. 

In  Fig.  1.7  are  clarified  the  most  commonly  used  methods  of  the 
solution  cf  the  fundamental  protlem  of  synthesis.  The  first  method 
consists  in  nhe  fact  that  first  is  chosen  arbitrary  permissible 
signal  x^X  and  is  detaririned  best  approximation  to  it  on  many 
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dssirsd  signals  Y.  in  othsr  words,  as  the  first  space  is  solved  th» 
problem  of  approximation  (desigr)  on  set  Y.  The  quality  of  the 
approximation  is  characterized  ty  the  distance 

d{x,  Yi  —  mnd(x.  y)  =  \\x  — Py(x)\\\. 

This  distance  realizes  certain  signal  yi=  Ptix),  nearest  to 
selected  x  (let  us  recall  that  -  operator  cf  design  to  set  Y)  . 

In  order  to  obtain  the  shortest  distance  between  regions  X  and 


Y,  it  suffices  to  further  change  signal  x,  being  moved  on  by  ths 
curvs  X  and  monitoring  distance  of  nearest  PieK  (Fig.  1.7a). 
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Fig.  1.7, 

Page  57. 

As  a  result  is  let: rained  value 

^  y)  =  "’in  I!  A'  -  P,.  (.Vj  ■, 

and  is  located  optiaua  signal  ^opt.  which  solves  the  problem  of 
synthesis  in  accordance  with  the  hypothesis  of  proxiaity.  unknown 
signal  realizes  the  Dinioua  cf  the  functional 

f(x)  =  d(jc.  y)  =  jlj:  — Py(T)il=min.  (1.25) 

where  the  miniaizat icn  is  produced  cn  all  xsA'.  The  same  result  is 
obtained  during  the  naxiajzaticr  cf  the  ccafficient  cf  proximity  C(x, 
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Y) .  Thus,  synth3sls  is  reduced  also  to  th^  variaticnal  problen 

/.  { jc)  =  C  (jc.  ‘Y)=C  (jc.  P,  (x))  =  max  (1 .26) 

under  further  conditions  x^X  and  llx||— 1. 

This  is  ona  of  the  classical  problems  of  che  calculus  of 
variations  -  isoperimetric  prcblea. 

The  second  method  differs  frco  previous  only  in  terms  of  tha 
fact  that  the  minimization  of  distance  is  produced  in  backward 
sequence  (Fig.  1,7b).  First  is  assigned  arbitrary  signal  y^Y  and  is 
found  out  best  approximation  to  it  on  set  X,  i. a, ,  is  determined  the 
distance 

d{X.  p)=raind(x.  y)  =  \\y  -  PgiyH- 

Then  is  dstermined  value  dmir,  via  a  variation  in  signal  y.  The 
equivalence  of  the  first  and  second  methods  ascape/ensues  from  the 
ident ity 

inind(.v.  y)  =  niin(f(.i:.  y). 
i/=y  x^x 

x^X  (/=>■ 


As  a  result  of  the  solution  ty  the  second  msthod  is  determined 
not  unknown  signal  x,,„,  and  signal  yopt,  arranged/located  on  the 
shortest  distance  from  set  X.  As  it  is  clear  from  previous,  this 
signal  satisfiss  the  conditicns 

f(y)=d{X.  t/i  =!i_v— P.v('/)!;=min  n.27i 


o 
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fi{y)  =  C(X,  y)=C(y,  Px(y))=m&x  (1.28> 

during  further  limitaticns  y^y  and  l|.9ll*I.  Two  methods  indicated, 
obviously,  are  very  close. 

Page  58. 

In  the  general/common/t ctal  f cr mu laticn,  given  above,  it  is  difficult 
to  discover  tha  noticeable  difference  between  them.  But  difference  is 
and  it  is  sufficiently  substantial.  The  fact  is  that  the  structure  of 
the  permissible  signals  t  frequently  impedes  the  straight/direct 
solution.  In  particular,  these  signals  can  be  discrete/digital  (for 
example,  phase-!csyed)  ,  The  majorities  of  variational  methods  are. 
adapted  for  the  continuous  functiens.  Therefore  functional  (1.25)  or 
(1.26)  frequently  makes  it  possible  only  to  establish/install,  what 
condition  satisfies  unknown  signal  to  come  to 

light/detset/expese  the  criterion  cf  apprcximation/approach,  tut  it 
is  possible  to  find  the  practical  algorithm  cf  synthesis,  the  rule  of 
the  construction  of  optimum  signal  with  this  approach  mors  rarely. 

set  Y,  characterized  by  the  desired  property,  frequently 
contains  continuous,  analytic  functions.  Therefore  research  of 
functional  (1.27)  or  (1.28)  can  prove  to  be  mere  efficient.  True, 
after  determining  signal  y^pt. 

arranged/located  on  the  shortest  which  satisfies  condition 
(1.27},  it  is  then  necessary  to  return  to  set  X  and  to 
determine  signal  x„p,. 
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distance  from  t/opi-  But  this  already  the  simpler  problem  of 
approximation,  and  its  solution  is  comparatively  simple. 


Let  us  introduce  in  this  connection  the  important  for  future 
reference  concept  about  the  generating  signal.  We  will  call  signal  y 
generating  for  signal  x,  if  the  latter  realizes  the  minimum  cf 
distance  (maximum  of  the  coefficient  of  proximity)  from  y  to  set  X. 

In  particular,  the  shown  in  Fig.  1.7b  signal  y  -  generating  for 
signal  Xj,  signal  \iovt  -  generating  for  signal  ^opi.  It  is  obvious, 
transition/junction  from  the  generating  signal  to  the  appropriate 
signal  of  set  X  gives  design  y  on  X.  The  msthcd  of  the  synthesis  Pig. 
1.7b  can  be  named  therefore  the  synthesis  of  the  optimum  generating 
signal  with  the  subsequent  design  (approximation)  . 


It  is  of  interest  also  method  successive  approximations  (Fig. 

.  17g)  .  With  tnis  method  initially  is  assigned  certain  signal  of  th? 
zero  approximation  x,,.  Then  is  determined  signal  i/i  =  Pr(xo)eY,  nearesn 
to  Xq.  Let  the  distance  between  these  signals  ba  di  .  Further  is 
determined  signal  Xi  =  Px{yt)eX.  nearest  to  Yi  and  arranged/ loca ted  at  a 
distance  cf  ^2  --cm  it.  Subsequently  are  determined  signals  yj  - 
nearest  tc  Xi,  Xj  -  nearest  to  Yz  forth. 


Page  59. 
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Obviously,  this  iterative  process  is  reduced  to  the  successive 
design  to  sets  x  and  Y  respectively.  The  algorithms,  which  are 
determining  approximating  signals  (projections  on  X  and  Y) ,  it  is 
frequently  not  difficult  to  estafclish/insta  11 ,  and  iterative 
procedure  proves  to  be  sufficiently  conveniently,  especially  during 
the  machine  calculations. 

It  is  necessary  to  emphasice  that  this  process  doeS  net  always 

lead  to  shortest  distance  From  previous  it  follows  only  that 

with  the  iterations  is  formed  descending  sequence  of  the  distances 

■  •  • 

Since  this  sequence  is  bounded  below  (d>d,„i„K  it  converge  to 
certain  limit.  But  such  a  limit  can  give  the  local,  but  not  global 
minimum  of  the  distance  between  X  and  Y.  In  other  words,  if  the 
curves  X  and  v-  havo  complicated  structure,  they  converge  at  several 
points,  then  Ina'  process  of  successive  approximations  leads  to  the 
minimum  of  distance,  but,  perhaps,  not  smallest  of  the  minimums.  So 
that  as  a  result  of  appro ainaticns/approaches  would  be  obtained 
shortest  distance  d„,i„,  sigral  cf  the  initial 

a pprcximattcn/approach  Xq  must  be  sufficient  to  close  ones  to 
Finding  this  initial  approximaticn/apprcach  represents  the 
independent  problei,  frequently  very  complicated.  In  more  detail 
qu®stions  of  the  convercencs  cf  iterations  during  the  successive 
design  are  examined  in  §1.10.  Let  us  now  point  out  only  that  many 
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it£rativ9  procisses,  used  by  a  nuaber  of  the  authors  for  the 
synthesis  of  signals  and  antennas,  are  reduced  to  the  described  by  us 
procedure . 

1.9.  On  the  iterative  methods  of  synthesis. 

Thus,  the  problem  of  synthesis  consists  in  general  in  ths  fact 
that  is  required  to  find  the  permissible  signal  x  (t) ,  which  ensures 
best  approximation  to  certain  desired  property.  This  problem  is 
reduced  to  the  minimizaticn  cf  the  corresponding  functional  -  the 
critaricn  of  synthesis  f(x)  -  on  a  permissible  multitude  of  signals 
X:  f(x)*«in;  xsJf.  The  structure  cf  functional  f(x)  is  determined  by 
the  desired  property  cf  the  synthesized  signals,  and  also  by  the  fact 
such  as  kind  approximaticn/apprcach  to  this  property  we  attempt  to 
obtain  -  minimax,  quadratic,  mean-degree,  etc. 

Page  60. 

The  approach  examined  to  the  synthesis,  based  on  the  criterion 
cf  proximity,  consists,  in  fact,  cf  the  special  selscticn  of 
functional  f(x).  It  is  the  distance  between  the  appropriate  sets  in 
the  assigned  function  space.  Frequently  this  criterion  makes  it 
possible  to  trace  the  prctlem  cf  minimization  (i.e.  synthesis)  by 
classical  variational  methods  ard  tc  obtain  the  analytical  solution. 


/Of^ 
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But  this  accoaplishes  not  always,  and  we  recently  mentioned  the 
iterative  procedure,  which  makes  it  possible  in  a  number  cf  cases  tc 
obtain  successive  approxiiraticns  tc  the  unknown  solution.  Generally, 
one  ought  not  to  narrow  the  circle  cf  the  problems  in  question,  being 
oriented  only  to  the  criterion  cf  proximity  and  to  the  analytical 
methods  of  solution.  Therefore  let  us  consider  briefly  also  the 
numerical  minimizations,  applied,  in  the  principle,  to  the  arbitrary 
ones  (or  almost  arbitrary  (to  furcticnals. 

Such  methods  they  allow  being  transmitted  from  certain  initial 
approximation/approach  to  find  successive  approximations 

x<*)(0,  reducing  step  by  step  functional  being  investigated 

value.  In  other  words,  is  constructed  minimizing  sequence 

that  satis fyicc  the  condition 
/(jc<»+«)</(x<*>). 

The  functionals  f(x)  in  question  make  sense  of  an  error  in  the 
approximation/apprcach,  they  are  always  positive  and,  therofcra, 
bounded  below:  f(x)>0.  Therefore  descending  sequence  of  values 
/(x<®>),  ■■■  converge  tc  certain  limit,  and,  after  fulfilling  a 

sufficient  number  cf  spaces,  it  is  possible  arbitrary  closely  to 
approach  this  limiting  value. 
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However,  the  aajority  of  the  iterative  methods  of  minimization 
have  lo«^il  character.  During  the  ccnstruction  of  next 
approximation/approach  is  considered  the  behavior  of  the  functional 
being  investigated  only  in  certain  low  vicinity  of  the  previous 
apprcximaticn/apprcach.  speaking  in  general  terms,  each  following 
approximation/approach  introduces  only  small  correction  into 

previous  approxiaation/approach  Although  this  correction  gives 

the  decrease  of  functional,  the  process  of  minimization  can,  in  the 
first  place,  flow/occur/last  very  slowly,  and  in  the  second  place,  it 
leads  to  the  nearest  -  frequently  to  the  local,  but  not  global 
minimum.  We  approach  the  ffinlmuir,  but  frequently  smallest  of  them. 

Page  61. 

Let  us  examine  in  merj  detail  the  method  of  gradirnt  -  one  of 
frequently  that  utilized  and  in  a  certain  sense  fundamental  itarativa 
minimization.  As  it  was  noted,  any  signal  x  (t)  it  is  possible  to 
unambiguously  compare  the  sequences  of  numbers  {xi,  xi.  Xn,  ...}  -  the 
coefficients  of  the  generalized  series  of  Fourier  (1.4),  Therefore 
functional  f(x),  dspsndinc  on  sigral  x(t)  ,  can  be  considered  as  the 
function  of  many  variable/alter  rating  x^,. .  ..Xn, . .  i  In  the 

geometric  analogy  f  (x)  there  is  a  surface  above  the  hyperplane 
sufficiently  large,  strictly  speakirg  infinite,  number  of  coordinates 


(the  hyperplane  indicated  we  they  treated  the  previously  as  space  of 
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signals) . 
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L9t  initial  approximatioc/apFroach  correspond  to  point  on 

this  hyperplane  with  coordinates  .  .  Examining  the 

behavior  of  function  f(x)  near  is  possible  to  come  to 

light/detect/exposa  directions,  along  which  f  (x)  grows  or,  on  the 
contrary,  it  decreases.  Attempting  to  decrease  value  of  f  (x)  ,  it  is 
necessary,  naturally,  to  te  shifted  from  point  x<®>  on  one  of  the 
lattar/last  directions.  Hcreover  in  order  to  obtain  the  most 
significant  decrease  of  f  (x)  ,  ore  should  be  shifted  in  the  direction 


of  most  steepest/most  abrupt  descent,  antigradiant.  The  coordinates 
of  following,  the  first,  aoprcximations/approachas  x<‘>(0  in  this  case 


will  compose 


—  X  —  a. 


'  |x=,(0>  ■ 


(1.29) 


Here  oo  -  positive  constant,  which  is  determining  the  length  of 


spacf.  After  fulfilling  first  approximation,  it  is  necessary  to  study 
the  behavior  of  function  f  (x)  near  point  and,  after  determining 

the  new  direction  of  antigradiert  -  direction  of  sreepest/most  abrupt 
descent  from  point  .x'",  to  be  shifted  in  this  direction  for  obtaining 
the  sacend  approximation/approach  v-'  m  general, 
transition/ junction  from  the  K  apprexima tion/apprcach  to  the 
following  is  determined  by  the  re iationship/ratio 


Dsefuily  also  another  interpratation  of  the  process  examined. 
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The  extrenum  of  function  f  (x)  ,  naturally,  gives  the  solution  of 
system  of  equations 

-^=0;  /;  =  1.2... 
ox„ 

Page  62. 

It  is  not  difficult  to  note  that  process  (1.3  0)  corresponds  to  the 
iterative  solution  of  this  system,  it  is  more  precise,  the  equivalent 
system  of  the  form 

•*’n  =  ^n  — rt=l.  2,.... 

the  use  of  sufficiently  lew  values  cf  a  frequently  ensuring  the 
convergence  of  iterations. 

Known  several  varieties  of  gradient  method,  which  are 
characterized  by  the  rule  of  the  selection  of  the  length  cf  space  a»- 
In  the  simplest  case  the  method  descends  in  the  version  of  the  simple 
iteration  when  th^  length  of  space  remains  constant  in  all  stages 

oo  =  aj «  ...  =a. 

In  tha  more  complicated  cases  the  convergence  is  onsur!»d  only  with 
the  variable  space,  selected,  for  example,  from  th?  following 
considerations. 


During  tha  motion  in  the  direction  of  antigradient  changes  f  (x) 
occur  in  accordance  with  the  on s- dimensional  curve 
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-  by  thp  sactioQ  of  multidiaenslocal  function  f  (Xi.  . x^, . . .)  by  tha 
vartical  plana,  including  the  selected  diraction.  dove  one  should, 
naturally,  to  the  point  of  rhe  airiisuB  in  this  section.  Therefore  in 
order  to  deteraine  the  length  of  space,  it  is  possible  in  each  stage 
to  solve  the  on%-di aensicnal  prcblea  of  miniaization  tor  function 
(1.31).  Th=  corresponding  methods  are  examined,  for  example,  by  Hild 
[78].  In  particular,  if  curve  f  (a)  allows/a s suae s  approximation  by 
the  quadratic  parabola 

'r  (a,  c  (0,  -U  y  (Of  2  -I-  a». 

the  value  m  is  detarmined  by  the  position  of  its  apex/vsrtex 

fi), (f'(0)/q"(0). 
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The  method  of  gradient  is  one  of  the  numerical  methods  of 
ainiaization,  used  in  sisilar  problems.  There  are  other  analogous 
methods,  in  particular  design-  gradient,  that  considers  the 
limitations,  assigned  on  the  permissible  set  of  the  X,  the  method 
coordinate-by-coordinata  descent  (relaxation)  ,  which  does  not  requirt 
the  calculation  of  the  direction  of  gradient,  ravine  method  and  the 
aethod  of  layouts,  that  accelerate  vinimizaticn  in  some  important 
cases,  etc.  These  methods  are  used  extensively  for  the  numerical 
solution  of  the  diverse  problems  of  minimization,  including  for  tht 
synthesis  of  signals  [34,  53,  61,  85],  and  we  will  usa  them  in  th: 
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series/row  of  complex  pcoblens.  But  should  be  specified  two 
fundamental  difficulties,  connected  with  the  us a/application  cf  such 
methods. 

First,  thare  does  not  exist  tha  universal  numerical  msthcd  of 
minimization.  The  success  of  that,  etc.  of  them  depends  substantially 
on  the  thin  properties  of  the  functional  -  number  of  local  minimums, 
presence  cr  absence  of  "ravines  being  investigated",  their  structure, 
etc.  similar  properties  net  always  can  be  traced  previously,  and  it 
is  expedient  to  test  several  metheds,  to  fit  method  to  the  problem. 

In  the  second  place,  the  already  noted  Iccal  character  of 
iterative  methods  does  not  make  it  possible  tc  in  general  find  out 
the  global  minimum  of  functional.  In  this  connection  the  determining 
role  plays  the  correct  selection  cf  initial  approximation/approach 
during  which  the  insratiens  originate  from  the  point,  located  "in  the 
zone"  of  the  global  minimum.  The  determination  of  initial 
approximation/approach  this  is  the  independent,  frequently  very 
complex  problem  for  solving  which  are  necessary  analytical  research 
or  physical  arguments,  which  make  it  possible  to  contain  the 
structure  of  functional  as  a  whcle  (let  it  be  approximately,  with 
seme  simplifications,  but  as  a  whcle,  but  local,  ir.  the  lew  vicinity 
of  certain  point)  . 


DOC  =  80206703 


PAGE 


Specifically,  during  finding  cf  initial  approximation/approach 
are  sxhibited  tha  advantages  cf  approach;  basing  on  the  criterion  cf 
proximity.  We  cnooss  tho  space  metrics  of  signals  arbitrarily, 
without  a  strict  proof.  The  initial  problem  of  synthesis  is 
substituted  with  this  ancther,  are  changed  critarion  itself, 
minimized  functional.  But  this  replacement  makes  it  possible  to 
frequently  contain  probleir  as  a  wfccle,  to  find  analytical  resolution, 
and  intuitive  consideraticn?  make  it  possible  to  consider  that  the 
simplifying  assumptions  are  net  tco  rough.  Thus,  ChM  signals,  which 
implement  best  approximatlcn  'oC  tfce  assigned  function  of 
uncartainty/ind3tsrminanc|.i,  hardly  considerably  differ  frem  each 
other  with  two  criteria  of  apprcximation/apprcach  -  quadratic  and 
fflinimax. 

Page  64. 

Tha  case  cf  quadratic  approximaticns/approaches  admits  simple 
solution  on  the  base  cf  tfce  hypothesis  of  the  proximity  (see  Chapter 
8)  ,  and  the  analytical  study  of  minimax  approximations  is  virtually 
impracticably.  But  here  it  is  possible  to  use  one  of  the  iterative 
methods,  using  as  the  initial  a ppre ximaticn/a  pproach  the  result, 
obtained  for  the  quadratic  critericn.  The  corresponding  refinements 
via  it^ratiors  will  lead  to  the  global  minimuir  of  irrer,  if  two 
criteria  indicated  dc  net  give  essentially  different  signals.  At 
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least,  one  ought  not  to  disregard  such  possibility  when  there  are  r.c 
directs  method  of  the  solution. 

We  will  meet  also  with  the  simpler  problems  where  the 
comprehensive  solution  can  be  ottaiced,  applying  either  only  the 
critaricn  of  proximity  or  only  Iterative  methods. 

In  the  examination  of  gradient  method,  it  was  assumed  that 
signal  x(t)  was  represented  ty  the  set/dialing  of  its  coordinates: 

Xi.  xz . x„...  With  respect  to  the  projection  of  gradient  (vector)  on 

the  coordinate  axes  a  partial  derivatives  dfldx„.  Although  this 
representation  is  admissible  fci  the  majority  of  problems,  let  us 
give  the  more  general/ccmnon/tctal  determination  of  the  gradient  (by 
first-order  derivative)  of  functional.  Let  H  -  space  of  signals,  and 
th^  real  functional  f  (x)  is  determined  for  all  x^H.  The  di f f er -ntial 
of  functional  f(x)  is  called  expression  ([42],  page  434)  i; 

Df(x,  fi]  =  ^f(x  +  -Ji)  =liin 

1=0  .-.o  ' 

FCOTMOTfi  *.  It  is  more  precise,  by  Gateau  differenqial  or  by  weak 
differential,  esdfootnote. 

According  to  the  usual  rules  of  differentiation,  Df  (x,  h) 
linearly  depends  cc  h ,  and,  since  increment  Df(x,  h)  is  a  scalar  roal 
value,  is  correct  the  r epresentaticr 
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Df{x.  h)  =  ^f{x^-.h)  =Re(r(jr),  h).  (1.32) 

tssO 

Was  hare  used  the  fact  that  in  the  Hilbert  space  the  linear 
functional  always  can  be  presented  in  the  form  of  scalar  product 
[42],  The  entering  in  (1,32)  furcticn  (operatcr)  f  (x),  which  depends 
on  X,  but  not  from  h,  and  there  is  derivative  cf  functional  f  (x)  ,  It 
is  easy  to  see  that  during  the  cccrdinate-b y-coordinata 
representation  of  signals  (in  the  Euclidian  space)  this  determination 
coincides  with  that  used  above. 


1.10,  A  pro jectiv9-gradi«rt  method  and  its  conn^ction/commuricatior. 
with  the  criterion  cf  proximity. 


Gradient  method  is  applied  when  on  the  permissible  signals  x(t) 
it  is  not  placed  any  li eitations,  i.e.,  when  set  X  it  corresponds  to 
antira  space  H.  If  set  X  is  limited  by  further  conditions,  method 
(1.33)  cannot  ba  used,  since  ths  addition  of  derivative  f'(x)  can 
deduce  for  the  limits  of  the  permissible  set  and  next 
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approximation/approach  will  net  belong  tc  X. 

However,  under  these  conditions,  coanon  for  the  problems  of 
minimization,  it  is  possible  to  use,  for  example,  rhe  appropriate 
modification  presented,  called  a  pre jective-g radient  method.  During 
this  modification  next  approximat icn/approach  is  constructed 
according  to  the  rule 

where  P.x  -  operator  of  design  tc  set  X. 

The  projective-gradient  methed  prescribes,  thus,  to  do  from 
point  a  space  on  the  antigradient  (as  in  the  previous  methed, 

without  taking  into  account  limitations  on  X) ,  and  then  to  define 
next  approximation/approach  **+'•  as  the  point  of  set  X,  nearest  to 
cbtained  point  x'*<— a./'fx'*’) 

Let  us  loox  how  appears  methed  (1,34)  in  connection  with  the 
minimization  of  the  distance  between  permitted  to  X  and  desired  Y 
multitudes  of  the  space  of  signals,  in  our  terminology  -  for  the 
fundamental  problem  of  synthesis. 

Functioning  using  the  first  method  of  §1 .8,  we  fix/reccrd  first 
arbitrary  element/cell  xe.v  and  it  is  determined  shortest  distance  cf 
Y.  Equivalent  component  ''isv  is  prcjection  x  cn  Y,  and  distance  d(x. 
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FOOTNOTE  Fanctioning  strictly,  during  the  calculation  cf 
derivative  should  be  constructed  linear  variety,  tangent  to  Y  at 
point  !/=Pv(x\.  andi,  using  the  saallness  of  increment  t.’:  to  replace 
design  by  Y  with  design  tc  the  variety  indicated,  and  then  consider 
the  known  properties  of  the  cperatcr  of  design  to  linear  subspace 
(see  [42,  page  3  12,  480  ').  ENDFCCTNCTE. 
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Therefore  the  projective-gradient  aethod  leads  to  the  following  rule 
of  the  ccnstruction  cf  the  successive  approxiiations: 

{jc<»)-2a,  (x<»'-Fr  (*'‘>) ) ). 

In  the  version  of  simple  iteraticn  with  space  a»-iT  we  obtain 
especially  simple  rule 


(I  37) 
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indicating,  obvi 
rsspsctivqly . 

Was  obtained  that  very  procedurs  of  successive  design  which  was 
proposed  in  §1.8  as  one  of  the  itetheds  of  the  solution  of  the 
fundamental  problem  of  the  synthesis  (see  Fig.  1.7c).  The  procedure 
indicated  corresponds,  thus,  to  a  projective-gradient  method  for 
functional  (1.35)  in  the  particular  case  “»  =  1/2. 

This  conformity  is  important  on  the  following  reason.  In  §1.8  we 
led  only  the  partial  procf  of  the  method  of  successive  design.  It  was 
shown  that  consacuti  e  distances  between  X  and  i  monotonically 
decrease,  approaching  certain  limit.  In  other  words,  is 
establishad/installed  only  the  ccnvergence  of  process  cn  functional 
f.  Now,  tahir.g  into  account  ccnnecticn/communication  with  a 
projective-gradient  method,  it  is  possible  to  use  the  known 
cenditiens  fer  its  applicability  (and  also  by  some  of  their 
expansions  -  see  below)  in  order  tc  trace  questions  of  convergence 
more  fully,  to  esta bl is h/instal  1,  in  what  cases  successive 
apprexiaations  >;"’■  approach  optimum  signal  *.>,-•  or  at  least 

they  converge,  so  that  the  nerm  cf  difference  x'*’!'  vanishes. 

Let  us  begin  from  seme  determinations.  Sre  X  is  called  convex, 
if  any  two  points  of  it  can  be  cctnected  by  segment,  without 


PAGE 


ously,  consecutive  design  to  sets  Y  and  X 
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excs2ding  the  limits  of  thf*.  set  indicated.  In  other  words, 

x=T*i  +  (l— npH  X,,  xieX^H  Q<x<\.  (1.38) 

Ksy:  (1).  with,  (.Z').o<r>d  . 

Let  tha  arbitrary  point  of  space  and  xt~Px(2)  -  nearest  tc 

it  point  of  set  X.  Then,  if  X  is  convex,  occurs  the  inequality 

Re  (2— «i.  2— 2i)=Re  (2— Pz(2).  Jt— il.39) 

where  x^x  and,  as  usual,  the  parenthesis  designate  scalar  product. 
Not  stopping  on  the  proof  of  this  known  relatioashi p/ratio,  1st  us 
note  that  geometrically  it  corresponds  so  that  in  triangle  z,  Xj,  x 
the  apax  angle  x^  must  te  blunt  fcr  convex  set  X  (Fig.  1.8). 
Condition  (1.39)  is  only  necessary,  while  condirion  (1.38)  is  also 
sufficient  so  that  the  set  X  would  ta  convex. 

Functional  f  (x)  is  called  convex  (downward)  or.  X,  if  wiin  0<t< 
occurs  th®  inequality 

(tv,  -  (I—T)  Xil  jCt’  l.\,  I  - 
-  <  I— 


I  I  I'll 
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For  the  differentiated  functional  the  condition  of  convexity  is 
equivalent  also  so  that 

Ra  xuXiSX. 

Is  valid  the  following  general/common/total  theorem:  convex 
functional  has  the  only  miniaua  or  the  lociced  convex  set  this  X  and 
minimum  is  reached  at  unique  point  v  140). 

Further,  it  is  accepted  tc  indicate  that  function  f*  (x) 
satisfies  Lipshitz  condition  with  constant  if 

Xzii;  .tj.  Z:e.V  ll.4Jt 

Let  us  now  give  the  theorem  relative  to  the  applicability  of  a 
pro  jsctivs-gradient  method,  proved  ty  Levitin  and  Polyak  [hO]. 

Let  f(x)  -  the  differentiated  convex  functional  on  convex  sat 


th-3  derivative  f'(x)  satisfying  Lipshitz  condition  with  constant  '! 
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Then,  if  the  value  of  spaca  is  chosen  in  the  limits 

0<U»<2/Af,  (1,43» 

then:  1)  projective-gradient  method  (1.34)  gives  monotonically 
descending  sequancs  converging  to 


2)  sequence  converge  to  (unique)  point  of  minimum  x„p,.  in 

particular  lu- **"— .*'‘’11— *o. 


In  the  interesting  us  prcblem 
f  (x)  it  ccrrasponds  (1.35),  and  in 
necessary  to  malce  more  precise  its 
Then,  if  Xi,  Xj  -  points  cf  set  X, 
without  saying  to  Y,  and  p>(xo  and 
ths  basis  (1.39)  we  can  register 


cf  the  synthesis  of  functional 
crder  to  use  this  theorem,  it  is 
properties.  Let  set  Y  be  convex, 
which  do  net  belong  it  goes 
Pt{xi)  -  their  projection  cn  Y,  on 


0>Re  (*1— PrC*!)— Pr(*i>)  +  Re  <Xs— /’r(xi).  Pr(v.)  — 

— Pr  (ii)) -Rt:  (Jti— X:— +  Pr \Xi\—Pr  (x-t  j  = 

=  11*1— *1— Pv  (*i)+Pr(*i>  l*— Re(Xi— *1— Pr  (*i\  +Pr  (Xi).  *i— *2! 

Or,  taking  into  account  the  value  of  lerivativa  (1.36), 

2Re  (/'(xi)— ,"(*»)•  X|— jTzi  ^0 

It  is  obvious,  this  is  pcssitle  cnly  with  satisfaction  of 
conditicn  Re  (f  •  (^i) -f '  (Xj)  ,  x,-X2)>0,  which,  in  turn,  it  indicates 
the  convexity  of  functional  f  (x)  (see  (1.41)).  Thus,  the  convexity  of 
sat  Y  imply  ths  convexity  of  furctional  (1.35).  Further  we  have 

..  t  »  1  f  —  'f  A';?  -C  -  ■  M  ,  ‘ 

^  J  1 .1 .  » — 

Or,  which  is  th^  sam’  thing. 


I  )  I 


1  -  V  J 
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/  (*2'li<21ix,— Xj;,. 

we  obtained  Lipshitz  condition  rcr  by  the  derivative  f(x)  with 
constant  M=2. 

P  a^  s  6  8  • 

Thus,  if  both  sets  X  and  Y  ate  convex,  then  all  conditions  of 
the  previous  theorem  are  satisfied  and  the  prcjective-gradisnt  method 
let  us  use  with  any  space  o»<i.  mctecver  is  ensured  the  convergence 
both  of  the  distances  and  signals  to  our  (unique)  optimum 

values.  In  particular,  after  taking  a*-i,2.  let  us  establish  the 
convergence  of  the  procedure  of  successive  design'. 

FOOTNOTE  From  the  results  of  Levitin  and  Polyak  it  follows  also 
that  when  a='/2  is  ensured  a  maximally  possible  speed  of  ccnvergenca 
in  many  important  cases.  EMDFCOTNCTE. 

Thus,  for  convax  sets  X  and  Y  is  a  comprehensive  proof  of  ths 
convergence  of  the  arsthcd  of  successive  design. 

with  the  fulfillment  of  iterations  they  are  always  limited  to  a 
finite  number  of  spaces.  Therefore  from  a  practical  point  of  view  the 
convergence  cf  prccTss  frequently  has  small '^r  value  than  th*  approach 
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of  the  successive  appro  xisaticns  Xj ,  ...  at  the  initial 

staga.  with  convex  sets  X  and  Y  the  iterations  according  to  the 
aathod  of  successive  design  not  only  descend,  but  also  aonotcnically 
they  converge  from  one  space  to  the  next.  Actually/really,  since 
and  set  X  is  convex,  cn  the  basis  (1.39)  we  have 


i .  9 . 


0^ Re(/y'*‘— r*',  r*’’"— r*>) +Re  r*  .  x'*' — x  **")  — 

=  Re  (!/•*' — y — x'*'+x'*f’.  x***’' — r*')  = 

““Re  (41“ — x‘**" — x‘*')  +  iix'**" — x'*>!|*. 


r‘*"— x<*>x 

^  l]y.  »  +l)_ylkM;  +  'i; . 


Thus,  we  obtain 


Further,  since  Y  is  convex  and  analogously  we  have 

Thesi  two  inequalities  indicate*,  obviously,  the  monotone  approach  of 
rhe  consecutively/serially  obtained  signals*. 


FOOTNOTE  2.  On  rhe  basis  cf  the-  principle  of  the  contracted  mappings 
([42]  page  44)  hence  follows  also  the  convergence  of  process  to  tha 
unique  point  of  the  minimum.  EHDFCCTNOTE. 

Dut,  unfortunately,  with  the  synthesis  frequently  it  is 
necessary  to  deal  concerning  the  tcnconvex  sets.  Let  us  assume,  for 
example,  is  required  to  find  the  ChK  signal,  which  satisfies  a 
certain  condition  of  eptimum  character.  S  Jt  X  includes  in  this  cas.- 
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the  signals 


*(0  = 

characterized  by  only  phase  functions  ^(n,  which 
frequency  modulation.  Amplitude  envelops  B(t)  is 
permissible  signals  (for  example,  B  (t)  can  be  ass 


depend  on  the  law 
identical  for  all 
igned  rectangular) 


of 


Page  69. 

This  set  X  is  not  convex.  Actually/really,  after  assuming  in 
accordance  with  (1.38) 

*  (() +  (1  -  b  +  ('-■')  e*** '''). 

we  see  that  the  envelope 

I  *(/);  =.6(<)  K-.*  +  U  — ■:)»  — aVii  — T}  inT 
diffars  from  B(t)  with  any  t,  except  0  and  1,  i.e.,  tha  internal 
points  of  the  segment,  which  ccibircs  xi  xj-sA'.  do  not  belong  to  set  X. 
Is  similar  to  this,  frequently  ccrvexly  and  desired  set  Y. 

Of  course  the  nonccnvexity  at  least  of  one  of  the  sets  brings, 
in  general,  to  the  presence  of  several  minimums  of  the  distanca 
between  thaa,  and  it^siaticns  can  lead  to  ths  local,  tut  not  tc  global 
minimum.  Therefore  it  cannot  be  relied  on  the  so/such  comprfrhensiv^ 
proof  of  method  as  for  the  convex  sets.  But  nevertheless  we  will 
obtain  furthsr  scoif-  results,  siiilar  to  pnvicus. 
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Lst  us  show  first  cf  all,  that  for  any  set  X,  conv^xly  it  or 
not,  is  correct  the  inequality,  siiilar  (1.39): 

^  /  Pv  (2)  T  *  \  „ 

Re  f  2 — — ^ ^ - •  X  —  P^(2;J>s0;  Xc=  .V.  (l  .-loi 

Actually/raally ,  since  the  cperatct  cf  design  i'x(z\  assuaes  finding 

the  shortest  distance,  froa  2  to  X,  with  any  xs.\ 

0  >  i|2  -  p..  (2)11»  -  lie  -  X:,’  =  lie  i.P.<( r),r-  -Re  ir  P.v  Ul)  - 

—  —  li*':"  "T  -Re  (^-  *•  =  ”■ 

-|-2Re(2.  x-P^(2))  =  ReiPv(r)^x,  Pv(2)-x)-r 

/  P^(2)-rX  \ 

-i-2Re(2.  X  — P^(2))  =  2Re  ^2  — - 2 - -  '"V" 

Clear  also  that  inaquality  (l.hS)  strict,  if  operator  ”-tI2)  is  unique 
i.e.,  if  is  unique  the  nearest  to  2  point  of  set  x.  Gecaetr ically 
(1.45)  it  corresponds  sc  that,  after  leading  sedian  in  triangla  z, 
Xi,  X,  we  will  obtain  triangle  2,  6,  x  with  the  blunt  apex  angle  E 
(Pig.  1.9). 


Let  us  now  demonstrate  the  tbecrea,  similar  (in  certain  part)  ti 
the  theorem  of  Levitin  and  Polyak,  tut  not  assuming  the  convexity  of 
set  X  and  functional  f(x). 


Let  f(x)  -  the  differentiated  functional,  bounded  below  cn  sat 
X,  the  derivative  fM*)  satisfies  lipshitz  condition  with  constant  d 
Then,  if  the  value  of  space  <  Is  chosen  in  the  limits 

0<..ufc  !  'Ai,  1 1 ' 

than:  1)  projective-gradient  method  (1.34)  gives  monotcr.icall y 
decreasing  convergent  series  ,x‘  >  s'jqucr.ce  x'"’  descends 
according  to  the  norm  of  difference,  i. a  x 
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The  following  proof  repeats  (with  soma  explanations)  the 
appropriato  considsraticn  from  [40],  but  instead  of  inequality 
(1.39),  valid  for  convex  X,  it  is  used  (1.45)  .  First  of  all,  on 
basis  of  the  determinaticn  of  derivative  (1.32)  we  have 


/(je  +  A)-^(x)  =  Re  [  U’ix  +  zh).  h)  dt  =  Re  (f' (x).  ft)  + 


+  Re  J  (/'  (x  +  zfi)-f  (X).  ft)  dt  <  Re  {r  (X).  A)  + 
1 

+  J  II/'  (X  +  tA)  -  r  (X)||  llAil  dt  <  Re  if  (X).  A)  + 


M 


+ J  Aft||Aii«  dt  =  Re  if  (X).  A)  +  ^  ||A||=, 
moreover  is  here  used  also  Lipshitz  condition  (1.42). 


Assuming/settiag  x  =  xi'‘).  a=xx(»+')  — xC).  we  have  in  particular 


/(x(»+')-/(x<»)XRe(/'(x<»)).  x(''+')-x(M)+ 
+  -2-||x('‘+')-x<»)||». 


First  term  of  right  side  we  convert  as  follows: 


Re(/'(x(*>).  xC+n  — x(»))  =.Re{— /■'(xC')).  xC)  —  xiO+U) , 


I 


=  —  Re  (xC)  — aj'(x('‘)  — 


xf'+'i+xC)  x(»+')— xC) 


I  1 

—  X<»'+ '))  =  -  2^-  i'x(»+  ■)  —  x,Mi|«  T  —  Re  (xC)  —  J  J'  (Xi»')  - 


XC'+'l  XI*) 


*(«)_xi'>+>)). 
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Acccrding  to  th=  algcrithm  cf  the  ccnstructiou  of 

approxiaations/appro/^ches  (1.34)  and  the  lattsr/last 

component/tera/addend  is  negative  by  tha  force  of  inequality  (1.45); 
as  a  result 

/(X('‘+'))— — — -W  '•  A'").,-  = 

^  \  J 

=  — «|lX(‘+')  — 


If  space  a»  is  chosen  according  tc  (1.46),  value  e  is  positive,  and, 
thus,  sequence  /(x'*’)  monctcaically  decreases.  Since  functional  f(x)  is 
bounded  belcw,  this  sequence  descends.  Finally,  obtained  also 
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"x( '>+')- 


X.'-'""'  <  —  (/(.vC'))  -  / 


consequently,  tha  nora  cf  difference  lu"'**)— vanishes  by  the  force  of 
the  convergence  of  sequence  f(x<*').  Theorea  is  proved. 

Froa  the  obtained  results  are  clear  fundaaantal  differencas 
under  applicability  conditions  fcr  a  projective-gradient  method  for 
the  cases  of  prssanca  and  absence  of  convexity  (set  X  and  functional 
f(x)).  First  of  all,  in  the  absenco  cf  convexity  is  not  guaranteed 
convergence  to  tha  global  (unique)  liniaua  and,  in  the  second  place, 
upper  bound  for  space  m  must  be  reduced  doubly  [se^e  conditions 
( 1. 43)  and  (1.46)  ]. 

Peturnirg  tc  th?  prctlam  of  ths  applicability  of  the  method  of 
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successive  design  for  the  fundaoental  problem  of  synthesis^  we  will 
use  latter/last  theorem  for  futcticnal  (1.35)  with  space  a»“i/2.  From 
(1.46)  it  follows  that  with  the  ccnconvex  set  the  X  convergence  of 
method  (according  to  the  norm  of  difference  and  in  the  functional)  is 
ensured,  if  li>2,  i.  e.,  upcn  ccnsid«ration  (1.36)  and  (1.4  2),  if 

11*1— Xi— .Pr(x<)  +  ^r  (JtiHKiUi— <ill;  *1.  XiSX.  (1.47) 

In  the  fundamental  problem  of  the  synthesis  of  sat  X  and  Y  it  is 
possible  to  vary  by  roles.  Therefore  the  convergence  indicated  is 
ensured  also  with  the  nonconvex  set  Y,  if 

ill/i— i/i— Fat(]/i)+PT(#j):!<ilyi— yis)'.  (I  48) 

Thcsa  conditions  (is  sufficient  the  fulfillment  of  any  of  them) 
set  some  further  limitaticns  on  Y  or  X  respectively*. 

FOOTNOTE  *.  Lot  US  emphasize  that  for  the  convergence  of  th? 
distances  between  by  X  and  Y  of  the  conditions  indicated  ic  is  not 
required  -  this  convergence  was  independently  proved  in  §1.8. 
Inaqualitias  (1.47)  or  (1.48)  ensure  also  the  convergence  cf 
approximations/approaches  according  to  the  norm  of  difference. 
ENDFOOTNOTE. 

It  is  possible  to  check  that  these  conditions  are  satisfied,  if  for 
sot  y  or  X  is  correct  inequality  (1.39).  So  that  is  sufficient  the 
convxity  only  of  cne  cf  the  s^ts. 


' - — r^- 
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Let  us  look  how  appears  condition  (1.48)  in  connection  with  sot 
of  Cha  signals.  Let 

y,  if)  =  A,  (/)  <'>  yt  (0  =  A,  (f)  eJ** 

-  signals  with  arbitrary  aaplitudes  and  phases.  It  is  possible  to 
shew  that  cha  design  cf  signal  y  (t)  to  -he  set  of  Cha  signals  (1.44) 
corresponds  to  adding  of  its  phase  *(t)  to  the  assigned  amplitude 
B(t)  (see  Chapter  8),  sc  that 
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In  space  L^  condition  (1.48)  takes  the  fora 

f  |(.4,  -  B)  cJ'^  -  (4,  -  fll  <  f  !  !=  ji . 

or,  after  simple  conversiens, 

j  B  (0  [S  (t)  -  (I)  -  ,4,  (/)|  sin-  ~ dr  <0. 

If  we  do  not  set  any  liaitatiens  cn  the  phases  *i  (t)  and  {t) ,  we 

will  obtain  the  sufficient  condition 

•4.(0 >5(0.  (149) 

which  must  be  implsmc nted  fer  all  t  with  which  3(r)^0.  Even  acre 
rigid  (also  sufficient)  cenditien  is  simultaneous  fulfilling  cf  two 
inegualitiss 

■4,  (r)  > -^5{r).  >1,  (ri>4"S  (/).  0-50) 

of  those  indicating,  it  is  cbvicus,  that  the  envelopes  Aj  (t)  and 
A2(-:)  must  net  differ  mor®  than  dcufcly,  from  assigned  envelop®  3  (t)  . 
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Even  latter/last  condition  is  not  aspecially  limiting.  It 
indicates  that  ’:he  initial  apprcxlnation/ap preach  must  ensure  certain 
(apparently,  too  not  high)  quality  cf  approximation,  so  that  the 
desired  signal  too  would  not  differ  from  those  permittsd.  Then, 
applying  successive  design,  we  ettain  the  necessary  refinements. 

Let  us  note  than  if  operators  Px{y) /f  Pt(x)  are  unique,  i.e.,  to 
each  point  j/isv  corresponds  unique  nearest  to  it  point  x,  =  Pi(;/,te.v  and  it 
is  analogous  for  set  ?,  then  entire  process  of  iterations  is 
completely  dstarmined  by  the  initial  apprcximation/appr oach  Xq.  In 
particular,  saturation  signal,  if  it  exists,  depends  only  on  tha 
selection  of  initial  apptoximat icn/approach .  The  uniqueness  cf 
approximations/approaches  occurs  for  the  majority  of  problems. 
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Chapter  2. 

SIGNALS  WITH  MAXIMUM  SELECTIVITY. 

In  the  cotnaunicatin  g  systens  and  radar  it  is  frequently 
expedient  to  apply  the  signals  cf  the  final  duration,  most 
concentrated  possible  in  the  carrcw  frequency  band.  This  malces  it 
possible  to  efficiently  use  a  frequency  range  of 
connection/ccmmunication ,  raising  the  selectivity  cf 
r acepticn/procedurs  and  decreasing  the  level  cf  interferences.  In 
connection  with  radar  this  prcblea  appears  in  the  Doppler 
devices/equipmsnt  whtn  there  is  a  set/dialing  of  narrow-band  filters 
for  the  ccntrcl/chacking  of  target  speed.  The  maximum  concentration 
of  signal  in  the  band  of  filter  leads  to  the  decrease  of 
re maind »rs/re 3idu=s  in  the  adjacent  channels,  maxing  it  pcssioln  to 
raise  accuracy  and  resolution  in  the  speed.  In  both  the  cases  it  is 
assumed  that  the  duration  cf  signal  is  limited,  so  that  discussion 
deals  with  the  possible-  contraction  of  the  spectrum  for  the  assigned 
duration  i . 

FOOTNOTE  1.  For  pulst-  ccherenn  systems  has  in  mind  the  structure  of 
the  envelope  cf  burst  of  pulses  and,  correspondingly,  the  structure 
of  th=  spectrum  in  vicinity  cf  cne  cf  tne  harmonics  of  repetiticn 
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frequency,  ENDFOOTNOTE. 
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Analogous  probl-im  appears  in  ranging  of  th  5  targets  (but  not 
speed),  when  with  the  f ix €d/r eccrded  frequency  band  is  required  to 
Baximally  concentrate  signal  in  of  the  assigned  to  the  interval  tine. 
Because  of  synmetry  of  straigbt/direct  and  invarse  transfer  nations  of 
Fourier  these  problems  are  eguivalsrt. 

Thus,  the  synthesis  of  signals  with  the  fixed  period  of  time 
(frequency  band),  maximally  crowded  in  the  assigned  band  frequencies 
(duration),  is  of  known  practical  interest.  These  signals  can  bo 
named  signals  with  the  maximum  selectivity  in  the  frequancy  or  on  tho 
oime  respectively. 

The  properties  of  similar  signals  are  studied  sufficiently 
fully.  In  the  initial  setting  this  question  raises  even  to  th? 
uncertainty  principle  of  Heisenterg-Weyl,  it  is  more  precise,  to  his 
interpretation  in  tho  applicaticc/appendix  to  the  vibration  theory. 
The  appropriate  problem  cf  the  syrthesis  of  signals  for  the  first 
time  formulated  by  Chalk  in  195C  [17,  30],  Its  now  solution  gave 
Jursvich  in  1956  [  22,  23  ].  The  nest  ccmpleti-  ri-sults  w-r.:  chtained  in 
1961  of  Landau  and  by  Pollack  [43]  whose  research  has  special 
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iaportance  for  this  work,  since  it  is  based  on  the  treataent,  closa 
to  cur. 


In  this  chaptar  it  is  net  contained  any  new  results.  Hain  targe 
lies  in  tha  fact  that  tc  show  the  pcssibility  of  the  synthesis  of 
signals  with  tha  maximua  salectivity  on  tha  basa  of  the  criterion  cf 
proxiaity,  to  confira  the  aethod  cf  synthesis,  utilized  further  in 
the  new  prebleas. 
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2.t.  Use /application  cf  criterion  of  proximity  in  space  with 
quadratic  metric. 


Thus,  let  us  assume  it  is  cecessary  tc  find  tna  signal  cf 
duration  T,  maximally  ccncentrated  in  the  assigned  band  of 
frequencies  (-Q,  Q)  .  The  parmissitle  set  X  contains  in  this  case  the 
signals,  finite  in  interval  of  T,  i.e.,  having  the  assigned  duration 


jc(/)  n;iH  — r  2</<7’’2; 


Key:  (1)  with. 


^  _  |jc(/)  ni'H  ■ 

I  0  npH  [I 


?|>7'2. 


Furthermore,  we  normalize  the  peraissible  signals  on  the  energy: 

TI2 

ll-«ir=  J  (2.2. 

We  attempt  to  obtain  the  sigral,  maximally  concentrated  in  thr 


n£! 


TTrrrr 
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assignsd  freguascy  band.  Therefcre  the  desired  property  (not  feasible 
accurately  on  set  X)  consists  of  the  finitness  of  the  spectrum,  and 
set  Y  includes  the  signals  whcse  spectra  are  finita  in  interval  (—£2, Q): 


Key:  (1)  with. 


npu  —  Q  <  ®  <  D; 

npH  |<o(  >  Cl. 


(2.3) 


and  it  is  also  calibrated  on  the  energy 

a 

=  I-  (2.4) 

According  to  the  hypothesis  of  proximity  optimum  signal  x^pt^X  aust  ba 
placed  at  shortast  distance  dmin  free  set  Y.  Fcr  finding  this  signal, 
functioning  using  the  first  netted  (§1.8),  let  us  fix  temporarily 
arbitrary  permissible  signal  xeX  and  let  us  determine  first  nearest 
to  it  signal  yi-PY{x)^Y.  Fcr  this  it  is  necessary  to  maximize  th* 
coefficient  cf  proximity  (1.21) 

J  ^  I®;  1/*  (®)  d®.  1 2.5) 

~  tt 

by  selecting  spectrum  y  (u)  during  limitation  (2.4).  Let  us  note  that 
the  final  limits  in  (2.4)  and  (2.5)  are  caused  by  the  finitness  of 
spectrum  (2.3)  . 
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Similar  problems  frequently  can  be  solved  with  the  help  of 
Schwarz-Bunialtowshi '  s  inequality.  Applying  that  indicat«id  inequality 


Sm 
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to  (2,5)  and  ta/cing  into  account  (2.4),  we  obtain 


8  ^  ^ 
j"  I  .<  (<u)  I'  d<0  •  J  !  1/  (<“)  I’  d<o  =  1|  X 
—  fl 


12  ’ 


(2.6) 


whar=! 


(2.7) 


-  is  onargy  of  signal  x(t),  included  in  the  band  -u<«<Q. 


Lst  US 


sniphasi29  that  ws  Baximize  the  coefficient  of  proximity,  selecting 


signal  y,  but,  as  follows  from  f2.6)  and  (2.7),  this  coefficient  it 

is  lifflited  by  the  value,  which  depends  on  signal  x,  but  not  from  y. 

Therefore  the  coefficient  of  prcximity  will  achieve  maxiaum  (cn  y) 

value,  if  both  inequalities  in  (2.6)  become  equalities.  For  this  is 

necessary  the  proportionality  of  functions  y  (w)  and  x(w): 

y  (o»l  =vx(u>l;  — 


sines  only  in  this  case  is  reached  the  squality  in  rhe 

j; a xonshi p/ra tio  of  a  schwarz—Buniahowslti  •  Eroportionali- y  factct 

it  is  not  difficult  to  find  from  the  condition  for  standardization 

(2. 4)  ;  2  ®  _ 

I"  =  •hr  J|A'(®»rd®  =  'C  -v','  —  1. 

-'a  —  2 

Therefore  Y=lTiv!l.-  Finally  we  can  register: 

_•*  HT*/— n’lH  -0<®  'Q. 

^  0  non  i  •  i  > 


K-y:  (1)  with. 
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After  substituting  this  spectrum  in  (2.5),  we  are  convinced, 
that  the  coefficient  of  proximity  actually/really  attains  the 
greatest  value,  determined  by  ineguality  (2.6): 

C(a-,  V')  =  Re  |.v(u>).c*(a»rfu>  =  j|;cl|j,. 

—  o 

Now  in  order  to  find  the  shortest  distance  between  X  and  Y,  it 

is  sufficient  varying  signal  x(t),  to  detcrmina  maximum  also  cn  x: 

C(X.y')  =  maxC(A'.  y')  =  max(|  a.L. 

Frcffl  (2.7)  it  is  clear  that  value  Hxlig  is  partial  energy  of 
signal  x(t),  included  in  the  hard  ~C<u<Q.  Therefore  Xo,,i  is  the  signal 
of  the  assigned  duration,  which  contains  the  maximum  part  of  its 
energy  in  the  assigned  frequency  hand. 

It  is  cbvicus,  this  corresponds  also  to  th?  minimum  of  energy 
out  of  the  Dand  indicated  how  is  ensured  high  selectivity  in  the 
frequency.  Specifically,  this  "energy"  criterion  of  optimum  character 
is  used  in  the  works  of  Chalk  [17]  and  Gurovich  [22]. 

began  the  solution  cf  tb«  prcbl'cm  of  synthesis,  without 
defining  concretely  the  ccnditicn  cf  optimum  character.  It  was 
necessary  in  accordance  with  the  hypothesis  of  proximity  to  only  find 
signal  .r,p(,  arranged/located  cn  tbs  minimum  distance  from  sot  Y.  Ir. 
this  case  was  used  space  with  quadratic  metric  (1.6).  instead  of 


■TTT 
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th*  condition  of  optimuoi  character  we  assigned  spac*  metrics  and, 
furthermore,  determined  sets  X  and  Y  in  accordance  with  the  content 
of  problem.  The  solution  however  satisfies  the  commonly  used 
criterion  of  optimum  character,  which  has  clear  physical  treatment. 
This  confirms  the  applicability  of  the  hypothesis  of  proximity  to  the 
case  in  question. 

Analogous  condition  satisfies  signal  y„pi.  that  possessing 
maximum  selectivity  on  the  tiite,  tut  not  in  the  frequency;  ynpt  is  a 
signal  with  the  assigned  width  cf  the  spectrum,  that  contains  the 
maximum  part  cf  its  energy  in  the  assigned  duration. 

Page  77. 

2.2.  naximization  cf  partial  energy. 
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According  to  said,  signal  with  the  Baxifflum  selectivity  in  the 
frequency  converts  into  the  BaxisuB  value  (2.9)  under  further 
condition  (2.2).  Beth  the  Baximized  value  and  the  further 
norBalization  rendition  are  quadratic  functionals  relative  to  the 
unknown  signal;  therefore  it  is  possible  to  use  the  well  known 
rsceptions/proced  ures  of  the  calculus  of  variations  in  order  to 
conplete  the  solution. 

It  is  not  difficult  to  shew  that  the  unknown  signal  satisfies 
the  equation 

(2.11) 

-fr. 

which  it  has  solutions  only  at  scite  values  /.=/.«—  eigenvalues.  The 
corresponding  solutions,  signals  are  the  eigenfunctions  of 

squatior.  (2.11)  . 


Eigenvaluas  allcw/assune  siirpls  inter pr •station.  Let  for 
certain  Xn  equation  (2.  11)  be  satisfied  by  function  x\in.  Let  us 
multiply  left  and  eight  side  cf  the  equation  on  and  let  us 
integrate  in  the  interval  (-T/2,  1/2),  Me  will  obtain 
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t.2  Tr-  T  : 

\  f  .r,(n.v%(0G,<A  ndtdf^l^  ^  t-Vn (/):=<//. 


In  accordance  with  (2.9)  the  integral  to  the  left  is  partial  eaerg 
Eg.  containing  in  tht  band  (-53,  C)  ,  Inttegral  in  the  right  side  is 
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equal  tc  cns  ac=or3ing  to  the  cctdition  for  standardization  (2.2), 
Therefore  eigenvalue  is  numerically  equal  to  partial  energy 

fg.  E^. 


W’e  should  determine  the  signal,  which  maximizes  partial  energy, 
i.e.,  corresponding  to  iraximuit  eigenvalue  Xma«=Ao.  Thus,  signal  with 
the  maximum  selectivity  of  the  frequency  is  the  eigenfunction  of 
aquation  (2.11),  which  ccrrespcrds  to  maximum  eigenvalue  Xq  • 


Analogous  considerations  show  that  the  signal  with  tho  maximum 
selectivity  on  the  time  has  a  spectrum  “siu)  ,  which  is  the 

eigenfunction  of  the  equation 

a 

j"  5 (•')  Oj.  (<D,"®')  dio  —  isim)  (2. 12) 

—a 

and  it  answers  maximum  eigenvalue  AqI  hernsl  (7r(w,  w')  is  determined  by 


the  formula 


sin 


(2.13) 


Integral  equations  (2.11)  and  (2.12)  easily  are  reduced  to  tha 
known  aquations  for  the  spheroidal  functions  (see  the  appendix) 


'i; 

Key:  .with. 


Xopt(t)  =‘'^(i{2tlT)  npH  |<!<7/2, 

i/opf(<i))  =“'^o(«/Q)  nPH  !<i)'<Q. 


sphercidal  functicns  ar  ?  studied  sufficiently  fully,  and  we  will 
point  out  their  below  prcperties,  which  characterize  signals  with  the 
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aiaxiBuiD  selectivity. 

Value  Xq  is  the  portion  of  energies  of  signal^  included  in  the 
assigned  band  (with  the  selectivity  in  the  frequency)  or  in  the 
assigned  time  interval  (with  the  selectivity  cn  the  time)  .  Partial 
energy  X^  depends  on  paraieter  c=CT/2,  This  dependence  is  shown  in 
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1  2  3  e 

Fig.  2.1. 


Page  79. 

For  the  high  valu&s  cf  c  is  valid  asymptotic  formula  [65,  68  ] 

I  -i,  =  41  -A-fOic-')], 

shcsfing  that  extraband  energy  very  rapidly  decreases  with  the 
expansion  of  band.  Let  us  emphasize  that  in  view  of  the  previous 
conclusion/output  not  one  signal  cf  the  assigned  duration  can  have 
larger  energy  in  tne  assigned  band. 

Signals  winh  the  maximum  selectivity  are  depicted  in  Fig.  2.2. 
with  increase  in  c  they  acquire  explicit  bell-shaped  character.  At 
very  high  values  of  c  the  signals  with  the  maximum  selectivity 
approach  gaussian  ones  [67]i. 

-  '  .  (2  14) 

FOOTNOTE  *.  Formula  (2.14)  is  valid  in  the  middle  part  cf  the  signal, 

with  the  low  ones  E.  For  f = 1  is  a  ncticeable  difference  from  the 
gaussian  curve. 
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Figure  2.3  illustrates  the  behavior  of  spheroidal  functions 
on  an  infinite  interval.  These  curves  portray  graphs  of  spectral 
density  (for  signals  with  maximum  frequency  selectivity)  or  time 
graphs  (for  signals  with  maximum  time  selectivity). 
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For  the  signals  with  th<5  naxiaium  selectiviiy  in  ths  frequency 
argument  n  corresponds  tc  di me rsicrless  frequency  (n=(«>7''2  =  f(D/Q).  while 
for  tha  signals  with  the  maximum  selectivity  cn  the  time  -  (ti  =  =2cr/r) 

dimensionless  time 

2.3,  Uso/application  cf  criterion  of  proximity  in  space  with 
Chebyshev  metric. 

The  synthesis  of  signals  with  the  maximum  selectivity  is  one  cf 
a  few  problems  whose  soluticn  succeeds  in  obtaining  not  only  in  space 
L2,  but  also  in  space  c  with  the  chebyshev  metric.  This  sclutiof.  is 
of  interest  from  two  point  cf  view.  First,  this  example  shows  that 
the  criterion  of  proximity  car.  successfully  be  used  for  obtaining  net 
only  the  quadratic,  but  also  the  niriirax  appreximatiens.  In  thr 
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ssccnd  plac£,  having  solutions  in  two  diffarsnt  metrics  we  obtain  th? 
possibility  to  compare  them  and  tc  be  convinced,  at  least  based  on 
particular  example,  that  the  selection  of  space  metrics  frequently 
dees  not  lead  no  the  qualitatively  different  results. 

Examining  for  the  concreteness  signals  with  the  maximum 
selectivity  in  the  frequency,  let  us  designate,  as  earlier,  through  a 
X  multitude  of  signals,  limited  in  the  duration,  and  through  Y  -  many 
signals,  limited  on  th®  band. 

We  will  solve  the  prcblem  of  synthesis  in  the  space  cf  the 
spectra,  but  in  contrast  to  previcus  let  us  introduce  in  this  spaco 
Chebyshev  metric.  In  ether  words,  the  distance  between  signals  x (t) 
and  y  (t)  l^t  us  determine  by  the  relationship/rat ic 

d  1-Y,  y  I  =  ma  %  ,.X  (OJ)  —  u  (lo) 


(2.15) 
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1  Z  3  5  6  7  q 

Fig.  2.3. 
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According  to  the  hypothesis  cf  proximity  the  signal  with  maxiinm 

selectivity  Xop,  realizes  the  minimuni  distance  between  v  and  Y,  i.  a. 

<imjn=  mindtx.  u). 

Functioning  analcgcus  with  previous,  let  us  fix  first  arbitrary 

signal  xs.V  and  it  is  determinsd  shortest  distance  of  set  Y: 

d[x,  y')  — mini(A-,  ui  =  min  ma\!.v<u))  —  (/iu»,  . 

y&'  ' 

According  to  the  ccnditicn,  set  Y  contains  the  signals  whose 

spectra 'y’(u)  are  arbitrary  in  the  band  (-0,  Q)  and  are  equal  to  zero 

cut  cf  this  band.  It  is  obvious,  among  these  signals  it  will  be 

located  by  such,  for  which  in  the  band  (-Q,  Q)  function  T(w) 

ccincid'‘s  with  selected  T(u»)  .  Consequently,  distance  d(  x,  Y)  is 

determined  by  values  of  T(w)  out  cf  the  band  indicated,  i.e.,  in  the 

region  where  y(<j)s0.  Thus,  we  obtain 

dix,  Y)  =  wa:<  .x«0)  .  i2.1K| 

Signal  x  (o)  is  limirsd  by  duraticr.;  therefore  its  sp-ctrum  Tlw) 
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is  analytic  function,  difforent  frcm  zero  in  any  trft^jusncy  interval. 
Consequently,  value  (2.  1b)  is  pcsitive,  and  the  condition  of  optimum 
character  takes  the  form 

riia\  A  -  tnin.  ilM"' 

Here  minimi  cation  is  produced  on  all  v-V,  the  signal,  which 
satisfies  this  condition,  realizes  ninimum  distance  d,..  .  in  the  space 
in  question.  As  usual,  to  this  sicnal  is  superimposed  also  the 
condition  for  standardization  !i.v  =1,  with  metric  (2.15)  this  condition 

fixs/records  the  tnaximuir  value  cf  the  spectral  density 

max  .V mot  -  1.  (2.  I8i 

t«'i  '.k 

Page  B2. 

2.4.  Dol ph- Chebys he V  type  signals. 

Selationships/ratios  (2.17)-(  2.18)  formulate  the  miniraax 
(Uniterm)  condition  tor  the  best  epproxi mat  ion .  Thus,  the 
us  3 /a  pplica  ticn  of  a  hypothesis  cf  proximity  in  space  c  brought  us  to 
another  criterion  of  ap prexi mat ior/approach ,  than  in  space  L^,  but 
also  to  cne  of  the  commcnly  used  criteria. 

The  solution  of  this  problem  does  not  succeed  in  obtaining  by  so 
dif'ct  method  as  with  the  juadratic  appro  xi  aations/a  cpcoachos ,  but  it 
IS  possible  to  use  tue  tcllcwing  apiroaoh.  Let  us  d-^compose  duration 


T  in  the  low  sections  -^  =  l/2n  and  we  will  consid  sr  that  function  x  (i ) 
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is  ccnstant  within  nach  section  (it  is  squal  to  -f*).  In  cthsr  words,  w 
substitute  the  continuocs  functiot  x(t)  of  corresponding  stepped 
curve  (Fig.  2.4).  For  the  f ixed/ceccrded  number  of  steps/stagas  2n  i 
is  possible  to  determine  the  cptifuir  function  x(u),  >with  which  is 
satisfied  the  condition  fcr  best  approximation  (2.17),  and  further, 
passing  to  limit  of  n— to  obtain  th«r  unknown  continuous  signal. 

He  will  not  dwell  during  the  solution  indicated.  Initially  it 
was  obtained  in  the  theory  of  antennas  [  27,  47,  63].  The 
corresponding  antennas  have  the  sitimum  level  of  the  greatest  minor 
lobe  of  diagram  with  the  assigned  width  of  principal  ray  and  are 
called  Dolph-Chi bysha V  (since  Dclph  for  the  first  time  traced  such 
antennas,  and  the  solution  is  based  on  the  properties  of  chetyshev 
polynomials).  This  name  is  used  also  fcr  the  examined/considered  by 
us  signals  with  analogous  properties  £39],  Detailed 
unpackings/facings,  which  load  to  rclationshi ps/r arics  indicated 
below,  are,  fcr  example  in  [7], 
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The  spectrum  of  a  Dolph-Chebyshev  signal  is  diterminsd  by  one  of 
the  following  formulas: 

^(•)  =  ~cosc]/^  -  1  (2.19) 

or 

=  ,v?=T  ^  '  —  cost  |-]  •  (2  20) 

aor^ovar  (2.19)  corresponds  to  the  strictly  optimum,  but  unrealizable 
signal,  and  (2.20)  -  guasi-cpti la 3 ,  realized.  Value  c=QT/2 
characterizes,  as  earlier,  the  product  of  duration  to  the  band,  while 
value  M>1  measures  the  residual/remanent  level  of  the  spectruir  out  cf 
th:  assigned  band: 

niax|^(’<D)|=  l/,Vf,  (2.2!) 

H>8 

in  this  case  condition  (2.18)  is  assumed  to  be  that  carried  cut  and 

.\l  =  chc=chQn2.  12.22) 
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Let  us  note  also  that  the  major  Icbe/log  cf  ths  spectrum 
to  region  !(i)‘<Q,  where  the  trigoccietric  cosine  in  (2.19) 
the  hyperbolic. 


corr*3  ponds 
passes  into 


The  Del ph-Cheb yshe V  signal  x(t)  is  determined  by  Fourier 
transform  from  (2.20).  This  it  gives 

xit)  = 

with. 

I 

I  Here  €=2t/T  -  dimensionless  time,  -  the  modified  Bessel  function. 

In  the  case  (2.19)  the  signal  has  further  surges  on  the  edges  (with 
t=*-T/2)  cf  the  type  of  delta-function.  These  surges  cannet  te 
realized  virtually,  since  the  pulso  powor  of  transmitter  is  always 
limited. 


/,  (c  V\  — 


/,  (c)/i  -5= 
0 


t.11 

noH  -  I  <5<  1: 

<P 

mH  le  '>  1. 


(2.23) 


i 

i 

ji 


% 

.1 


w  1 

if  "  I 


Fig.  2.5  shows  the  cptimum  (arc  mere  precise,  guasi-optimal) 
signals,  ccnstrucead  according  tc  formula  (2.23).  The  parameter  is 
the  level  of  remainders/residues  t!,  which  depends,  as  it  was  noted, 
from  the  product  QT.  With  the  lew  remainders/residues  the  signals 
have  bell-shaped  character.  This  is  confirmed  by  the  asymptotic 
f  or  mu  la  x(f)  ^ 

t 

cf  that  obtained  from  (2.23)  with  c»1  and  E<<1. 
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After  coaparing  this  formula  vith  (2.14),  we  see  that  in  the 
asymptotic  apptoximation/apprcach  the  optimum  signals,  obtained  on 
the  base  of  two  criteria  cf  apprexisation/a pproach  -  quadratic  and 
uniform  -  coincide.  The  mere  ccirplete  comparison  of  these  signals  is 
given  in  Fig.  2.6,  where  for  value  cf  c=4  are  consrructed  the 
corresponding  graphs.  In  the  saire  figure  there  is  asymptotic  Gaussian 
curve.  The  signals,  satisfying  two  criteria  indicated,  are 
sufficiently  close.  The  greatest  differences  are  near  the  edges  of 
impulse/momentum/pulse,  with  €--1.  The  value  cf  jump  on  the  edges 
defines,  as  is  known,  amplitude  and  the  speed  of  the  decrease  of  the 
spectrum  with  the  large  ones  y.  Therefore  certain  disagreement  of 
curves  is  caused  by  different  requirements  for  the  structure  cf  the 
spectrum  out  of  the  assigned  bard. 
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The  synthssis  of  signals  with  the  maximuB  selectivity  cn  the 

time  has  close  analogy  with  the  selection  of  cptimum  autocorrelation 

functions.  The  autocorrelaticc  function 

00 

Rit)=  f  2)s*(/' —  r2jrf/'  = 


cc 


(2.24) 


is  foraed  at  the  output  of  the  receiver,  matched  with  the  signal. 


This  is  an  apparatus  function  in  rangings.  One  of  the  main 
problems  of  the  synthesis  of  signals  is  determination  s(t),  for  which 
R(t)  has  the  assigned  fcrm. 


This  problem  is  in  detail  examined  in  chapter  4,  but  the  already 
obtained  results  malce  it  possible  tc  indicate  the  optimum  structure 
a(t),  assuring  best  permissicn/resclution  under  some  conditions. 

Fundamental  requirement  consists  in  this  case  in  the  maximum 
concentration  S (t)  in  the  sufficiently  low  interval  of  time  near  t=0. 
widening  the  spectrum  of  signal,  it  is  possible  to  arbitrarily 
decrease  the  duration  cf  autoccrrelaticn  function.  Therefore  during 
finding  of  the  optimum  form  cf  F(t)  it  is  axpedient  to  bound  the 
width  of  the  spectrum  by  the  assigned  band  (-C,  D)  and  to  sselc  P  (t) 


TTT 
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most  crcvded  in  the  assign'sd  titre  int-^rval  (-T/2,  T/2) .  Wo  com?  tc 
ths  problem,  analogous  to  the  synthesis  of  signals  with  the  ffaximum 
selectivity  in  the  tine. 

Many  desired  functions  Y  include,  as  earlier,  all  functions, 
finite  in  the  interval  (-T/2,  T/2).  The  permissible  set  X  contains 
the  functions,  limited  on  the  frequency  band.  However,  these 
functions  must  be  subordinated  also  tc  further  condition. 

As  it  is  clear  from  (2.24),  Fourier  transform  from  R  (t)  tak.es 
the  form 

=  ,s(u)) 

Page  86. 

Consequently,  set  X  contains  the  functions  whose  spectrum  is 
positive  (more  precisely  it  is  rcr-negati ve)  at  all  values  w.  This 
further  condition  differs  the  prcklems  indicated^. 

FOOTNOTE  is  one  additional  difference,  connected  with  the 
standardization  which  fer  the  signals  with  the  maximum  selectivity 
and  for  the  correlation  functions,  strictly  speaking,  is  diff«r?^nt. 
For  greater  detail,  see  chapter  4  (note  on  page  115).  ENDFOCTNOTS. 

The  problem  about  the  signals  with  the  maximum  selectivity  was 
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solved  by  us  without  this  limitation,  i.  e.,  on  a  widiir  multitude  of 

the  permissible  functions.  However,  as  follows  of  that  obtained 

earlier  results,  the  spectrum  of  optimum  signals  proved  to  be 

positive,  consequently,  the  forirulas  of  present  chapter  determine 

also  optimum  autocorrelation  functions.  Hith  the  quadratic  criterion 

of  appro ximaticn/approach  we  have 

;?((u)  =  |s((o)|2=-.Uo(l).  U1<1: 

/?(/)  =11)0(11).  (2.25) 

In  the  case  of  minimax  approximations  respectively  it  is  obtained 

=  =  I5|<i;  (2  26) 

R  {()  =  3j4rr  /V  —  I  —  cosoTi). 

In  these  formulas  -  dimensionless  frequency,  =  — 

dimensionless  time.  Let  us  note  that  parameter  c  enters  also  into  the 
solution,  based  on  the  quadratic  criterion,  that  it  is  not  clearly 
indicated  in  (2.25)  . 

Summarizing  the  fundamental  results  of  this  chapter,  let  us  note 
that  the  use /application  of  a  criterion  of  proximity  to  the 
determination  of  signals  with  the  maximum  selectivity  leads  to  tha 
results,  obtained  by  other  previously  methods.  The  solution  of  this 
problem  in  spaoe  L*  reveals/detects  the  signals,  the  maximum  part  cf 
energy  of  which  is  concentrated  in  the  assigned  fr^rguency  band  or  in 
the  assigned  time  interval.  On  this  condition  of  optimum  character 
are  based  the  works  of  Chalk,  Gurevich  and  some  others. 
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The  signals  with  the  maximuB  selectivity,  which  correspond  to 
the  condition  indicated,  are  descrited  by  the  spheroidal  functions 
whose  properties  are  of  interest  also  for  other  problems  of  the 
theory  of  the  signals  (see  below)  . 

Page  87. 

The  hypothesis  of  proximity  can  be  used  to  the  problem  in 
question  and  in  the  space  with  the  Chebyshev  metric.  In  this  case  we 
come  to  the  minimax  criterion  of  approximation/approach,  and  the 
solution  give  function  of  the  type  cf  Dolph-Chabyshe v,  known  from  the 
theory  cf  antennas. 

The  risults,  obtained  tor  the  signals  with  the  maximum 


selectivity,  are  applicable  alsc  to  the  optimum  autocorrelation 
functions,  feasible  with  ^he  limited  frequency  band. 
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Chapter  3. 

OPTIMUM  «E^  iT  PaOCESSING. 

The  practical  realization  cf  signals  with  rhe  maximuo 
selectivity  meets  with  serious  difficulties,  signal  with  the  Daxinum 
selectivity  in  the  frequency  has  fcell-shapad  envelope  and  in  terms  of 
the  fact  to  the  larger  degree  it  differs  from  rectangular,  the 
greater  the  product  QT  and  the  less  extraband  energy. 

For  the  realization  cf  similar  signals  it  is  necessary  that  in 
the  transmitter  would  be  implemented  a  deep  aiplitude  modulation. 

This  it  gives,  at  least,  to  the  considerable  insufficient  utilization 
of  transmitter  according  to  the  a verag^^/mean  powar  (energy  cf 
signal),  since  the  pulse  power  is  always  limited.  Furthermore, 
powerful/thick  generators  of  SVCfa  werk  in  the  mode/conditions  of  a 
d-ep  saturation,  Thoy  are  not  adapted  for  amplitude  modulation; 
sufficiently  precise  fulfilling  of  the  law  of  modulation  frequently 
proves  to  be  impossible.  Analogous  difficulties  are  in  pulse- 
coherent  systems  when  according  to  th«  appropriate  law  must  be 
changed  the  pulse  amplitudes  In  the  packet. 


Somewhat  more  simply  proceeds  matter  during  th s 
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p<arinissicn/re solaticn  ir.  thp  tio#?,  but  aot  in  the  frequency  whar. 
bell-shapsd  form  must  have  not  envelope,  but  the  amplitude  spectrum 
of  signal.  Retaining  the  envelope  of  rectangular,  it  is  possible,  in 
the  principle,  to  fulfill  the  necessary  spectrum  due  to  the  special 
law  of  ChM  within  the  impulse/aicmectum/pulss  (see  Chapter  8)  .  But 
also  in  this  case  technical  difficulties  are  sufficiently  great. 

In  connection  with  that  presented  frequantly  is  applied  tha 
further  processing  of  signals  ir  the  receiver,  which  ensures  the 
necessary  pe rmission/rescluticn  in  the  frequency  or  in  the  time,  but 
connected  with  some  energy  losses,  weight  processing.  The  operating 
principle  of  similar • devices/eguipnent  is  clarified  in  Fig.  3,1. 

From  the  output  of  UPCh  the  signal  with  rectangular  envelope 
enters  the  modulator  that  gives  tc  this  signal  the  bell-shaped  form 
w  (t)  (Fig.  3.1a).  Tc  carry  cut  amplitude  modulation  in  the  rf-ceivpr 
at  the  low  pcwar,  obvicusly,  it  is  simpler  than  in  the  transmitter. 
It  suffices  to  use,  for  example,  a  temporary/time  gain  connrol 
according  to  the  necessary  law.  The  signal  of  tne  rounded  off  form 
w  (t)  possesses  tha  lew  remainders/rssiduss  of  tne  spectrum  cut  of  th 
assigned  band,  which  allows  fer  the  frequency  analyzer  (set/dialing 
of  narrow-band  filters)  tc  work  with  the  necessary  selectivity. 


Page  83 


DOC  =  80206704 


For  increasing  the  selectivity  in  the  time  analogous  operations 
are  produced  with  the  spectru*  cf  signal  (Fig.  3.1b).  The  rectangular 
spectrum  is  supplied  to  the  filter  with  the  bell-shaped 
characteristic  w  («)  ,  which  giv^s  the  decrease  of  remainders/residues 
in  the  temporary/time  represectaticn*. 

FOOTNOTE  For  the  realization  of  the  processing  indicated  it  is 
necessary  to  know  the  time  of  the  arrival  of  signal  (Fig.  3.1a)  or 
its  Doppler  fraguency  (Fig.  3 . 1 t) ,  These  conditions  frequently  are 
satisfied,  sinci  for  the  large  duration  of  signal  (packet),  the 
displacement  due  to  the  unkncwn  range  is  negligibly  small.  It  is 
analogous  for  the  range  finders,  which  use  signals  with  the  wide 
spectrum,  are  low  Dcpplsr  frequency  shifts.  ENDFOOTNOT2. 

The  selection  of  optimum  weight  function  w(t)  (cr  w(w))  it 
represents  fairly  complicated  protlem.  Hera  necessary  is  a  compromise 
between  the  selectivity  and  the  energy  losses.  Some  authors  assume 
that  optimum  give  Dolph-Chehyshev  type  functions,  which  possess  as  we 
saw,  by  maximum  selectivity.  In  particular,  in  the  work  of  Temas  [75] 
is  assumed  chat  optimum  gives  furcticn  of  forir  (2.23)  and  are  found 
out  the  adequate/approaching  ap pr cximations  it.  However,  from  the 
fcllcwing  it  follows  that  optimum  weight  function  can  r.oticeatiy 
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differ  in  its  structure  from  the  signal  with  the  maxiumm  selectivity. 
This  difference  is  connected  with  the  further  requirement  of  the 
minimization  of  losses  and  it  is  substantial  for  the  systems  with  the 
weight  processing. 

In  this  chapter  is  given  a  strict  solution  of  the  problem  about 
optimum  weight  function  [12]. 

3.1.  Losses  during  weight  processing. 

Ideal  frequency  analyzer  (approximation/approach  to  which  is  the 
set/dialing  of  narrow-band  filters,  utilized  usually  for  the 
frequency  selection)  puts  out  the  spectral  function  of  the  voltage, 
which  acted  to  its  input,  Examicirg  for  the  concreteness  diagram  in 
Pig.  3.1a,  let  us  suppose  that  tc  the  input  of  d e vice/squipment  comes 
the  signal  cf  constant  amplitude,  which  has  Doppler  frequency  Qd- 
Talcing  into  account  amplitude  modulation  according  to  the  law  of 
w(t),  realized  with  the  r ecepticn/procedure ,  spectral  function  will 
take  the  form 

Trz 

»(“)=  \  K-(t) 
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Fig.  3.1. 


Key:  (1),  aodulator.  (2).  Frequency  analyzer.  (3).  Filter.  (4).  Bange 
f indsr. 
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According  tc  condition  w(t)  it  is  posiniva;  therefor?  for  the 
aiaxiaium  overshoot  cf  th  =  spectrum  (greatest  levul  at  th3  output  of 
the  corresponding  narrow-tand  filter)  we  have 

J  (3.1) 

-Tn 

Sow  let  us  assume  that  to  the  input  of  device/eguipaent  acted 
the  noise  voltage  n  (t)  .  Ibis  voltage  is  also  modulated  of  the 
amplitude  by  weight  function  and  for  the  output  effect  we  obtain 
respectively  r: 

n  {(!>)=  ^  '1(0- 

-TP 

Assuming  noise  n(t)  white  with  density  N  n/Hz,  it  is  not 
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difficult  tc  show  that  th«  mean  square  of  noiso  ccinpon*nt  at  the 


output  of  analyzar  is  equal  tc 


r  ; 


|n!=  =  .V  j  w‘(t)dt.  (3.2) 

The  comparison  of  formulas  (3.1)  and  (3.2)  makes  it  possible  to 
determine  enerjy  relation  sigcal/ncise  at  the  output  of  the  analyzer 


^  ESI  (/)  dt 

1  I  -rrj 
?=— — ^ 

f  »>(/)(// 

-r/2 


(3.3) 


Applying  to  the  numerator  of  this  formula  Schwarz-Buniakowski' s 

inequality,  we  find  face  side  for  value  p: 

r/2  rj: 

f  f  d( 

^  I  -i‘/2 _ — _L 

P<*F  \  ■ 

C  »’  (0  dt 

-fn 
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Prcm  the  properties  of  the  r elaticnship/ratio  of  a 
Schwarz -Buniakowski  it  follows  that  is  hers  achieved  the  ^‘quality 
only  by  satisfacticr  of  condition  w(t)=const  with  -T/2<t<T/2  and, 
therefore,  tho  maximum  excess  cf  the  signal  above  the  noiSc?  is 
obtained  for  rectangular  w(t).  In  this  case,  as  it  follows  from 


(3.3)  , 


r 

P  ^  Pm«»  ~  • 


Thus,  the  anargy  losses,  caused  by  non rectangularity  w(t),  are 


1  1 


r 


and 


but 

A 

/i 

I 


3.2.  Ose/application  of  hypothesis  cf  proximity. 

( 
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characterized  by  value 


r  \  (0  dt 

-th 


(3.4) 


From  previous  ir  is  cleat  that  value  dees  not  exceed  one 
is  equal  to  it  only  for  rectangular  weight  function.  Analcgcus 
r elationship/ratio  for  the  case  cf  processing  in  the  frequency, 
not  on  the  time  (diagram  in  Fig.  3.1b)  is  given  by  lames  [75]. 


jnjiU  fiippwvvnipf 
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But  W3  must  board  also  energy  losses  during  the  processing.  In 
other  words,  pormittpd  ar«  only  those  weight  functions,  for  which 
value  g,  expressed  by  fcritula  (3.4),  is  constant: 

<7= const.  (3.0) 

This  further  linitaticn  differs  the  problem  in  ques.ion  from  the 
synthesis  of  signal  with  the  Baxiiun  selectivity. 

According  to  the  criterion  cf  proximity  should  be  found  the 
function,  whicn  belongs  to  set  X  [i.e.  satisfying  conditions  (3.5) 
and  (3.6)  ],  that  is  located  on  the  shortest  distance 

^  niiii  y) 

from  S3t  I.  In  §2.1  it  was  estatlisbed/inst  ailed,  that  in  space  L* 
this  condition  satisfies  th^  furcticn  the  containing  maximum  part  of 
its  energy  in  the  band  (-C,  Q).  Since  this  conclusion  of  §2.1  uses 
only  properties  of  set  Y  and  it  is  suitable  for  any  the  X  hypothesis 
cf  proximity  it  leads  to  th*^  following  variational  problem. 

Pago  91. 

It  is  necessary  to  determine  function  w(t),  different  from  zero 
in  the  interval  (-T/2,  T/2)  ,  which  oaximizes  the  partial  energy 

T  ’2  T!2 

F-a-=  \  f  O' (0  =•(/')  O'b  cr) 

-r.t  -rr2 
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further  conditions 

r,” 

f  C'=  {/)  dt  =  I 
-Tli 

I  w  (/)  dt  =  i.'nnst. 

-fr: 


(3.X) 


Kernel  Gg(t.  f)  Is  datermined  by  formula  (2.6). 


Condition  (3.8)  is 


a  usual  r'aquirsaient  of  standardization  in  L*.  Condition  (3.9)  is 
equivalent  to  (3.6),  sinc^,  as  from  (3.4),  valus  q  is  clearly 
uniquely  determined  by  inttgral  (3.9)  with  the  fulfillment  of 
standardization  (3.8). 


3.3.  solution  of  variaticnal  frcblei. 

According  to  the  rule  of  Lagrange's  factors  maximum  to 
functional  (3.7)  undar  the  conditicrs  (3.8)  and  (3.9)  gives  function 
v(t),  which  is  the  extremal  of  another  fuocticnal,  namely 

Eg  —  }i£  «K  max,  (3.10) 

where  p  and  v—  iadefinite  factors.  For  the  determination  of  this 
extremal  let  us  use  the  following  method. 

Spheroidal  functions  t-(i)  form  orthonormal  sat,  complete  in 
interval  (-1,  1).  Thirefcra,  introducing  diaensionlass  time  £=2t/T, 
it  is  possible  to  expand  arbitrary  weight  function  in  the  series/rcw 

oe 


of  the  form 


(^.111 


r  j 


i 


\ 


The  parameters  of  problem  E^.  S  and  A  it  is  not  difficult  to 
exprsss  through  coefficients  In  this  case  are  used  the  prcpsrti?s 
of  spheroidal  functions,  examined  in  appendix  1.  Thus,  for  partial 
energy  we  obtain,  taking  into  account  re  la tionshi ps/ratics  (1)  and 
(3)  of  the  applicaticn/appindix : 


I  I 


£«  =  (  \  » (5) « <50  G  (5.  60  - 

-I  -  I 

=  S  f  f4„(6)U50G(6.  = 

w.n  -I  _i 

I 

-  S  J  +m  (I)  (5)  d5  =  S 


PI,  n 


-I 


where  >«-  eigenvalues. 


is  analogous,  total  energy  obtains  the  representation 


£=  fwM5)d5*2«^- 

—  I  ft 

For  converting  the  value  A  we  will  use  relationship/ratio  (8)  of 
a pplicaticn/appendi X.  This  it  gives 

1  I  __ 

J.(5)d6=2a.  J+,(5)di  =  )/^5«,j-FO;+„(0). 

—  I  (»  — I  n 

Aft^r  substituting  the  obtained  expressions  in  (3.10),  let  us 
register  the  functional  being  investigated  in  tha  form 

n 

ia  should  find  the  values  of  ocefficiants  which  rccats  this 
valua  into  th®  maximuni.  This  is  not  difficult  to  do,  after  equating 
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to  zaro  derivatives  Ap/au,;  as  a  result  it  is  ottainsd 

Tl~* 

Since  spheroidal  functions  tr«(s)  are  cdd  wirh  odd  n,  then 
'pi*+t(0)=o.  Tharcfora 


*,k(0). 


(3.13) 
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Obtained  coafficients  On  determine  unlcnown  optimum  weight 
function  in  the  form  of  seriss/icw  (3.11),  We  see  that  factor  '■ 
enters  linearly  into  all  coefficients  and  affects,  therefore,  only 
the-  scale  of  the  unknown  functicr. .  since  the  scale  further  is  not 
essential,  factor  '  writs  cut  we  will  net  be. 

Value  M  is  determined  by  the  permissible  lossss  g. 
actually/really,  after  sutstitutirg  values  u,  from  (3.13)  into  the 
previous  formulas,  it  is  possible  to  obtain  the  following  expressions 
for  parameters  e^.  e  and  A,  and  also  for  extraband  energy 
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JiV- 

L 

k 

.2iy. 

<  li 

k 

•'■511  ( !  —  )  . 

<=  u 

k 

The  factor  of  loss  q  is  determined  by  r elaticnship/rat io  (3.4), 
which  upon  transfer  to  ths  dimensionless  time  6  takas  the  fern 

q  =  A*l1E.  (3.15) 

As  can  be  seen  from  (3.14),  values  A  and  S  dapand  only  cn  tha 
parameter  m.  Therefore,  f ixing/tecerding  coefficient  of  q,  wa  ara 
given  implicitly  the  value  of  this  parameter.  On  the  other  hand, 
after  registering  relative  value  cf  extraband  energy  in  the  ferm 

(3.16) 

it  is  possible  cc  traat  fcrmulas  (3. 14)  -  (3.  16)  as  tae  parametric  fora 
of  the  dependenca  of  extraband  energy  (attained  in  ths  optimum  casa) 
on  the  losses  of  processing.  This  dependence  is  of  great  interest, 
since  it  characterizes  the  maxivus  possib il it iss  of  weight 
procr  ssing. 

3.4.  minimum  losses  during  weight  processing. 


In  formulas  (3.14)  the  parameter  p  can  takf  arbitrary  valj->s. 
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Howfiver,  so  that  the  coef ficiants  apprcpriat;  (J.  13)  ,  would 
convert  the  functional  being  investigated  intc  the  aaximum,  but 
into  the  oiniffluo,  aust  be  iirpleaented  additional  condition 
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Differentiating  (3.12),  we  come  to  r  =  lationship/ratic  m>>". 
which  must  be  mpl  ^  m' r.t  for  all  n;j,0.  Thar^for  -  lower  bcur.dary  o' 
the  paramr-tsr  m  is  rmined  by  graat-st  ‘iganvalu'  Thus,  *-t- 

range  of  values  of  the  parameter  comprises 

X<<|1<00.  (3.17) 

W'*  tract  first  liirit’T'.g  case  A?  it  is  clear  from  (3.13), 

in  this  case  all  coefficients  *’*»  wi*h  fc>0  are  negligible  in 
comparison  winh  ao«  Therefore  serios  (3.11)  deg tnerates  into  or.- 
m*mbtr,  and  afttr  s-lecting  the  appropriate  scale,  we  obtain 

a‘(i)=i|!,(|)  w**h  H— ►A.o.  (3.18) 

Cors-^  qu«-ntly ,  in  th*  limiting  case  ir.  g'j'»s*:ion  optimum  w'^igh* 
function  has  the  same  structure  as  signal  with  the  maximum 
ssloctivity. 

In  sums  (3.14)  also  »r-  r'‘'*'alr.=d  only  firs:  t-rms.  As  a  r'sul'- 
of  formula  (3.15)  and  (3.16)  they  giv®: 

=  /'=«  i 


(3.iy) 
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Latter/last  relationship/ratio,  obviously,  will  b? 
with  *hr  mat-rrials  of  the  previous  cha,piar,  sinc'='  for  the  signal  wi-h 
th«  Baxiaum  sslactivity  the  partial  anergy,  included  in  th-  band  (-0, 
Q)  ,  is  num’=^r ically  -gual  to  eigenvalue  Xq. 


In  Fig.  3.2  tain  lin-’  shewed  -^ho  dap^^nd'nc'  of  losses  q  or.  th' 
extraband  energy  p,  determined  by  fcriaulas  (3.19).  This  d-p«r.d=r.o-  is 
obtained  as  follows. 


Values  of  Xq  and  tt>o(0)  depend  on  pan  a  a»  ter  c=QT/2.  For 
eigenvalues  U  are  detailed  tables  in  [68].  Furthermore,  for  larg-  c 
is  valid  ths  asymptotic  formula,  us-’d  with  n<2c/v 


I 


i-x.= 


(.rt+iz-’e*''’  r  6n»  — 2n  +  3 


■*)]•  (5.20) 


IP!*.’ 


3.2. 


Key:  (1).  Cosina-sguare .  (2).  d3. 

Page  95. 

Values  't-foi  for  c<5  can  be  taken  from  tables  r80]  or  from 
graphs  of  Fig.  2.2.  But  in  this  cas<>,  it  is  necessary  to  fulfill 
standardization  according  to  condition  (3)  of  a  pplicati  on/app  :n 
(for  example,  by  the  graphical  integration)  . 


For  large  c  wa  used  asymptotic  formula  [65]: 

+«'(;)  =  '  «  i  +  *  (;  » ’27)  -  ^  (r  -  1  \  {■:  -  .M 

X(n-'<)D,.,(5K27)]  +  0(<-=)|.  r>  :i) 

This  formula  is  applicable  in  r*rglor.  v  .o,  is  fur.c”'' 

Weber  (parabolic  cylinder) 


/y. 


D,(.-)  =  2-’'-e-'”V/„(r  ). 


,,  provides  th~ 


H'-rmite's  polynomial;  factor  v, 


nsc  ■  ssa  r  V 
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staniardizB.ticr. ,  this  factor  has  a  valu- 


{c 


As  a  result,  taking  into  account  known  r a nicnship s/ratios  f 
Harmita's  polynoaials ,  obtain 


/  f  (2*  —  IV!  r  12 


\2k  +  ^ 


.  (^.22) 


Taking  into  account  thnsa-  values  cf  formula  (3.19)  th--y  *ak'. 
form,  ccnvanisnt  for  tka  calculaticn; 


<7  = 


p^4Y^t-c  [l  -3|;  +  0(.--^)j. 


L?t  US  consider  th«  results,  which  -scap^/nnsu from  th''  gran 
cf  Fig,  3.2  (thin  lin*)  ,  If  we  allow  losses  d  u*  to  the  treatments, 
which  do  not  exceed  1  d3  (g— 0,8),  weight  function  (3.18)  it  pcovl 
ih®  suppression  of  extraband  energy  to  30  iB  with  c=5.  When  such 
parara'’t*rs  ar*  aoc*p*abl6,  it  is  in=xp-.ii'nt  to  apply  »roth'=r  w-’a 
funccior.s  -  actually,  function  (3.18)  provides  minimum  ^xnraband 
anorgy  with  f ixad/recorded  c.  If  bowaver  are  r-guicrd  the  stpall'r 
r®mainders/r-s:  dues  of  th®  sp--ctrum,  '•h’n,  aft-r  pr -serving  th‘  s? 
structure  of  weight  function,  we  are  fcrc®d  nor  only  to  ir.cr^as® 
duration  of  signal  (to  increase  c) ,  but  also  to  allow  large  energy 
loss's.  For  many  applirations/a  ppendic's  •^his  sclu-^ion  's 


undesirable,  and  th<=r.  should  b®  switch®!  over  to  weight  func'^ioee 
another  tyoe,  assuring  smaller  losses  with  larg®  c.  Le*-  us  Irri^ 
ours-lv^s  th'r  for"  tc  fgicn  c>>1,  1-“-  us  =wi:ch  ov-r  'r  r  s -arch 
optimum  weight  func-^'ons  cf  mcrr  g®"'ral/roore  cemmcr./mrr®  el 
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class,  which  corcespond  to  oth?-r  values  of  the  parameter  p  fro® 
interval  (3.17). 

Page  96. 


Let  us  consider  another  limiting  case  p— According  to  (1 


and  (3.15),  in  th'’ s  cas*  is  obtained 

2t. 


^  rui»  ^  (*^)'> 

k 

k 

~  2£  ^  5  (0)- 

k 

As  is  known  from  the  theory  cf  integral  equations  (li?rc-r 


th«crtia),  karr.al  G(5,  5')  allcws/assume?  <=•1  genf  unco  ion  ■‘xpar.sion 

sin  f  (5  -  V) 


n 

After  assuming  here  E=€'=0,  we  find 


a  (0, 0)  =-^=  Mn  (0)  =  J]  (f). 

k 


Th^r'afor':  with  1-^  is  ebtair^-d 


n  c 

q  *v  — • — =  I . 


As  it  was  established/installed  in  53.1,  *-.his  limiting  vain 
is  aohi^v'd  only  fay  r*’ctangular  weight  func'^rcr. .  Consequently,  w 
showed  that  with  p— seri=s/rcw  (3.11)  l^ads  to  the  funenien  of 
f  ortn 


.■(;t=co"st.  — l-it'IO. 


(.5231 


Ihcosinq  int'-ro  diat«  valu-s  p,  h  :w--n  Xq  and  «, 
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':c  fulfill  -transition  from  wpight  funct’on  (3.18),  which  has 
bell-shaped  character,  tc  rectangular  function  (J.23).  In  order  t'-a- 
this  transition  be  sufficiently  saooth,  w«  must  assign  to  paraii'-t?r  m 
valu's  v=ry  clos-.  tc  the  •^igenvalu*'  of  i  □ ,  which,  in  turn, 
insignificantly  dif f- rs  from  ur-*ty  with  large  c.  Let  us  use  tha 
sp'^cial  rul-  of  th-  selection  of  reading  values  ,  nam'ly  1 -t  us 


assume 
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m-O,  1,  2.  ...  (3.24) 


This  will  make  it  possible  tc  considerably  simplify 
r *lationships/ratios  (3,  1h)  ,  to  l^ad  th»a  :o  th-  form,  ccr.vt-nirrt  frr 
the  calculations.  Let  us  consider,  for  ^xa.mpl®,  fcraula  for  the  vaiu' 
A.  Substituting  (3.24)  in  (3.14),  w=  obtain 


<.*  (  t  —  Ajm)  ‘T*  (  )  —  ^-2.) 


Aj.'J’jji  (n) 


Aft  =  r  decomposing  this  sum  to  -^hr^-  parts  in  which  kOm,  k=j.  '-..i 


lc>rn,  Irt  us  r-writ'-  latter/las*-  expression  in  th-'  form 

l'  I 


A  = 


2n 


^2»+:'*  (0) 


c{l  -Xtm) 


1^ 


)  —X., 


2  2,  1  -- 


1— >:«  I 

*’r-i  isyr.ito*-ic  expansion  (3.20)  it  follows  that  with  k<m 


I—),,  (2m)! 


I  —  > 
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possibl-  to  r~  j  5C*;/thrc  w  apprcpr:*. a*  -  c:'i pc-: -r  ts/*- as/add  Br. ds  c  f 
iar.oa inators  in  th3  first  sub.  Analogous  considerations  show  that 
should  be  disragarded/neglectad  the  latter/last  sum  of  formula 
(3.25).  Similtuda,  b®ir,g  th'y  are  us=d  also  to  oth-r  formulas  (3.14) 
leads  to  the  following  re  laticr.ships/ratios: 


r  I 

C(1  5]  ^•«**5*  (f')  -h  —  >■:» 


£'  = 


■•*=0 

■>= 


en 


h _ f-L 


A  = 


^  (I  —  ^  tm^ 


•n  — I 


■)  '  S>nTl-n  5  • 


Calculation  acccrdirg  *o  formulas  (3.26)  is  simpl*.  Th' 
necessary  nunbar  of  componer. ts/te rms/adler.1  s  is  comparatively  snail. 
Thus,  for  0  =  10  it  is  necessary  to  take  no^  more  than  thrs-  3«nb'»r3  o 
sum  (m^2)  ,  for  c  =  30  -  s  no*  mere  than  rir.*  (ir^8)  .  Ir.  general  m<o/ir* 
Valu's  >■;-  and  v-:  "J.  4c  tasy  *o  c'-ur.t  accordit}  to  asymp*:o‘io 


formulas  (3.20)  and  (3.22).  Pelaticrships/r  at  ios  (3.15)  and  (3.16) 
mako  it  possible  to  determine  furtli=r  ♦•he  '"actor  less  g  a-d  th- 
rolatfv:  of  th*  'xtrabard  et'-rgy  p,  attain’d  at  optimum  w'ig-v- 

function.  For  values  of  C=10,  20  and  30  corresponding  graphs  ar  = 
shown  in  Fig.  3.2  (heavy  lines)  .  Thes®  graphs  characterizT  *-h’ 
maximum  pcss:.biliti“s  of  ws'igh*  tt^atra^r*. 
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0  n  ^  h  * 


flour-?  is  illus*ra*«^d  •  h  -  cas?  w-iih*  *•  r  -  •»'■  m  ' 


sam  ’ 


DOC  =  80206705 


PAGE 


according  to  tha  cosine-squared  law 

»a)  =  cos*-|-e; 

As  it  is  easy  to  check,  in  this  case 

I 

fw>(i)rf5  =3/4; 

—  I 
I 

,4  =a  ^  w  (6)  _  I  . 

-  =  2  3. 


(3.27) 


— t 

dl 

"“2£ 


For  the  approximate  computation  of  extrabar.d  «nergy  w-  wii 
th=  asymptotic  formula 


J 

0(01)=  J  w  (;)  =  -^  sin  »  +  0  («»-♦). 

—I 


escaoe/ensuing  froi  the  general/ccmmon/'"  ota  1  r3  lationshi  ps/rati 
available  ir.  [63].  Th«r<»fcre* 


•-if- 


•  (ti*l  w'u>  3  (t  -  •) 


E-  At* 


FOOT'iOTF  *.  A  precis®  formula  fcr  th®  extrabard  en*rgy  of  “h' 
cosine-squared  signal  is  in  [23].  ENDFOOTNOTF  . 


For  c=  10,  20,  10  *he  corresponding  values  a  atd  g  ar*  sh  •>« 

Pig.  3.2.  I*  is  cl- ar  tha*  cptimizaT cr  of  w-igh-  f  ur.  c*- r  or® 

it  possibl"*  ‘o  very  substantially  decr^as®  *h=  r®  maind?  r  s/r  -  s ) 
®v- r.  ir.  comparison  w*  th  this  ad eq ua'-^/ap pro ac hing  lav  as 


1  us 


os. 


ma  y 
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cosine-square . 

3.5.  Optimum  weight  functions. 

In  §3.3  wees  determined  coefficients  a*,  with  which  s?ri-s/rov 
(3.11)  ’t  g'v“3  optimum  weight  functicr. .  Th^s"  coefficients  denand  o 
th<-  paramtter  u  according  to  formula  (3.13).  H-  <?aw  alst,  *:hat, 
giving  ^  special  values  ti.  in  accordance  with  (3.24),  it  is  ocss-'bl 
to  considerably  simplify  calculations,  since  coa f f icier. t s  b=co»- 

r. ■’glrgibl'  with  r.>2m. 

Page  98. 


■Jsina  (3.13),  (3.20)  and  (3.24),  it  is  not  difficult  to  show  al'o 
‘•hat  wh' n  cp'"‘ mum  wigh-  func^fc"  is  =  xp”  ^  s.s ‘d  by  •"  h.  *  f'-il 

sum 

^  -  I 

l-:.*  V  r;.:. 

. 

During  th*  darivaticr.  of  this  formula  is  all'*w--d  a  r^le^^v" 

=  rror  in  ord  =  r  c”*,  and  scale  factor  »2  is  sel'^ctc-l  so  -hat  wcili  h 
simplified  the  expression.  Let  us  nct-=  that  eig  nvalues  ar=  v~~y 

dost  to  unity. 
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functions  are  absent.  Therefore,  for  some  values  of  k  and  c  fur.nti''"3 
in  the  interval  0^|^1  wer«  specially  designed  by  ETs7l  [dig’-al 
computer]  ?l-20.  Calculaticn  was  produced  by  t  h-*  numerical  sclu*’*cr  ~t 
int-gral  sguatLnn  (1)  cf  applicat  icn/appe  ni  ix  by  th-  oe*:hcd  of 
itarations.  Eigenvalues  were  taken  frem  werk  [68],  As  rh* 

approximation/apprcach  was  used  the  first  m-^mb^r  cf  asymptotre 
expansion  (3.21)  . 

The  graphs  of  optimum  weight  functions  w  (?)  ,  calculat=1  by 
formula  (3.28),  th-^y  ar**  shewn  in  P'*g.  3.3a-c.  Each  figure 
ccrr:spcnds  to  on:  value  of  c,  *ach  curve  -  to  on*  value  n.  Th» 
param«t«rs  of  tr’ata-r.t  p  and  q,  attain'd  at  ootimua  w'igh* 
functions,  are  depicted  as  the  appropriate  points  in  rit.  3,2. 

From  th<=  graphs  cf  F^g,  3,3  it  follcwa  th*:  eptimum  w'^'g'n* 
functions  actually/r^ally  occupy  thr  intermediate  position  h=tw'3' 
th”  bell-shap«d  signals  with  the  maximum  3al*cttvi-y  and  ‘•h-  eguar’ 
puls-*.  In  th*  iLddl'  part  cf  functicn  w  ( 5)  th^y  ar  chang'd  l^ttL', 
th*y  are  clcs*  tc  a  constant  value.  Th^  duration  of  "flat/plane  par*" 
dep-nds  on  the  factor  cf  loss  q.  Th'*  gr-a*'!  q,  is  th-  mcf 
"flat/plane  part"  and  the  nearer  the  function  w(F)  to  th® 
rectangular.  The  low  level  of  extraband  energy  is  provided  du®  to  th  * 
*  xpen- nti.al  "fronts"  cf  function.  This  giv*s  v.ry  low  valu'r  cf  v(e) 
n=».r  f=1,  low  jump  or  the  edg^s.  T“  is  ocssibl*  to  shew  tha*  ntar  '.ho 
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:3g*  fur.ctior.  w(€)  is  char^ged  acccrdlr.g  to  th^  law,  c1:sp  ~r  ih » 
gaussian  [65],  and  with  €  =  1  value  w  (5)  is  of  th?  order 

ai  (1)  ^  ,(>"-1/2) 

As  is  krcw?.,  “h''  valu®  of  ju»p  «-dg-s  substantially  affects  = 
spectruE  at  the  high  frequencies,  tc  th=  =xtraband  energy.  Th»  low 
valu=  of  jump,  :  xpcnentially  decreasing  with  increase  of  c,  and  makes 
it  possibl“  tc  obtain  sc  low  a  level  of  extratand  '■ncrgy. 

L=t  us  pay  aittn^^or.  also  tc  th’S  region  of  trar.si“ion  frci  th' 
front  tc  the  flat/olane  part.  Here  thers  is  an  oscillatory  structur- 
with  the  maximal  overshoot  of  order  20o/o  of  th^  steady  level.  Witt 
incrtas*  in  c  tn*  overshoot  is  reduced  rnsignif  icar.t  ly,  bu* 
cscil la* ions/vibrat  ions  ”are  wrung  cut”  tc  the  front  anJ  occupy  th- 
low  par*  of  the  complete  duration.  In  this  it  possible  tc  r»ro»iv- 
analogy  w'-.h  Gibbs’s  ph=rcmT.cn,  well  known  frm  *h-  th  ory  “f 
Fourier  series.  Increase  c  is  analcocus,  in  a  s-ns",  to  th'  -xpen.p'nn 
of  band,  to  an  increase  in  the  ru»b=r  cf  members  of  Fouri-r  sari??. 
The  sup-rpesition  of  a  large,  tut  fini*'  number  cf  t-.rms  of  *his 
series/row  gives,  as  is  known,  function  with  th th  ^  oscillatory 
ejections  near  the  fronts.  It  is  important,  how-ver,  that  *h-  bas’’? 
cf  signal  near  5  =  1  s’!ti:*ler  csci  11  at ior.s/vibraticn s  does  no*  have  any. 
H=r-  th'  aonctone  decrease  w  ( 5)  provides  the  low  level  of  extrabarJ 


»n- rgy 
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Chapter  4. 


THE  SYNTHESIS  OF  COPPELATIOW  FOSCTIOKS. 


In  present  chapter  is  examined  ‘h^  taslc  cf  th-  synthes 
r^alizabl**  autocorr ■‘la*’ icr.  functicns  B(t)  ,  which  ar  •  conn^c 
signals  s(r)  with  the  known  equivalent  rela  ti  cnships/ra  tics 


at 

j"  I S  (•)  I*  ~  (ii»)  i4.2l 


and 


<4. 4) 


¥' 

Th*  » ut^'ccr  r- lat  i  cr.  furcfor.  P(t)  is  a  r^sptrs"  cf  optimum 
of  PLS  (matched  fil*-*r)  tc  the  signal,  reflect?!  from  *!he  f 
pinpoint  target.  It  cth’t  wcrds,  ‘■his  ’s  an  apparatus  fur,c~ 
it  tnt  cas*  cf  th*  asur^m-^ r.ts  cnly  cf  rang'*-  (•■'m'  cf  arr* 


is  0 
t  =  d 


r-c: 

ix 

1) 


charace ericas  accuracy  and  r^scluticn  ''f  such  m'sa suretn~ nts. 
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Wa  examina  the  task  cf  approaching  tha  autocorrelation  function 
R  (t)  to  certain  desired  function  F  (t)  .  Usually  for  th?  radar  is 
substantial  only  the  appreximat lon/apprcach  of  the  nioduli/mod ul «s  cf 
the  functions  indicated,  in  connection  with  which,  being  limitai  to 
quadratic  crif'rion,  w<»  will  Biriirrz-  valu'' 

/=  J{iF(n;-fJi(niydt.  (4,5» 

—00 

assuming/s*  tting  th«^  spectrum  cf  function  R  (": )  by  chat  lim:'’>:d  by 
conditions  (4.3)  and  (4.4).  Furthermore,  since  usually  it  is  possihl 
to  consider  that  the  spectrum  of  signal  ^(u)  occupies  th®  final 
frequency  band,  1-t  us  intreduce  the  further  limitacion 

^(<i>)»0  with  |u)|>Q.  (4  6) 


Pag«-  102. 

Th-  r^alizabl*  a  U'^  occrrela  tier,  furcticn  P(t)  dros  d ^  r  o'*  - - 
unambiguously  signal  s(t).  In  accordanc?  with  (4,2)  and  (4.3) 
given  only  amplitude  spectrum 

!s(<o)  f  =  I  £g(u>)  . 

whil=  the  phas*  spectrum  of  signal  t"  remains  arbi'rrary.  Therefore 
realizable  R  (t)  is  r-aliz'^d  by  any  signal  with  ;h»  spectrum  ''f  •  h  * 
form 

5((d)  =  I  '£5^(10) 


w  h  =  r  “  g  ( « ) 


s 


soactruir  of  the  correlation  function  R(t),  an’  i  (u ) 
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-  i*  is  arbitrary.  Tho  determination  of  tha  optimum  sp'ctra  g  (-»)  , 
which  satisfy  orit^rion  (4.5)  under  further  coniitiens  (4.3),  (4.4) 
and  (4.6)  ,  is  ths  task  cf  this  chapter. 

4.1.  S^ts  X  and  y. 

Th-  permissible  s^t  X  in  this  task,  naturally,  includes  all 
realizable  autocorrelation  functions  R(t).  This  set  does  no<-  fill 
space  L*,  since  in  accordance  with  (4.3)  th=  spectrum  of  tk  = 
functions  g  («)  i  ndicat'^d  pcsitiv’  (it  is  more  precise,  it  is 
non-negative),  and  it  is  also  limited  by  conditions  (4.4)  and  (4.6) 
L«t  us  consider  in  somewhat  more  d'»*:ail  th'»  ptep-rty  cf  functiors 
R(*). 

Let  signal  s  (t )  ,  in  gnn^ral  compesi t ' ,  b=  r  -  pr -srr, '•  ed  in  t  h* 
form  cf  the  sum  of  even  and  odd  (composite)  the  component 

s(0=st(/) 

J,(0=5,(— /);  Sz{t)=--S2(-t). 

Th'^n,  as  it  fs  not  difficult  to  shew,  f?r  the  on.’rgy  sp-ctrum  v-  Y- 

!  s  («)  1*  =  1 5,  («»)  I*  -f  I's,  (»)  1’  -i-  2Re  (J,  (U))  >,  (®)). 

Pag®  103, 

as  it  is  tl-ar  frem  pruv^ous,  frrst  ‘•wc  t  rm  form  »v  n  f  ine*’" 
frrquenci«s,  and  the  latter  -  odd.  ""hus,  the  in  g^niral  er.-rgy 
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spectrum  cf  sigaal  has  bo*h  th^  *‘v«‘n  ard  cdd  of  part.  From  (4.2) 
follows,  naturally,  that  the  autocorrala tion  function  R (t)  has  rtal 
and  imaginary  parts,  i.e.,  R  (t)  -  ccmposita  function. 

However,  if  for  all  u  is  satisfied  th?  condition 

Re(s,  (  a»)  S*,  (a>))  =  0,  (4.7) 

th°n  the  spectrum  of  power  ls{o>)l-  is  ev=n,  and  3  (t)  -  is  real: 

00  ^ 

d(si=-^  fi 5(u>)  I*  cosurf liin.  (4.8) 

-5. 

It  is  not  difficult  to  note  that  this  occurs  for  th  ?  overwhelming 
majority  of  th?  signals  used.  Lattor/last  condition  is  satisfied,  a 
least,  in  th^  following  cas^s: 

1)  s  (t)  -  ?vtt  fur.ctr’cr.  (in  th^s  cas-  Sz  t)=0)  , 

2)  s(t)  -  odd  function  (in  this  case  Sj  (t)S0), 

3)  s(‘')  -  the  real  function  (in  this  case  (w)  is  r^al,  and 
‘s2(<j)  is  imaginary)  ; 

4)  s  (t)  -  imaginary  function  (it  is  analogous  with  th'’  pr‘'v:.cu 
case)  .  Th'‘s-  cases  can  be  still  supclcm' nt ■  d,  using  in'--  fac*  the,- 

R  (t)  is  not  chang'^d  during  “.he  displac-mer.t  of  .signal  on  th^  nim', 
and  also  it  doss  not  depend  on  initial  phase.  Th=r-fore  cas*  1) 
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2)  apply  to  signals  s(t),  symmf  tr  ical  of  r-latlv^ly  arbrtrary  ‘•.q,  a-f! 
cas^s  3)  and  4)  -  to  the  signals,  led  to  real  changes  in  the  initial 
phase . 

As  a  result,  rv-^n  without  submerging  in  th  •  3*:udy  of  all 
conditions,  under  which  are  impleBented  equalities  (4.7),  (4.8),  it 

is  possible  to  take  without  the  essential  damage  for  the  generality, 
that  |s((o)!-—  -v=E  function,  hut  R.(t)  -  is  raal^. 

FOOTNOTE  *.  From  the  commcnly  used  signals  thesi  conditions  ar’  not 
satisfied  by  th>  ChS  impuls*s/mcnienta/puls? s  with  symmetrical  (even) 
law  of  a  Chang-  in  the  frequency.  Such  signals  are  examined  it  §3.7 
by  another  mathod.  ENDFCCTNOTE. 


It  this  cass  5t  accordance  with  (4.2)  and  (4,3) 

if  («j)  =?(—<*>)  a.ni.  R(:)=R{—t). 


Pag=  104. 


(4.9) 


As  can  be  se’^n  from  from  the  following,  ■‘•his  furth=^r  lim'":aticn 
substantially  simplifies  synthesis.  Summarizing  th®  aforesaid,  w  = 
will  consider  that  X  -  many  autcccrrelation  functions  x(t)  =  ?(t)  whos^ 
spectra  ?(«)=g(w)  are  limit-d  by  co’-di'-iens  (4.  J),  (4.4),  (4,6)  a-id 

(4.9).  For  future  reference  it  is  important  tha-:  det  =  rm:.t  =  d  thus  s  ' 

X  is  convex.  Actually/really,  after  assuming  in  accordarc-  wi-.t 
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(1.  38) 


X  =  XXi-h(l — x)xt,  so 
g(oy)=rgi(<.^)-i-(l-x)gt(ii>). 

no*  difficult 
(4.  3)  ,  (4.4)  , 

g 2 (u)  . 

Now  let  us  examine  desired  set  Y.  D*sirod  modulus/mcdul-  |^(0 1 
can  be,  generally  speaking,  selected  arbitrarily.  But  has  ser.s=  to  b 
given  only  even  functions 

|ffO|  =  |/(-^)|.  (4.10) 

Odd  ccmpon’nt  of  modulus/modul'"  (/^(^)1,  if  it  is,  it  does  nc*  ’.n  ary 
way  affect  the  obtained  sclutior. 

CD 

Actually/really,  designating  \\  F  (t)\’ dt  =  c,  i -t  us  rewrit'-  (4.5) 

—00 

in  the  form  ^ 

f  =  c-2  f If (0!!/?(0|c//+ 

— «  — oo 

Varying  8(t),  here  it  is  possible  to  chanj-  only  two  latt-r/lae 

cemponents/te  rms/add*nds,  racreever  only  or.'  of  them  -  int-gral  cf  :  h 

form  ac 

J  F  tl)l'  R\t\'  dt 

cf  ccrr  la’.ion  furc*t';  ■ 


to  asc'‘r*air.  tha*  sp^^ctrum  g(u)  satisfies  cenditiens 
(4.6)  and  (4.9),  if  these  conditions  satisfy  Pj  (u)  end 


• d'p'nds  cn  Th-  mr dulus/mcdul - 
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FOOTNOTE  This  is  correct  for  arbitrary  R(  t)  ,  withou'^ 

limitation  (4.9),  (4.1).  ENDFCOTNOTE. 

Page  105. 

Therefore  latter/last  integral  does  not  depend  on  odd  component  of 
assign'd  modulus/mcdulc  l^(Ot-  This  cemponent  canr.o-  be  co  mp  “nsa*"  ^  d 
for,  selecting  8  (t)  ,  it  crly  increases  gen=  ra  1/comncn/total  “rror  of 
the  approximation/approach,  while  the  r=sult  of  th=  solution  (unknown 
8(t))  it  d?p*r.ls  'T. ly  on  ^v-^n  cempen'n'-, 

Furth-^r,  acccrdir.c  tc  (4.5)  w«  at-^erp:  to  obtain 
approxitnation/approach  tc  f'inc*icr  F(t),  assign -d  only  cn  *:h  = 
mod ul us/raod ul e.  The  phase  of  this  function  does  not  play  in  ^ur  ta?' 
cf  any  rol*.  In  oth-r  words,  all  functions  F('^),  that  have  r.^-ctsrjry 
modiil us/module,  pcss<=-ss  the  assigned  desired  property.  Any  of  such 
functions  can  be  selected  as  the  "sam ple/sp ?c i.T)  =  n ”  with  th~ 
a  pproximat- or. .  Th=r-fcr?  :*  n  acccrdanc*  wi'^h  th-  ■^r'a'^m'nt  ''f  th  ■» 
problem  of  synthesis,  presented  in  fihapter  1,  w=  must  i nc lud ^/cotr * ct 
in  the  desired  set  Y  all  functiens  of  ♦:he  form 
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£/(;)  =  F  (0  =  4  (4.11) 

Har-?  ■'4(0  =  |^'(0  I  —  posi^iv'^  r^al  fvncticn,  which  ccr'-ncidas  w’th  *  h= 
d9sir®d  modulus/moduls,  and  '(>(0—  arbitrary  phase.  Elam®nts  of  s-*:  Y 
diffrr  from  ^ach  othtr  in  t«rms  cf  phas->  functions  '♦(O- 

h,2.  Applicability  of  t ha  critaricn  of  proximity. 

Thus,  b^ing  bas«d  on  the  essence  of  task,  V3  t h-y  determined 

that  permitted  and  that  desired  sets  X  and  Y  we  can  pass  to  the 

sclution.  According  to  the  hypothesis  of  proximity  the  optimum 

correlation  funrtion  R  (t)  is  Iccat^d  at  the  shortest  distance  from 

the  desired  set  Y,  i.e.  ,  realizes  the  minimum  of  value 

00 

d'  =min  ( :fi;)  —  /fi/>:-d/  — 

Qo 

=^nniin  (4.12) 

'  — QC 

Let  us  show  that  the  criterion  cf  proximity  (4.12)  is  =ouivalan-:  'n 
initial  criterion  (4.5),  and  therefore  le-  us  use  to  the  task  in 
question.  Per  tiis  wo  use  the  fcllowing  order  cf  th?  minimizaticr  'f 
the  distance  between  X  and  Y, 

Page  106. 

L«t  us  fix  first  arb:*trary  elsaont  cf  s*t  Y,  i.  '.  ,  corr'la'-fon 
fu.rctior  R(t),  and  w*-  will  seek  small  distance  af  S3t  Y,  ar.d  ta  ■'r  w 
will  obtain  dmin,  by  selecting  also  R  (t)  .  Th^  first  stag'^  corr ■--Gp.''r. ’  = 
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to  finding  valus 


PftGE 


d*  (jc.  y)  =  min  UA  (/)  e^*  -  R  (0 1’  = 

ift  J 

—00 

=  mini 

t-flo  — oo 

—  2Re 

—00  ) 

On  varind  phas*  ■'t’  d3p9nds  only  latt  =  r/last  comoon''.nt/r '  r  m/addsrc! , 
and  we  coma  to  tha  maximizaticr  cf  valu^,  analcgcus  to  th-= 
coefficient  of  the  proximity 

00  eo 

C=Re  J/4(/)R(/)e~^‘'*d/=  J.4(/)R(/;ccs!{<(/)d/=max. 

—08  —00 

(4.13) 

Here  it  is  considered  that  in  acccrdanc=  with  (4,9)  thr  ccrrela*-:f 
function  R(t)  is  real. 


Further,  from  (4,13)  w?  have,  taking  into  accrunt  pcs:.*- :  v' r 

A(t), 

C<  J.4(f)i/?(t)Id<.  (4.14) 

The  right  side  of  the  latter/last  inequality  does  not  depend  on 
varied  phase  therofere  the  achievement  of  equality  in  (4,14) 

provides  the  greatest  possible  value  C,  From  (4.  1.3)  and  (4,  14)  is 
evident  that  this  is  achieved  by  satisfaction  of  the  condition 

cosi|i(<)  =  t:l  =sign  R(t). 

Or,  which  is  equivalent. 


Page  107 
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F  it)  =  A  {t)  e^'*  =  A  (t)  sign  /?  (0-  (4. 15) 

After  determining  functicr.  F  (t )  ,  which  r’^alizes  the  shortest 
distarc-  bstwa-^n  Srl-'cted  R(t)  and  s*t  Y,  it  is  possible  tc  switch 
07=r  to  the  second  stage  in  which  variation  it  undergoes  by  PC'-). 
Substituting  (4.15)  in  (4.12),  we  obtain 

09 

=  'll!®  f  I  ^  (0  sign  R{t)-‘R  U)  1*  dt  = 

—00 

=  mm  f{if(0l -!/?(/)!  }*di 

Latter/last  «xpr=ssicr.  ccincid'^s  wi-^h  th«  initial  condi'tion  for  b'^st 
approxinaticn  (4.5).  Consequently,  the  criterion  of  proximity,  b-’lng 
applied  to  the  examined  tasic,  gives  its  foil  solution^. 

FOOTNOTE  *.  Let  us  note  that,  after  foregoing  condition  (4.9)  and 
assuming/s’ ttinq  R(t)  by  composite  functicn,  we  would  arrive  at 
condition  instead  cf  (4,15).  with  sa'isfactior.  of  this 

more  general  condition  the  criterion  of  proxiirity  (4.12)  also 
coincides  with  (4.5).  Other  limitations  for  the  permissible  functions 
R(t)  in  th*  pr-'vious  cor.clusicr /cutout  arn  not  used.  Th'=r-fort  for 
set  Y,  determinad  according  tc  (4.11),  tha  criterion  of  prcximi^’y  is 
applicable  with  the  arbitrary  set  X,  END  FOOTNOTE. 

4.3.  Method  cf  "cutting". 
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In  th*  majoriiy  of  locatirg  us-''s/aDplicafions  the  dcsir^.f 
structure  of  the  correlation  furcticn  of  signal  is  characterized  by 
two  requirements  B(t)  must  have  sharp/acute  central  peak  near  t=0  and 
low  rrmainders/r-sidues  out  of  the  assigned  central  region.  In 
accordance  with  such  requirements  let  us  assume  that  assigned 
modulus/module  is  determined  somehow  in  innarval  (-1.1),  whion 

corresponds  to  central  peak,  and  is  equal  to  zero  cut  of  this 
int  erval. 

Since  interval  (-1,1)  must  cot  overlap  with  th-*;  regien  of  *-h- 
remainders/residues  (minor  lobes)  of  correlation  function,  l^t  us 
require  so  that  synthesized  R  (t )  would  satisfy  the  condition 

R(t)>0  with  |/I<I.  (4.16) 

But  under  these  assumptions  formula  (4,15)  qtv^s 

F(t)^A(t)  (4  17) 

and,  therefore,  ept'^mum  F  (t)  dees  not  depend  on  H(t). 

Pag-*  108. 

Furctior  (4,17)  belongs  to  the  desir'^d  set  Y,  i:  is  on-  of 

el-^m? r.ts/cells,  moreover  precisely  this  el=ment/c-ll  is  placed  at  -h' 

smallest  distance  from  arbitrary  P(t),  which  a-.isfies  “h-  stioula^. 
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conditions,  froa  any  ®l6.o‘^nt/cell  of  th*  p^rnissibli  S"t  X.  This  i= 
rats  special  fsatur  s/peculiarity  -  the  pressncs  of  only  elsment/csll 
yopx^Y,  cf  th«  nsar'ist  to  all  these  permitted  xeX  —  substantially 
simplifies  further  solution.  As  3t  is  not  difficult  to  compreherd, 
this  special  fsatur e/peculiarit y  is  caused  by  the  structure  of  set  Y 
(4.11),  and  also  by  further  limitations  (4.9)  and  (4.16), 
superimposed  to  s^t  X, 

Now,  b«-ing  they  are  confident  in  oh*  fact  ~.hat  function  F{  t), 
which  corresponis  (4.17),  is  located  at  th?  shortest  distance  from 
set  X,  we  bring  the  task  cf  synthesis  to  the  simpler  task  of 
approximation.  It  is  ccncrete/specific/actual ,  fixing/r<^ccrding  P(t) 
indicated,  we  they  must  find  B(t),  which  satisfies  the  cor.di'-ion 

—00 

=  If  {A  (f)  —  R  (/)}’  dt  =  min. 

Corresponding  R(t)  is  optimum,  nearest  to  s'-t  Y. 

After  designating  through  A(ii)  the  spectrum  cf  the  assigned 
function  A(t)  ,  on  the  basis  of  the  equality  of  Pars-val  w®  will 
ob*  ain 

00 

=  =  (4.18) 

—00 

mor^Dvar  th^.  unknown  sp5C‘^rum  g  (w)  irust  satisfy  th-  r-=quir-!n‘n*s 


- 
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th^  feasibili  ty  of  correlation  furcticr.,  i.  c.,  to  ccnditior.s  (4.3), 
(4.4)  and  (4.6). 

flost  limiting  from  thas«  rsqnir^ m“nts  is  cor.ditior  (4.4),  which 
corresponds  to  ths  standardization  cf  energy  of  signal.  But  W'^  will 
first  obtain  th^-  solution  without  talcing  into  account  this 
standardization,  i.e.  ,  by  subordinating  g  (a)  to  the  conditions: 

g((»)>0  npli  |<o|<n;  g(a))sO  |o)|>a. 

Key:  (1)  .  with. 

Page  109. 


Since  during  such  limitations  thr  unknown  spectrum  g(u)  can  take 
arbitrary  positive  values,  we  *-c  the  gr-at*st  degree  decrease 
distance  (4,19),  if  for  all  frequencies  at  which  ‘a(w)^0,  l^t  us  pl».c? 
g(u)eA((j)  (in  the  interval  (-U,  0)).  Th^  corresponding  fr'gu=ncy 
domains  in  this  case  will  not  make  any  contribution  to  integral 
(4,18),  Thus,  wner''  T(w)<0,  should  b=  taken  g  (u)  =0.  In  '•his  oas^  ‘■h- 
modulus/mcd ule  of  difference  g(w)|  will  be  minimal. 

Consequently,  the  minimum  to  furcticnal  (4,  18)  gives  fcllcwir.g 


function » ; 

Key;  (1).  with.  (2) 


C/J  -  ^ 

®  \  rv  (P  ^  t3 

I  0  npH  X  (®)  •<  0  tvm  !®|  >  Cl, 

an  d . 


(4.19) 
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appropriate  the  "cutting"  of  the  negative  values  of  th?  assigr.=  ! 
spectrum. 

FOOTSOTE  In  th»  wcrk  [7,  pp  169-170]  there  was  proposed  ar.oth  =  r 
solution  of  analogous  prcbl«in  during  the  same  limi'r  ations .  But  this 
solution  dc~  s  not  g-’vc  th=  best  approximation,  and,  strictly 
speaking,  it  should  be  recognized  erroneous.  Th==  verification  test 
shewed  that  relationship/ratio  (4.19)  leads  to  the  best  results. 
ENDFOOTNOTE. 

As  a  resul*,  w:  com*  to  the  fcllcwing  proc-dure  of  synthesis  (F'g. 
4.1): 

1.  From  assignrd  a  (t)  is  cemput'^d  sp-ctrum  T {u)  , 

2.  Spectrum  g  («)  is  fermsd  by  path  "cuttings"  cf  n.-ga^:v«  vali  s 
A (m)  and  limitation  in  assigned  frequency  interval. 

3.  By  inverse  transf ermatien  cf  Fouriir  from  g(u)  is  Irca'-'d 
unknown  R  (t)  . 

As  an  example  let  us  consider  synthesis  R(t)  ,  n-=ar  =  st  to  t,h  = 
r 'cta r.gular  fur.ctirr. 
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Afterward  th“  "suttir.gs''  cf  th<'  r.<?ga'^i7-  values  cf  this  so'c+ruir  w'-h 

invsrsa  transformation  of  Fourier  were  found  th^  nearest  correlation  1 

function.  They  are  shown  in  Fig.  «.2  for  the  values  Q=2 ;  u  and  100.  j 


/f*/ 
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approxiBSt’cn/apprsach  tc  assigned  fur.-ticn,  th;  gr'=a'-^r  th: 
required  energy  of  the  signal,  obtained  with  this  approximation 
method. 

4.4.  Account  cf  th»  limitation  cf  '“n'^rgy.  Simplex  method. 

Wo  will  now  minimize  functional  (4.18)  upon  consideration  of  all 
limitations  tc  pnrnissible  B  (t)  ,  in  other  words,  we  will  ?(*•), 

nearest  to  optimum  F(t)=A(t),  assuming  condition  (4.4)  perform-.d, 
i.e.,  normalizing  energy  of  signal. 

Let  us  first  of  all  note  that  quadratic  functional  (4.  18) 
convex,  since  for  any  r  of  the  ict-rval  cf  (O.  1)  occurs  th:-  in=qual*ty 

/tTSfi  ( w)  +  (1  — t)  (w)  I< 

<T/(g,(a))J+(l-T)/l^2(w)], 

If  W2  assume  in  (4.18)  g  («)  =rgj  («)  ♦  (  1-r)g2(u),  it  isposs:.M=  -o  b- 
convinced  of  the  validity  of  this  irtquality.  As  i"  was  not**!  in 
§4.1,  the  permissible  set  the  X,  which  includes  unknown  spectrum 
g  (w) ,  is  also  convex.  Conscquantly,  task  consis  :s  of  the  minimization 
of  convex  functional  on  the  convex  set. 

In  erdrr  to  use  krewn  itoretiv*  m<’-hods.  I  t  us  r*duc®  the  -ani*: 
in  question  to  the  probleit  of  square  pregra  mmir.  j.  For  this,  ?.  ft-  r 
dacompos’’ ng  the  assigned  frequency  interval  into  the  arbitrarily  l  )w 
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strips  by  width  Aw,  let  us  switch  o7«r  to  the  discr3te/digital 
representation  of  the  spectra 

Sii  •  • &«)» 

wh^r?  Si~  readings  of  function  g(«),  undertak-n  with  ‘■h'  ir.'^rrval 
Aw. 

Page  112. 

After  r<rplacing  further  integrals  with  sums,  we  come  "-o  *■>.  ’ 
following  task; 

it  is  necessary  to  find  the  miniauo  of  the  functional 

(4.21) 

during  the  limiraticns 

(4.22) 

i=l 

gi^O;  i=l.  2.  ...n.  1 4.23 1 

Per  ‘ho  solution  cf  this  problem  we  will  use  simplex  method  [31,  82], 
convenient  during  the  linear  limitations,  in  particular  (4,22)  ard 

(4.23).  The  us=/applicaticn  of  the  simplex  method  is  connected  wi'rr. 
t h'*  consecutive  approximation  cf  assign'd  funcoional  (4.21)  with 
lir.'*ar.  After  stl^rting  certain  initial  appro ximati.cn/a ppre ach 
^"‘=A',  we  assum a/set 
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f(g)'f  (g“>)  (g,  ~  g<“>)  +  c,  (g^  _  )+ ...  + 

4-c«(g«  -  ^1;“’)  =c,  -i-  c,g,  +  C,g^  4- ...  (4.24) 

whera  tf,(/>0)  than?  are  partial  derivatives  at  point  £<*>0X: 


c,= 


df(g) 


=  (SI°'-Ai) 


(fgt 


For  th?  d -tr-rminat'.cn  of  th?  point  of  ‘■ho  ainiuim  cf  linear 
curctior.al  (4.24)  luring  limitation  (4.22)  should  b?  selected  on?  o 
the  variable/alternating,  for  example  g...  as  that  resolving",  after 
assuming 

n 

=  (4.25) 

/5) 


and  to  carry  out  minimization  through  the  remai.ning  n-1 
variablfi/altp  mating.  After  subst it  u*-ir.g  (4.25)  in  (4.24),  v*ll 
obtain 

n 

2tt 

f^S)=-^Ci-{-^{Ci-Ci)gi.  (4.26) 

issi 


Pag*"  113. 


"resolving"  variabl  =  /alternating  g.  should  bo  -akor.  so  tha*-  th^ 
coefficients  with  all  unknowns  would  prove  to  ba  nor.-n=ga  ti  v“ .  ’='or 
this,  obviously,  it  is  nec*>ssary  to  sel'»ct  ■‘•.he  ".'imbar  /,  wh:  ch 
corresponds  to  small  ast  Cf,  i.  a. 

Cj  =  niin{c,}  =  -^inin(^<«>  -  .4,).  ,4,2:, 

i  ^  i  ' 

During  this  selection  r.sxt  apprcxi®2tion/^.nprc5.rh  w.-ll  sa^’sfv 
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cor.diticn  (4.23)  aad,  her«for'^  ,  it :rat'‘.OT'.‘5  will  not  d:duc?  for  th' 
permissible  set  X,  Actually/rea  11  y#  the  minimum  to  functional  (4.26) 
under  the  conditions  (4.22)  and  (4.27),  giv^s  vector  g,  which  has 
only  on<=  nonzero  coordinat- : 

g  =  0 .  0.1,0 .  0).  (4.28i 

moroovor  1  is  located  on  j-th  position. 


Vectors  and  g  are  given  the  simplex  direction,  in  which  :s 

realized  the  space  cf  value  a, 

e<‘>:=gi<»+<i(g—g^‘>>);  0<a<l.  (4.29) 


As  can  «asily  b»  s  =  =  n,  with  any  o  of  s-gm'-nt  (0.1)  all  co mpcn •=»!', ts  f 
vector  g'"  ar-  non-n^gati v^.  The  cp'*:imuni  length  of  space  “opi  is  found 
from  th*"  condition  cf  the  minimum  of  initial  func*:or.al  (4.21)  on  *-h' 
selected  dirscricn.  After  subst  itu'^ir.g  (4.29)  in  (4,21)  and 
differentiating  on  a,  we  come  to  the  condition 

n 

-E  (d.-sr'Msr’-g.) 

«opi  =  ;i 

E 

isrl 

cr,  talcing  into  account  (4.28), 
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aopt  =  — - 

1=1 

<**/ 


Purth'r  inst-ad  of  is  tek^r.  g^*'  and  it  ratinrs  ar«  rop'a'^-d*. 


iiTi  ■■■iii 
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FOOTNOTE  *.  If  at  r'-rtair.  spacn  a,,t  prcvad  to  b'  mort  than  1  or 
than  0,  should  b'  tak^n  1  or  0  rasp?c-tiv?l7 .  ESDFOOTNOTE. 

Sir.c'  value  aopt  corresponds  to  the  Binimum  of  functional  in  the 
s^l'^cted  direction,  th'-  chta?  n*"  d  srqii<?ncc  of 

approximatior s/approachas  gives  the  monotone  decrease  of  the  valu-s 
of  functional  -  the  distance  between  by  X  and  Y.  This  sequence 
unavoidably  Iv-ads  to  th  ■=■  only  shortest  distance,  sinca  functional 
(4.21)  and  permissible  set  T  are  convex,  and  iterations  ar-  realiz'd 
in  the  limits  of  this  set.  The  major  advantage  of  the  simplex  method 
cf  that  consists,  that  *h?  intermediate  solutions  at  each  space 
satisfy  conditions  (4.22),  (4.23),  i.e.,  belong  to  the  peraissihl' 
convex  set. 

Fig,  4.3  snows  th'*-  correlation  function,  nearest  to  rectangular 
function  (4.20),  obtained  by  a  siirpuleks-m-thcd,  and  also  *h'‘ 
solution,  found  in  ^hc  pr-svious  paragraph  with  the  method  "cutt’ r.g=" , 
that  not  considering  the  standardization  of  energy. 
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K?y:  (1)  .  Initial  approximaticn/aFprcach. 

Pag'5  115, 

Both  solut' ons  correspond  to  Q=100.  As  is  rvid-en:,  :he 
stand ardization  of  energy  of  signal  significantly  changes  th- 
structure  of  tnt  solution.  Wc-  ottafned  th-  b®ll-shapod  fcrnt  cf 
function  R(t),  CIOS'-  to  id?ally-sph'rictl  function  V'l’i'),  which  w 
rtyealed  n  §2,5  as  solution  cf  a  s-Lmilar  probl  -tn  under  a 

sc(n:what  distinct  norma lizaticr  condition*. 
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FOOTNOTE  *.  In  §2.5  rp^imum  au^ cccrr=  la'" ic".  functl/rns  w'r*  co”s.\d-r" 
as  the  g«n=ralizat?.cn  cf  signals  ni'^h  ♦:h'r  maximum  selectivity.  For 
tho  quadratic  crit'ricn  th«  corrcspondir g  star.dardizaticn  takes  th* 
form 


g*  (u)  rfca  =  I , 


which  is  clos-  to  cor.diticn  (4.4),  but  it  is  nc'"  id?nt.'cal  w^th  ’ ' . 
ENDFOOTNOTE. 


Similar  to  sph-roiial  functicn,  th<-  cb'‘.air.'d  au'-occrr^laticn  fur.c”'.- 
S(t)  has  the  limited  on  the  extent  spectrum  (se-  lower  graph  in  Fig, 
4.3),  although  in  this  cas'^  were  allcwed/assumed  the  values  (j^5:100, 
spectrum  g(u)  it  proved  to  be  limited  in  th  *  band,  which  dees  r.o” 
exceed  w.  Virtually  spectrum  g  { c.)  completely  "cuts  itself",  b^ginnin 
from  that  frequency  where  -^he  assigned  spectrum  T  (u)  for  the  firs'-, 
time  tak®s  z'-ro  valu-. 


Let  us  rct=  that  was  here  used  *:  h-:  i*?rativ?  process  r.r*  for 
minimization  of  the  distance  between  two  s^ts  as  in  §1.8,  but  for 
approxmation  known  tc  function  !fopt  on  set  X.  At  the  same  time,  the 
=  1:  m*  nt/c<-ll  cf  d-sired  s"-  yopt.  nearest  tc  th'-  nirmissibl-:  s':"  X,  -• 
was  possible  to  find  out  "analytically",  with  cut  resorting  tc  any 
iterations.  In  54.6  it  is  shown  that  th=  task  of  syr.th'-sis  in 
qu“3t*or  admits  also  th:  compr"  h»:  nsiv-  analytical  sclu'- ^  on,  re 
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connected  with  iterations.  The  given  results  will  be  there  obtain? 
by  another  m^^thod. 

4.5.  Synthesis  of  th?  multipcak  ccrr«laticn  function. 

As  it  was  noted,  for  the  majcrity  of  Iccat'ng  us3S/applica~ i'* 
are  required  singl?-p«ak  correlation  functions.  Signals  with 
Bultipeak  ccrr^laticr.  functions  (Fig.  4.4)  are  of  interest  in  seme 
special  cases.  Without  stepping  during  the  possibl- 
applicat ions/appendices ,  let  us  consider  questions  of  the  syntnesi 
of  such  signals,  by  assuming  that  assigned  P(t)  has  several 
equidistant  identical  peaks,  and,  in  view  of  condition  (4,10),  a 
number  of  peaks  is  odd  (it  is  equal  2N+1)  .  Being  limited,  as  earli 
by  the  real  correlation  functions  P  (t)  ,  w®  will  assume/sen  F(ti  of 
real,  see  (4.15)  . 

Page  116. 

Let  us  first  of  all  note  that  if  F(t)  is  assigned  completely, 
th«  modulus/mod  ult  and  th«  sign,  the  task  of  sy-nh-sis  in  --rms  of 
little  differs  from  that  examined.  After  computing  T(w),  in  is 
possible  to  use  the  simplex  method,  or  the  method  of  §4.6  in  order 
det-rmin?  th»  n  =  ar-'st  p'rmissibl*^  sc-ctruin  g  ( u.)  .  As  earli-r,  m?.‘-*rs' 
is  r'duced  to  the  mir.imiraticn  of  furc*-'cr.al  (4.2  1)  during 
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limitations  (4.  22)  -  (4 . 23)  ,  and  the  solution  of  this 
singular.  But  for  th«  single-p^ak  ccrr-lation  funct; 
previously  establish  that  with  positiv"  F(t)»  the 
approximation/approach  will  fce  best.  Now  this  it  is 
do.  The  peaks,  shown  in  Fig.  4.4,  can  have  diffarer. 
depending  on  thair  rotation  will  te  obtain'd  tenter 
of  approximation. 


problem  is 
on  W6  could 

not  possitla 
signs,  and 
or  worse  quel 


P  AGF 
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Th=r5for«»  In  g=>n  =  ral  should  b<=-  he  hry  •2"  th«  versions  cf  f  ur.ch  c'.s 
F  (h) ,  hhe  charact 3riz»d  by  rotahicn  signs,  and  sel^ctea  tha*,  for 
which  the  error  is  miniaua.  This  coapletely  ccrrect,  the  aethei  of 
synthesis^. 

FOOTMOTF  *.  With  a  small  number  of  p^aks  V  this  method  is  ccapl-t'ly 
accsptabl*  virtually.  Morrovsr,  sire?  'n  this  case  is  determined  ^h  = 
spectrum  of  pew'r  3  («)  ,  but  net  ent^  cf  th-  realizing  signals  s(*'.)  ,  i 
should  be  preferred  th“  "straight/direct"  method,  set  forth  below. 
ENDPOOTNOTE. 


Let  us  consider  also  another  method  [51],  Let  us  rewrite  the 
in  it'*  a  1  criterion  of  appreximat  icn/apprcach  (4,3)  *n  th“  form 

=  f  jifin;-;  J*'i}  H-^O) 

J  \  I  V  V  \  /  f 

For  th?  miniaizaticn  cf  this  functicnal  according  functiers  s  (*•) 
it  is  possibl:  to  us"  a  projective-gradient  method,  Thr  limiting 
ccr.diticn  is  only  th“  standard! zaticr.  of  the  cn’rgy 


llsi|»«  j  (4.311 

since  any  further  limit  at"*  ons  on  th^  structure  of  signal  w--  do  no' 
hara  set.  Thus,  the  permissible  sst  is  the  single  spher-’  S  in  .snac 
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The  algorithm  of  minimization  is  comparativrly  simple.  flsl?.g 
gsn^r al/common/tota  1  determination  (1.32)/  it  is  possible  to  show 
that  the  gradient  of  functional  (4.30)  is  equal  to 

f  (i)  =  j  {\R  (<')l  -lf(/')|}y  s  (<  -  t')  df.  (4.32) 

Design  to  the  single  spher*’  S  ccrrosponds  to  th"  standard iz at  ion  rf 

signal  on  the  energy.  Therefore  the  rule  of  the  construction  of 

approx^  mations/apprcaches  (1.34)  talers  th®  form 

(»<>)) 

lls(»)-aJ'(siM)||  * 

Pig.  4.5  shows  several  signals  and  corresponding  correlation 
functions,  obtained  by  this  method.  The  assigned  modulus/modul-  ?(■-) 
included  three  or  five  peaks  with  different  distances  between  than. 
Was  varied  also  th-  ccmplet?  duration  of  the  synth-siz-d  signal.  For 
the  three-peak  corrslaticn  fuccticn  the  level  of  lateral  peaks  in  all 
cases  composes  approximately/exemplarily  0.7,  for  the  fivr-p'^aic  -  0.9 
and  0.5  respe-ctivel y .  Although  with  this  m.  thed  of  synth«-s:s  th  ■ 
quality  of  appro ximat  icns/approaches  depends  cn  rh^^  initial  signal 
st»(t)  (functional  (4.30)  has  many  local  extrema),  there  are 
foundations  for  assuming  that  the  obtained  level  of  peaks  is  close  to 
maximally  possible. 


4.6.  Use/application  of  Gibbs’s  lemiE?.. 


Th'-'  previous  r*3ul*s  on  syntb'-sis  of  ccrr'laticn  funct'rns  »r 
ib-air.^d  by  numerical,  iterative  lethods,  but,  it  prov-s  no  bs,  mo-' 
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important  of  ths  tasks  *xamin«d  adm?t  also  analytical  srlu-^*cn. 

Pag®  120. 

This  solution  is  bas=d  on  Gibbs's  fcllcwing  Itmina  [90]: 

Lat  vactcr  g={gi,  gs,  ....  g(  ...}  B’nimiza  th®  function 

f  =  l,fi{gi) 

t 

under  further  conditions  gi>0  and  =  const,  i-^rcover 

( 

compcnants/terms/addends  fi(gi)  ars  diff a rentiat ad.  Than  th'-r'^  a 
constant  number  such,  that 

(4.34) 

^irnpu  gi=0. 

Kay:  (1).  with. 


It  is  not  difficult  to  net?  that  -n  fornulatior.  (U,21)'(4, 
th-  task  of  synthesis  in  gu -sticn  ccmpl’t'ly  corresponds  to  th' 
conditions  of  lemma,  in  this  case 

Therefore,  applying  (4.34),  we  ettain 


Key  :  ( 1) .  with. 


or,  which  is  equivalent. 
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1,>0 


=  {"*■ 
I  0 


noH  i4,-  —  1,  <0. 


(4.35) 


Key  :  ( 1) .  with. 


where  X,  -  certain  new  constant. 


Belationship/r atio  (4.23)  giv^s  th"'  unlcncwn  solutron.  It  shew? 
that  the  optimum  spectrum  g  (u) ,  which  minimizes  functional  (4.21),  ■ ~ 
ob+-ain«d  from  the  assigned  spectrum  Jim)  by  certain  of  its 
displac®  m«r.t  on  thj  vertical  line  with  -  he  subsequent  "cutting"  of 
n®gativ«  values  (Fig,  4,6).  Th*  amount  of  iis placnm'-nt  :s  spinet ed  3C 
as  to  satisfy  normalization  condition  (4,22),  From  fig  4.3  it  is 
possible  to  see  that  the  iterations  according  to  th>  msthod  of 
simplex  directions  lad  earlier  tc  th-  same  result  (of  enurs'  in  th* 
l=ss  common  format).  In  order  tc  find  unknown  ^(t),  remains  to  only 
fulfill  inverse  transformation  Fourier. 


Page  121. 


As  it  was  noted,  the  desired  unrealizable  autocorrelation 
func‘-ion  usually  is  as3igr;''d  ir  t  b*  finite  timo  int-rval.  Th- 
alternating  spectrum  J(w)  of  this  funct*  cr.  dtcc~a.s~s  wi-.h  'h”-  le.rg- 
ones  w.  Prom  Fig.  4.6  it  is  clear  that  the  optimum  speerrum  g  (j)  , 
which  realizes  best  approximation,  is  in  all  such  cases  limite’  or 
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*:  he  banc?,  since  the  high-frequency  compon-nts  "cut  themselves”.  This 
the  best  approximat :  cn/app-oach  fcr  th^  functions,  limited  ir  th  = 
time,  proves  to  be  limited  on  the  frequency  band.  This  again  con  fin 
the  expedience  of  conditicn  (4.6)  . 

In  this  chapter  we  examined  only  -he  quadratic 

approximaticns/approach ss  of  the  ccrmlation  functions  and  th'ir 

spectra.  However,  Gibbs's  lemma  leads  also  to  the  more  gene ra l/mor-' 

common/more  total  results.  Actually/really,  passing  to  rhe 

approximations/apprcach'‘s  in  space  Lp,  1-t  us  ccnsrd'r  inst'^ad  rf 

(4.21)  the  functional  ot  the  form 

f  =  y'M,-g,)p-^=min. 

M 

t 

Ondar  conditions  (4 .  22)  -  (4.  23)  tc  this  task  is  alsc  applicable 
Gibbs's  I'mma,  and,  as  it  is  net  diff ■’ cu I-'-.  ~.o  show,  •'•h'  sc'luticn  'S 
th-^;  same  as  in  *.h=  quadratic  case.  !.«•.,  spectrum  g(cj),  cor  s^ructsd 
according  to  (4.35),  provides  best  approximation  in  Lp  with  all  p>1 

This  represents  to  very  remarkable.  Varying  p,  we  included  is 
th-  broad  class  of  m-tr?cs  and  ccrr«spcn din  g  crit‘.-r:a  of 
apnroximaticn/approach,  including  sinimax  criterion,  which  is 
obtained  in  the  limit,  with  p— 
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som*  sti  pulati  or.  s  it  is  pcssiblr  "-c  consiirr  '“hat  ar*  consid-r 
all  commonly  usad  metrics  of  the  furction  spaces.  In  entir=  this 
class  of  criteria  solution  (4.3f)  proved  to  be  universal.  So  comple 
an  invariance  cf  th»  solution  with  r^sp-ct  to  d.iff'rent  cr.^'‘*ria  cf 
approximatior./approach  is  the  rare  special  feature/peculiarity  of 
this  task. 


wr  spck‘  hir-  abcut  th'  apcrcxf  ma‘’icr./ap  proach  of  the  spec’ra, 

* 

bu'^  net  quitr  oorr‘>  lati  or.  func*jcns,  that,  on  th‘._  whcla,  no'-  on  -  an' 
th-  same.  Only  for  the  quadratic  criterion,  wit.h  p=2,  is  known 
direct  connection/comounication  between  th=  a  pproxiaaticns/approarh  = 
cf  spectra  and  cerr-spondina  fnnetiens  cf  ‘•im«.  .S p  - cifica  11  y ,  •^h's 
connect ior/ccmmunic at ic n  (equality  Fars'=‘val)  permitted  us  to  pass 
from  initial  criterion  (4.5)  for  F  (t)  to  criterion  (4,13)  and  (4.21) 
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Applying  th=  g  •  ns^ralizaticn  cf  ih-  l-mma  of  Gibbs  {s---  §6 
is  pcssibl'  ic  show,  hcwevar,  ihai  ihc  approximation/apprrach 
corr=laiion  functions  l-ads  to  tho  same  solution  (U,35).  This 
indicates  th«=  cars  univsrsality  of  the  obtained  solution. 
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Synthesis  of  th^  furct?cns  of  aiH-sr'^arii'’7/indetQr  mi  nancy . 

In  join.'!'  rangings  and  target  speed  of  apparatus  function  of  9L5 
is  the  function  of  Woodward's  uncertain':  y/ind“t  t  minancy ,  ropr-son- 
by  tha  following  formulas: 

)(,(/.  D)=-y  +  (5.1) 

1C('.  Q|=-i  <S-2> 

-‘00 

Th'  task  of  th?  synthesis  of  signal  according  tc  th  o  fur.ct'.cn  of 
uncsrtainty/indatsrminancy  consists,  in  general  terms,  in  the  fact 
that  is  found  out  signal  s(t),  for  which  x^(^  2)  tas  th=  d'-sirad 
s+’ructure.  This  -  on-  of  th®  c*^nttal  problams  cf  th  *;  synth'sf®’  of 
radar  signals. 

Th®  function  of  urcertaint  y/ird'. t- r  minancy  x»(^  2^  is  calibrat  d 
so  that 


X.(0.  0)-l. 


(5.3) 


Pag?  123. 


Furthermore,  occurs  the  invariance  cf  the  spare  of  the  body  c 


>■*  If  -fttiW  '• 
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unc«rtafnty/ind-trr!n:.r.ar.cy  r'^lativ;  wav-fcrn,  i. 

+00  +00 

il/J=  =  i  J  jl7.a/.  Cli{dtdQ==\.  (0.4) 

—  00  «m00 

The  latter/last  property,  called  th?  uncertainty  principle  in  the 
radar,  substantially  limits  th^  class  cf  th':  rralizabl:  furc‘*’*crs 
uncsrtainty/indater  minancy,  sc  that  in  any  way  not  always  it  is 
possible  to  find  signal  with  that  desir'd 

Limitation  (5.4)  indicates,  in  particular,  that,  s?l-cting 
waveform,  it  is  not  pcssibl-  to  ensur**  th'  arbi;rarily  high  accura 
of  joint  rangings  and  rate^, 

FOOTNOTE  *.  Let  US  emphasize  that  the  accuracy  ;f  m ■  asure. m-r.ts 
depends  also  on  nois*  level,  but  here  w*  speak  only  about  the  =ff- 
of  waveform.  ENDFOOTNO'^E. 

Normalization  ccnditions  {^.3)  and  (5,  h)  ar -•  prov' ced  hy  fac** 
1/E  In  (“i.l)  and  (5.2).  However,  assuming/setting  signals  by  these 
calibrated  on  the  energy,  i.e.,  after  taking  the  further  condition 

it  is  possibl",  obviously,  not  tc  writ*  cu*’  *-hl3  factor. 
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W®  will  examine  Hilbert  space  H*,  =lsments /cells  cf  which  ar-i 
arbitrary  functions  two  the  var iahle/alternating  P(t,  Q)  ,  In  this 
spec"  thert  is  a  region  Q,  which  corresponds  to  many  all  functions  of 
uncartainty/ini  =  t  =  rminancy  x^(^  To  this  r'^giot  of  space  H*  sp'rat^r 
(5.1)  maps  entire  space  cf  signals  H  (Pig.  5.  1). 

Let  b-=‘  assigned  c'^rtain  function  F(t/  Q)  ,  which  is 
adequats/approach  from  the  point  cf  vi=w  of  ranging  and  rats.  For 
■Txample,  F(t,  Q)  has  sharp/acute  central  peak  with  t=0=0  and  is  equal 
to  zero  everywhere  out  of  this  peak.  This  function  of 
unc®rtainty/ind2t  ar minarcy  is  ret  realized.  Cens- qu antly ,  F  (*  ,  3) 
doss  not  belong  to  Q  region. 

Page  124. 

It  is  possible,  howtvsr,  to  obtain  b--s"‘  appre  xinatior.  in  the  assrgr.  i 
function,  if  we  determine  projectlcn  F  on  Q.  Thus 

approximation/approach  to  function  F(t,  0),  assigned  completely  of 
the  tnodulus/modulr  and  th=  chase,  is  reduced  to  the  approximation  in 
spac"’  H*.  If  in  th=  space  cf  signals  H  assigned  c®rtair.  subset  of  :h- 
permissible  signals  X,  then  matter  is  reduced  no  approximation  F  rot 
on  Q,  but  *o  subset  X’,  wholly  included  within  3.  This  subset 
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contains  the  functions  of  unc<F'rta3n-^y/ina«it‘=-r minancy  x»(^  £2)  of  all 
psraissible  signals  x(i)sX.  It  is  further  nacessary  to  find  tha 
raalizicg  signal,  i-=.,  to  return  from  space  H*  in  chs  Initial  space 
of  signals  H. 

The  phase  of  the  function  of  uncertainty/inder-rmicancy  do='-s  net 
play  in  th®  radar  of  the  significant  rcle.  Thsr%fcri  dasignating  |f(i, 
Q|=>1’(/.  Q),  it  is  possible  to  replace  original  function  F(t,  Q)  with 
any  function  of  the  form 

FU,  Qt  =  AU,  ,5.6) 

wher?  tfi;.  Ui  -  is  arbitrary.  This  it  means,  it  is  obvious,  that  in 
spac?  H*  is  net  an  cnly  desired  ei<fmsnt/c®ll  F,  bu-  many  such 
®lemants/cslls,  which  we  will  designate  Y*.  Functions  Fsh'  hav>  on- 
and  the  same  modulus/module  A  (t  ,  Q)  ,  but  arbitrary  phases  if)/,  12).  and 
any  of  th'ss  functions  can  be  selected  as  the  "sample/specimen”  with 
t  h-:.  approximation. 

7 

It  is  obvious,  w?  come  to  the  situation,  char  ace  eristic  fer  applying 
the  hypothesis  of  proximity.  Task  is  reduced  to  the  determination  of 
shortest  distance  in  space  H*  between  regions  Y'  and  Q  or  ,  in  the 
presence  of  further  limitations  tc  the  permissible  signals,  between 
regions  Y'  and  7.*  (moreover  x'cQ) 
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Fig.  5.1. 

P  ag  s  125. 

This  task  is  illustrated  In  Fig.  5.2 

FOOTNOTE  *.  In  contrast  to  Fig.  5.1  ws  represent  now  s=t  Q  in  ths 
form  of  on® -diffl-' nsicr.al  curve  on  th’  plan®.  Thj.~  mere  corresponds 
the  conditions  of  task,  since  set  Q  has  1::3S  d-gre-^s  of  fr’^^dom  th 
space  H*.  Fig.  5.1  this  set  depicts  in  the  form  of  flar/plar®  rrgi 
jn  order  to  simplify  the  image  of  s^t  X’,  which  is  part  of  Q.  of 
course  all  these  geometric  constructions  are  very  conditional. 
BMDFOOTNOTE. 

Let  us  ®stabl:sh,  first  of  all,  th=  condition  of  optimum 
character  which  satisfies  the  function  of  uncertaintyAndeterminar 
7.opi(t,  QisQ,  realizing  shortest  distanc- 
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Lat  in  spa-3  H*  b«“  in^.roduced  •‘•.ho  quadratic  metric,  i.  e.,  th 
distances  batwean  functicrs  Pj  acd  Pj  is  detarninad  in  th®  form 

Oft  oe 

d*  (F.  F,)  -4-  J  f  \F,  it.  Q)  -  f,  (t,  Q)|»  dtdQ.  (5.7) 

If  ar=  =xajir.ad  functions  cn  the  single  sphere  ot  space  H* , 


which 


a»  o» 


\F(t.  QfdWQ=l. 


(5.8) 


then,  as  it  is  not  difficult  to  nets 

f,)  =  2[l  -C{F„  F,)]. 

where 

00  00  ^ 

C(f,,  f,)  =  Re^  J  \F,{t.  Q)F\{t.  L1\d(dQ  (5.9) 

—00  — «c 

-  th®  coefficient  of  proxlnity. 


This  relationship/ratio  generalizes  th=  concept  of  th= 
ccofficiant  cf  preximity  during  the  function  of  two 
variable/alternating,  and,  as  earlier,  rhe  minimization  of  distan 
is  equivalent  to  the  maxiraizaticn  of  th*  coefficiant  cf  proximity 
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Fig.  5.2. 

Page  126. 

Sat  Q,  which  includes  the  functions  of  th= 
uncertainty /Iad3t?rainar.c7  of  arbitrary  signals,  also  is  placed  rn  a 
unit  sphere.  This  follows  from  relationship/ratio  (5.4),  which 
expresses  the  uncertainty  principle  in  the  radar. 

Let  us  fix  the  now  arbitrary  function  of 
ur.certa’ nty/ind3t  =  rin5  nancy  x^Q  ard  wo  will  se;»)t  shcrt'st  distanc'^ 
from  this  function  to  set  7’.  By  cthar  owls,  let  us  det  =  rinin=  th* 
coefficient  of  the  proxiaity 

00  QO 

C(/.  K')=maxC(x.  f  )  =  max  C  { yF*dtdCi. 

fsr  FS'-  J  J  ' 

OC  OD 

Designating  /(^  Q)  =  :/Jf,  Q,; c"-' and  talcing  into  accoun* 


deteraination  (5.6),  we  obtain 


DOC  =  80206706 


PAGE 


Qo  ao 

C(5c.  n  =  raa^A^Re  j‘  jlx|-lf|  rf/dQ  = 

^  — «0— fl* 

CO  CO 

j  j  1x1 -1/^1  cos {¥- 


Of  the  conditions  the  tasks  cf  function  |xl,  jfl  and  * 
f ix-^d/recordsd,  maximization  is  produc:sd  according  to  phase  functions 
^{t,  Q),  which  dlffrr  on®  signal  cf  sot  Y*  from  another.  But,  as  it 
follows  from  latter/last  relationship,  maximum  reaches  in  that  and 
only  when 

Q)«(p(f,  Q).  (5.10) 

We  come  to  the  following  theorem: 


The  shortest  distance  between  the  function  of 
uncer+a'’ nty/ind  “t:  r  minancy  y.(h  and  Y'  realizes  funct'on  F^Y' , 
phase  of  which  coincides  with  the  phase  of  the  function  of 
uncsrtainty/indaterminancy  t(/.  Q)=argy((,  Qi. 


By  others  by  cwls, 
of  the  phase: 


design  x  to  set  Y*  is  reduced  to  the  adding 
P,  (y)  =  ':f(f.  Q,  g/or?,  (f,2) 


If  condition  (5.10)  is  satisfied,  then,  as  it  follows  (5.7),  th® 
distance  between  selected  functlcn  x  and  set  Y*  comprises 

OD  00 

d‘(/.  ^’)=^^nd=(y.  F)=^  j 

—00  —00 


I  iHiifi  ‘r  •  *  •'  - - 
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Page  127, 

In  order  to  obtain  miniBum  distance  dmin  betwaan  spts  Q  and  Y'  , 
it  is  necessary,  varying  function  X.  to  be  aoved  on  set  Q.  Thus,  tha 
optimum  function  of  uncertainty/indstarminancy  xor<  realizes  the 
shortest  distance 

40  40 

rf^,^=rnin4r  j  Q)l-ly.(^  Q)\fdtdCl.  (5.11) 

This  rolationship/ratio  determines  th=  ccnditicn  of  optimum 
character  to  which  it  leads  the  criterion  of  proximity. 

The  use/application  of  a  criterion  of  proximity  in  space  H*  with 
metric  (5.7)  makes  it  possible  tc  obtain  bast  approximation  on  the 
modulus/mcdulo  to  assigned  function  in  tha  sensa  of  least  squares 
criterion 

FOOTNOTE  ».  From  previous  it  is  easy  to  nota  that  in  the  proof  wens 
not  used  the  properties  of  set  C*  The  formulated  thaorsm  is  valid  for 
any  Q,  not  only  multitude  of  the  function  of 
uncertainty/indeterminancy.  E NDFCCTNOTE. 


Wa  usad  tha  hypothesis  of  proximity  to  a  comparatively 
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complicated  case.  The  minimization  of  distance  was  produced  net 
directly  in  tha  space  of  signals  H,  but  in  spaca  H',  which  is 
connected  with  H  by  nonhomeoacr  fhic  conversion.  This  complication  is 
connected  with  the  fact  that  precisely  in  this  space  it  is  pcssibls 
to  determine  sets  Q  and  7*,  the  distance  between  which  char acterizrs 
the  proximity  of  the  unknown  function  of  uncertainty/ir.dsterminancy 
to  the  desired  sample/specimen.  But  the  hypothesis  of  proximity  led 
to  the  completely  '•  reasonable '*  criterion  of  approximation/approach 
(5.11),  which  corresponds  to  the  essence  of  assigned  mission. 

5,2,  Approximation/approach  to  the  arbitrary  function,  assigned  cf 
the  modulus/module  and  the  phase. 

We  will  now  produce  the  mini  a i ration  of  distance  in  another 
order , 


Let  us  fix  certain  function  E(t,  Q)  ,  which  belongs  to  set  Y', 
and  we  will  seek  shortest  distarce  from  this  function  to  set  Q. 

Pago  128, 


.  is  necessary  to  maximize  the  coefficient  of  the  preximit 

X  oc 

Cif,  =  I  jf.;  Q-  ,-:dO 


For  this  it 


DOC  =  80206706 


PAGE 


an 

by  salacting  signal  s{t),  i.e,,  by  varying  the  function  of 
uncsrtainty/indster minancy  Xi^Q.  Taking  into  account  the  contiiticn 
for  standardization  (5.5),  we  must  find  the  naximum  of  the  fuixrtional 

f(s)=C(x,  F)—XE= max,  (5.13) 

where  X  -  Lagrange's  indefinite  factor. 


L3t  us  compute  the  derivative  cf  functional  (5.12).  Substituting 
s(t)  by  s(t)'»'Th(t)  (where  h(t)  is  arbitrary,  and  t  -  low  parameter) 
and  using  determination  of  the  function  of  uncertainty/indeterminancy 
(5.1),  it  is  not  difficult  tc  cttair 


+  4-)  A  (t'  -  dtdt>dCl+ 
+00 

+  Q)e-'“"X 

—00 

Xs*(t'  -  -4)  h*  (t’  +4-)  dtdt’dQ. 


in  the  first  integral  let  us  replace  the  integrand  of  that 
compositely  conjugated/combined.  This  is  admissible,  since  further  is 
computed  the  real  part,  let  us  then  replace  variable/alternating 
integrations  for  the  formulas 

+  D=-Q. 

In  tha  second  integral  let  us  replace  variabl.*/alt er nating 
according  to  the  formulas; 

v  =  r-~;  Q  =  £l. 
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As  a  result  it  is  obtained 


— «  — <0 

+  f*(w-u.  -Q)lexp^-jQi±i'j5(o)d£Mo. 


Page  129. 


Somewhat  mors  simply  is  ccmpot^d  a  variation  in  functional  (*;.  5 


-^11  =2  Re  {h*Ut}s{u)du. 

^  tT=0  J 


Therefore  in  accordance  with  (5.13) 

df  I  _  dC  _* 

*>00  •*■<30 

=  Re  j4:  ~  ~^'1a 

—go  — « 

Xoxp  (  ~  jQ  s  {V)  dOdv  -  2i.':  tu  I  j  dll. 

In  accordance  with  (1.32)  the  expression  in  the  curly  braces  ii 
derivative  cf  the  functional 


-  ^ 

/'  (i')  =  ^  Jj"  [  ‘  <i<  -  -  w-  III  —  F*  'V  ~  u  —  Q)]  «; 
—00 

Xe>-P  ^  rjfdClJv  ~  2Xs'ii:. 


Functional  f  (s)  reaches  maxiaui,  if  f'(s)=0,  i.o. 


f  G  (H,  V)  i'  U’l  Jv  =  (Ml. 


(5,14; 


whera  kcrnsl  G(u,  v)  depends  on  the  assigned  tunction  F(t,  0)  and  is 


determined  in  the  form 


!  ('flu— f.  2\-ur*(t’  — «.  —2.  : 
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As  it  is  not  difficult  tc  note  that  kernel  hernitian: 


Page  130. 


G(u,  v)=C*(v,  a). 


Thus,  approximation/apprcach  tc  function  F(t,  Q)  ,  assigned  of 
the  modulus/QOdulc  and  the  phase,  is  reduced  to  the  solution  cf 
homcgen-cus  equation  (5.14)  with  hermitian  kernel  (5.15) 


FOOTNOTE  ».  This  equation  is  for  the  first  tiie  found  by  V.  I. 
Dobrokhotov.  ENDFOOTNOTE. 


Let  us  explain  the  sense  of  eigenvalue  X.  Let  signal 
satisfy  ^quatior.  (5.14).  Then,  irultiplying  left  and  right 
to  s*  (u)  and  integrating  piecemeal,  we  obtain  taking  into 
(5.5)  : 

•4>go 

1  ^  V) s {v) s* {u) dudv . 


s  (u) 

side  (5.14) 
account 


Or,  using  (5.15)  , 


00 

1=  ^  —  c.  Qis(t>)s*(«)  X 

—00 

Xexp  -  diuhdCi-^ 

■^OC 

— oc 

X  '*x,)  dudvdO. 
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Being  returned  in  these  integrals  to  to  the  7ariable/alternati ng 

t  and  t*,  i.e.,  implementing  the  replacement  cf  variable/ alternating, 

raver se/inverse  by  that  used  abcve,  it  is  not  difficulc  tc  obtain 

^00 

1  =  Re  ^  J  f  (i  fi)  /.*5  U.  O)  dfdD  =  C  (F.  y). 

■"00 

Thus,  eigenvalue  X  is  numerically  agual  to  the  coafficianr  cf 
proximity.  Since  the  task  consists  in  the  maximization  of  the 
coefficient  of  proximity,  solution  gives  eigenfunction  of  equation 
(5.14),  which  corresponds  to  Baximuni  eigenvalue  ^•max  —  A^i.  To  these  wo 
demonstrated  also  that  eigenvalccs  cf  kernel  G('i,  v)  were  limited: 

1M<1- 


Frcm  (5.1)  it  is  clear  that  the  function  of 
uncertainty/indtterminancy  fi)  possesses  the  preparty  of  the 
symmetry 

X,(^  S2)  (5.16) 

Page  131. 

Let  us  present  assigned  furcticr  F  (t,  Q)  in  the  form  of  the  sum 


f(i,  Q)  =Fi(t.  f>)  ~F:{t,  Q), 
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whers 

F,\f.  Q)  =  ^[f(/,  =  _Qi. 

F,U,  Q)  =  4-[fi/.  a)-F-{~t.  -Q(. 

If  we  substitute  this  sum  in  (5.12)  and  to  take  into  account  symmetry 
(5.16),  it  is  not  difficult  tc  ascertain  that  the  coefficient  of 
proximity  depends  only  on  first  tern  Fj  (t,  Q)  ;  value  F2(t,  fi)  does 
not  affect  value  of  C.  Therefore  assigned  F{t,  0)  expedient  tc 
subject  tc  the  condition 

f(/.  -Q).  P.l7) 

with  which  expression  fcr  kernel  (5,15)  is  simplified 

+ao 

G(«,  o)=  Jf(u  — 0,  Q)exp  ;  —  jfl^— jdQ.  (5.15a) 

Let  us  consider  also  the  degenerate  case  when  assigned  F  (t,  Q)  is  the 
rtalizable  function  of  uncsrtairty/jndeterminancy .  It  is  possible  to 
shew  that  for  any  realizable  function  of  uncertaint y/indet-r minancy 

is  correct  the  identity  (see  §7.1), 

■*■00 

j'y.,(w  —  y.  Q)exp  '  —  j  dQ  =s  (ui  s*lv). 

—00 

1 5. 18) 

Therefore,  if  P(t,  Q)  -  the  realizable  function  of 
uncertainty/indeterminancy,  then  kernel  G  (u ,  v)  is  degenerated: 

G(U.  I'l  =  S(M)i‘'.  wl. 


■T'lr 
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equation  (5.14)  takes  the  form 

00 

is(u)  =  s(ui  J  ls(a)|'da  =  s  (u). 

~00 

It  is  obvious,  it  is  satisfied  only  with  \=1.  Consequently,  th-. 
coefficient  of  proximity  attains  one  in  that  and  only  in  such  a  case, 
when  F(t,  Q)  -  realizable  function  cf  uncertainty/indet^rminancy. 

Page  132. 


5.3.  Apprcximation/apprcach  to  the  arbitrary  function,  assigned  on 
the  modulus/module. 

As  it  was  shown  in  §5.1,  approximation/approach  to  the  function, 
assigned  only  on  modulo,  is  equivalent  to  finding  minimum  distance 
dm, 71  between  sets  Y'  and  Q  in  space  H'.  The  crioerion  cf 
approximation/approach  corresponds  in  this  case  (5.11).  If  we  fix 
function  F(t.  Qie)",  then,  by  usinc  the  method  of  the  previous 
paragraph,  it  is  possible  to  find  the  distance  between  this  function 
and  set  Q.  This  distance  is  characterized  by  the  coefficient  of 
proximity  (5.12)  and  solution  gives  eigenfunction  of  integral 
equation  (5.14),  which  ccrresponds  tc  greatest  eigenvalue  Xq.  In 
order  tc  arrive  at  minimum  distance  dmm,  it  is  necessary  to  further 
lead  minimization  on  the  elements/cells  of  set  Y'.  This  it  means  that 
necessary  to  replace  function  F(t,  Ti)  by  function  Q)  e'**'  ®'  wher- 
phast  Q)  is  arbitrary,  and  tc  select  this  phase  in  order  tc  arriv*^ 
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at  the  oiniaun  of  distance.  Since  the  coefficient  of  proximity  is 
equal  tc  eigenvalue  Xq,  ve  coae  tc  the  following  task:  it  is 
necessary  to  determine  phase  maximizing  the  greatest 

eigenvalue  of  kernel  (5.15). 


The  straight/direct  analytical  methods  of  the  solution  of  this 
problem  are  not  known,  ard  in  §5.5  let  us  consider  the  appropriate 
iterative  methods,  and  in  §5.7  -  cne  approximation  method  of  the 
solution.  But  there  is  an  important  for  the  practice  class  of 
signals,  for  which  the  prcble*  substantially  is  simplified.  As  show-; 
Stutt  [70],  if  signal  s(t)  is  either  the  even  or  odd  function  of  tim 
(but  not  the  arbitrary  fuccticn,  which  has  even  and  odd  parts),  then 
the  function  of  uncertainty/indeteminancy  o)  was  real.  Is 
correct  reverse/inverse;  if  the  function  of 

uncertainty/indnter minarcy  is  real,  then  signal, is  either  the  even  c- 
odd  function  of  time. 


Let  it  be  the  apprcximation/approach  to  the  function,  assigned 
on  modulo,  must  be  obtained  cn  the  subset  of  even  and  odd  signals,  w 
must  ascribe  to  the  assigned  real  function  A(t,  Q)  phase  ^(t,  0}  so 
tnat  the  approximation/apprcach  would  prove  tc  oe  best. 

Page  133. 
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This  occurs  if  t(^  fl)*0.  lctually/r<^ally,  let  ths  function 

be  arranged/located  on  the  shortest  distance  from  sot  Q.  According  tc 
presented  in  §5.1,  it  has  the  same  phase,  as  the  function  of 
uncertainty/indeter ainancy  Xop<(<.  S2).  But  the  latter  is  real  as  the 
function  cf  the  uncertairty/indeterainancy  of  signal  from  the 
assigned  class,  that  alsc  proves  the  expressed  confirmation.  Thus,  in 
the  class  of  even  and  odd  signals  synthesis  or  criterion  (5.11)  is 
reduced  to  the  single  solution  cf  integral  equation  (5.14),  in  which 

F(t,  Q) 

-  real  function. 

In  chapter  6  we  will  consider  close  tasic  on  this  class  of 
signals*. 

FOOTNOTE  *.  In  chapter  4,  exappirirc  the  synthesis  of  correlation 
functions,  we  obtained  analogous  siaplif icaticn  by  somewhat  a  broader 
class  of  signals.  ENDFOCTKCTE, 

5.4.  Method  of  Sussman. 

Sussman  proposed  the  method  cf  the  synthesis  of  signals 
according  to  the  functions  of  urcertainty/i  ndeter  mi  nancy,  bassd  cr. 
close  prerequisites/premises  [72].  It  will  be  snown  below  that  this 
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method  is  equivalent  presented. 

Let  us  give  the  first  one  important  rslationship/ratio,  which 
also  belongs  to  Sussman.  let  there  be  two  arbitrary  signals  s(t)  and 
h (t) ,  We  form  the  cross  functicn  cf  the  uncertainty/indet er minancy 
these  signals 

QD 

(s(r  -f2) 

>  CgCn  J 

(5.19) 

The  relationship/rat  jo  cf  Sussman  determines  two-dimensional 
Fourier  transform  from  the  product  cf  two  cross  functions  of  the 
uncertainty/indeterminaircy: 

09  09 

i  j  j  Z./.  (t.  Ql  Z%,  (^  O)  e'  dtdQ  = 

—00  —03 

=  Q, )/%,(<  .  U,i.  ^5.2''') 

Its  proof  is  in  [7,  72]. 

Page  134. 

Mow  let  us  pass  to  the  presentation  of  the  method  of  Sussman. 
Let  there  be  function  F|t,  Q)  ,  assigned  completely  on  modulo  and 
phase,  and  it  is  necessary  to  find  signal  S(t),  function  cf 
uncertainty/indeterminancy  of  which  Z*(L  fJ)  gives  best  apprcxi  matior. 
to  F(t,  Q) ,  in  thv  sense  cf  least  squares  crit'-ricn.  In  ether  words. 
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it  is  oecessary  to  niniaize  value 

OQ  OD 

J  j  IF  (f .  Q)  -  z.  Q)|’  dtdQ  =  rain. 

—00  —00 

This  is  equivalent  tc  the  ua ximization  of  che  coefficient  cf 
proxinity  C{f,x),  expressed  by  fcrsula  (5.12). 


Let  us  decompose  the  unkrown  signal  s(t)  along  the  arbitrary 
system  of  orthonormalized  functicts  fnU)- 

s(t)=.VsJn{t).  (5.21) 

/isO 

The  function  of  uncertaint y/indeter minancy  x*((,  Q)  can  be 
expressed  through  the  ccefficierts  cf  expauisicn  For  this  I'it  us 
substitute  (5.21)  in  (5.1)  and  will  integrate  piecemeal.  He  will 
obtain 

x,(^  Oi  =  y  SnS*„K„„{t,  Q).  (5.22) 

4m0 

n,  m 


whF  r? 


Q)=  J/n(F-i-^'2)rm(r-^'2)e^“''ar.  (5.23) 


AS  it  is  clear  from  (5.23),  functions  Q)  are  cross  functions  cf 

the  uncertainty/indeter  aitancy  cf  signals  f„(t)  and  fm(n.  These 
functions  form  orthonormal  set  in  the  entire  plane  (t,  Q)  ,  i.e.  , 


00  00 

j  f  Q)A'%;ir  n>rfwQ  = 


•  i  non  ^7  — m  —  i; 

1  U  ocra.ibHbi:;  Cviynanx. 


(5.24i 


Key:  (1).  with.  (2).  in  remaining  cases. 
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Therefore  functions  O)  call  darived  base  functions. 

Page  135. 

For  the  proof  of  orthogonality  (5.24)  w*  will  use  rslationship/ratic 
(5.20),  after  assuming  it  it  ti=Cj  =  0,  V~  have 

QQ  «D 

-ir  J  Cl)dfdCl  = 

=  A'j„(0.  0)/C„(0.  0). 

But  according  to  dsfiniticr  (5.23) 

A'jmio.  o)=  T 

\  CPnpH  m#/. 

Key  :  ( 1)  .  with. 

where  is  taken  into  consideration  tht-  orthogonality  of  basa  functiers 
and  Analogous  r slaticrshi p/ratio  occurs  for  A'mlO,  0).  This 

proves  oquality  (5.24). 

Sussman  indicated  also  that  the  system  of  derived  base  functions 
is  ccmpletai;  this  makes  it  pcssitlc  to  decompose  assigned  functicr. 

F  (t ,  Q)  along  tha  systeai 

Fit.  Q)=.V  Qi.  f5.25i 

n.  nt 

indicated  wher'  „  oo 

A„m=4r  f  0)A*„..(r  ni(/hfn.  ,5,26, 

—00  — flO 

FOOTNOTE  ‘.  Thr  completsress  of  system  n\  will  ba  confirmsd  in 
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Chapter  6  (sec  nota  on  page  155),  ENDFOOTNOTE. 

Coefficients  f«m  •  fora  the  square  matrix/dia,  which  depends  only 
on  the  assigned  function  ^(i'.  -)•  Analogous  aatrix/die  forms  tha 
coefficients  of  expansion  (5.22),  which  are  determining  ths  function 
of  uncertainty/indatarminancy 

Being  returned  to  the  task  cf  approximation/approach  to  the 
arbitrary  unrealizable  function  F(t,  Q) ,  lat  us  substitute  expansion 
(5.22)  and  (5.25)  into  formula  (5.12),  which  is  determining  the 
coefficient  cf  proximity.  Taking  Into  account  orthogonality  (5.  2U), 
we  find 

CiF.  =  V  r\, . 

-  ^  ^ 

n.  r'l 

... 

where  Gnm=lfnmi-f*mn),-- 

Page  136, 

If  the  assigned  function  F  (t ,  Q)  possesses  symmetry  (5.17), 
then,  as  is  not  difficult  to  check  =  = 

Task  is  reduced,  thus,  tc  the  laximiza  tier,  cf  quadratic  form 

2  2 

(5.27)  under  further  cerditien  axoressing 
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standardization  on  energy  (5.5) .  It  is  well  known  that  this  problem 
solvos  the  eigenvector,  which  satisfies  the  hcmoganecus  matrix 
equat ion 

Gs=A,s  (5.28) 

at  maximum  eigenvalue  ^mnx  —  /-O*  This  eigenvalue  is  equal  to  the 
maximum  cf  quadratic  fcrm  (5.27)  i.e.  to  the  maximum  value  of  the 
coefficient  of  proximity  and 

C(f.  X)  (5.29) 

From  that  presented  it  is  clear  that  integral  equation  (5.  14) 
gives  the  solution  of  the  same  prcfclem,  that  matrix  equation  (5.28)  . 
This  tasic  consists  in  the  maximization  of  functional  (5.  12)  under 
further  condition  (5.5)  and  has  unique  solution^ , 

FCCTNOTE  Since  functional  (5.12)  quadratic  relative  to  the  unlcnown 
signal  s(t),  see  also  (5.27).  ENDFCCTNOTE. 

Therefore  equations  (5.14)  and  (5.26)  are  equivalent.  Using  geometric 
analogy,  it  is  possible  tc  interpret  the  difference  between  the 
method  of  Sussman  and  our  method  as  follows. 

The  introduction  of  crthcgcnal  bjuse  functions  fnit)  is  «quival-r.t 
to  the  use  of  certain  cccrdirat€  system  in  the  space  of  signals  H. 
Each  signal  s(t)  is  represented  as  its  projections  on  the 
S3l  acted  axes.  Simultar.=cusly  is  intreduesd  ths  systsm  of  orthogonal 
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coordinates  in  space  H',  a?atche(3  with  the  refersncs  system  in  spacs  H 
and  expressed  by  derived  fcase  functions  The  assigned 

function  F(t,  (2)  is  mapped  through  projactions  fnm  :  on  the  axis  of 
this  system.  Matrix  equation  (5.26)  establishes  the  necessary 
conformity  between  coordinates  cf  the  unknown  vactcr  s  and 
coordinates  Fnm  of  the  assigned  function,  the  ensuring  best 
approximation  in  the  sense  of  the  selected  criterion.  Integral 
equation  ^5.14)  gives  the  same  ccnfcrmity  without  the  use  of 
coordinate  representation. 


Page  137. 

Here  the  same  difference  as  during  recording  cf  one  and  the  sam? 
gecmetric  confirmation  in  the  vector  and  in  tho  coordinate  fcrm. 

The  m-.thcd  of  Sussman  extends  also  to  the  approximation/apprcaci 
to  the  function,  assigned  only  cn  the  modulus/modulo.  For  this  is 
proposed  the  i-srative  process,  which  makes  it  possible  to  increase 
st«p  by  stap  maximum  eigenvalue  Xq  cf  aquation  (5.28).  We  will  shew 
further  that  this  process  is  equivalent  to  iterations  according  to 
the  method  of  successive  design  fer  the  task,  formulat-d  in  §5.3. 

Howev=r,  using  with  the  ccerdinat-f  repres'?  ntations,  it  is  no'- 
possible  to  indicate  explicit  deperdenca  of  matrix/die  F  on  phase 


:  ’T. 
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- -In  this  rssppct  th«  "vector”  form  of  recording  is  pref arable, 

which  will  be  used  in  §§5.5-5. 7.  Cn  the  other  hand,  reducing  of  task 
to  matrix  form  makes  it  possible  tc  use  numerical  methods  for  solving 
level  (5.28).  Thus,  two  forms  of  the  method  in  question  mutually 
supplement  each  other. 

5.5.  Iterative  methods. 

Let  us  consider  first  the  method  of  successive  design  in 
connection  with  the  task  of  synthesis,  formulated  in  §5.3,  when  that 
desired  function  P(t,  Q)  is  assigned  by  its  mcdulus/module 

lf(r,  Qi. 

It  was  noted  that  this  task  was  ctaracteristic  for  applying  the 
hypothesis  of  proximity.  The  desired  set  Y'  includes  functions  F  (t , 
n)  with  the  given  modulus/module,  and  the  permissible  set  X'=Q  -  all 
realizable  functions  of  uncertainty/indeterminancy.  The  following 
iterative  method  completely  corresponds  tc  the  overall  diagram, 
presented  in  §1.8. 

Let  us  select  certain  furcticn  of  uncertainty/rnd-^terminancy 
Xo(/,  Q)eQ  and  let  us  determine  shortest  distance  from  this  function 
to  s«t  Yj.  Let  this  distance  be  d j .  As  it  was  shown  in  §5.1,  function 
fi(f.  Q)^y'.  nearist  to  xo(^  S).  will  be  formed,  if  we  to  the  assigned 
modulus/modula  A  (t ,  Q)  ascribe  the  phase  of  the  function  of  thj 
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uncertainty/indaterminauc  y 

F^(t,  Q)=Py(x)  = 

=A{t,  Q)exp  (j  argxo(/.  Q)). 

Page  138. 

Now  let  us  fix  Fi(t,  Q)  and  we  will  seelc  the  function  of 
uncertainty/indeterminancy  x«(^  Q).  arranged/lo caned  on  the  shortest 
distance  of  D2  and  Fj,  In  accordance  with  §5,2  this  task  is  reduced 
to  the  solution  of  integral  equation  (5.14)  ,  wich  kernel  G(u,  w)  , 
which  depend  on  Fi(t,  Q).  The  cerrespondirg  coefficient  of  proximity 
is  the  greatest  eigenvalue  of  ecuaticn  Xq*  Equivalent  result  gives 
the  solution  of  the  matrix  equation  of  Sussman  (5.28). 

Then,  f ixing/recerding  the  function  of 
uncertainty/indetar minanc y  x^(^  £2)-  is  sought  function  Q)^Y', 
arranged/located  on  the  minimum  distance  of  83  from  Xi- .  For  this  to 
mod  ulus/mcd ule  A  (t,  Q)  is  assigned  phase  Q).  Then,  on  obtained 

?2  is  determined  the  function  of  uncertainty/indeterminancy  X2. 
nearest  to  Fg  and,  etc.  As  usual,  this  process  leads  to  descending 
sequence  of  the  distances 

(5.30) 

since  at  each  space  is  determined  the  shortest  distance  between 
certain  of  functions  and  corresponding  set.  This  sequence  is  limit -d 
from  below  and,  therefore,  descends.  Thus,  each  space  of  iterations 
givts  an  improv2aer.t  in  the  apprcximation/approach  and,  aft’r  making 
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a  sufficient  number  of  spaces,  it  is  possible  to  approach  maximum 
distance  (5,11),  which  characteiixes  best  approximation  to  function 
P  (t ,  Q)  ,  assigned  only  on  the  med ulus/module. 

Usually  zhare  are  several  local  minimums  of  the  distance  between 
sets  Y’  and  Q  and  during  the  unsuccessful  selection  of  initial 
approximation/approach  it  is  possible  to  arrive  not  at  the  sirallesz 
of  them.  In  that  case  it  is  possible  to  only  begin  a  new  series  of 
iterations,  being  transmitted  froit  another  initial 
approximation/approach. 

It  is  not  difficult  to  ascertain  that  this  iterative  process 
completely  coincides  with  that  proposed  by  Sussman  [72],  Thus,  and 
this  part  of  the  method  of  Sussnar  will  be  coerdinated  with  tb? 
criterion  of  proximitj. 

The  resolution  of  integral  equation  (5.14)  or  equivalent  matrix 
equation  (5.26),  connected  with  tb-*  determination  of  eigenfunctions 
and  eigenvalues,  is  one  of  the  icst  labor-consuming  (by  the  space  of 
calculations)  calculating  problems.  Since  such  solution  is 
implemented  at  each  space  of  iterations,  has  sense  to  use 
substantially  simpler  gradient  method  for  the  direct  maximization  rf 
thr  coefficient  of  proximity  (5,12)  under  condition  (5.5),  cr,  whic;: 
is  the  same  thing,  for  the  maximization  of  functional  i(s). 
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deternined  by  formula  (5,13). 

Paga  139. 

Th<=  d^-rivativa  {gradient)  cf  the  functional  indicated  is 
calculated  in  §5.2: 

/'(5)=2f  G(u,  v)s{v)dv— 27^ (ti), 

where  kernel  G(u,  v)  corresponds  (5,15),  and  eigenvalue  X  is 
numerically  equal  to  the  value  cf  the  coefficient  cf  proximity  (5.12) 

?.  =  C(s). 

Thus, 

f'{s)=’2{j  G(u,  ii]s(v)dv-~C(s)s(u)l 

According  to  the  genera l/commcn/tctal  algorithm  of  gradient  method 
(1.33)  the  maximizing  sequence  takes  the  form 

=  +2aif  J  G(/.  (3.31) 

It  is  not  difficult  to  note  that  functioral  (5.13)  being 
investigated  quadratic  relative  tc  s  (t)  . 

sequence  (5,31)  ccnverge  tc  optimum  signal  in  the  version  of 
simple  iteration  from  any  initial  approximaticn/apprcach  s^'(0  [33]. 
Simultaneously  the  value  cf  the  coefficient  of  proximity  C  ccnverg- 
to  greatest  its  own  numter 
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FOOTNOTE  If  only  for  the  crthcgonally  unknown  signal; 

probability  to  select  this  signal  as  tha  initial  has  a  measura  zero. 
ENDFOOTNOTE. 

As  a  result  ws  come  to  the  following  procedure  of  "double" 
i terations: 

1.  Prom  the  initial  signal  Sc{t)  is  computed  the  function  of 
uncertainty/indatsrminancy  QK 

2.  To  assigned  modulus/mcdule  A(t,  0)  is  assigned  phase  of  this 
function 

Fi(t,  Q)=,4(/.  Q)  exp[j  argx»(.^  Q)]: 

3.  Prom  function  Fi(t,  C)  is  computed  kernel  (t,  Q)  according 
zc  (5.15). 

U.  Is  chosen  space  oq  from  arbitrary  initial  signal  it  is 

constructed  maximizing  secuence  (5.31).  These  iterations  are 
implemented,  until  the  coefficient  of  proximity  (5.  12)  noticeably 
increases . 

Page  140. 

When  the  rate  of  increase  c  descends  to  the  assigned  limit. 
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"intarnal”  itsraticns  ceas3,  the  latter/last  aember  of  maxiaizjr.g 
sequence  is  accepted  for  the  signal  of  first  approximation 

=5,(f)  and  is  produced  the  rext  (second)  cycle  of  ’’external” 
iterations,  beginning  with  p.  1, 

It  is  possible  to  propose  also  ■’•he  "singla”  iterative  proc-'ss 
based  on  the  gradient  methods.  For  this  we  will  minimize  directly 
error  (5.11),  expressed  through  the  modulus/mcdule  of  the  unknown 
function  of  unc artainty/indeter einancy.  We  have 

5  =  Q)-|x(/,  Ci)r\^dtdQ  = 

=  2(1  —  C)  =rain. 

It  is  here  assumed  (not  to  tfce  detriment  of  the  generality )  th 
the  assignad  modulus/module  is  subordinated  to  the  normalization 
condition 

Q}dtdQ=i.  (5.32) 

and  the  coefficient  of  proximity  has  a  value 

00 

C  =  C(s)  =  ^  Q)[y.(f.  Q)!rfwn.  (5.33) 

This  coefficient  must  be  maximized,  varying  signal  s(t)  and 
satisfying  further  condition  (5,5). 

Let  us  compute  the  derivative  (gradient)  of  functional  (5,  33) 
On  signal  s  (t)  hers  depercs  only  the  function  of 

unc3rtainty/ind?ter minanc y  •/.(/.  O).  Tk-^r^fcre  aft.*r  rewriting  (5.33) 
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the  fora 

30 

C<s)=—  11 Q)KxU.  Cl)dtdQ. 

— oa 

and  after  replacing  s(t)  by  s(t)*Th(t),  we  obtain 


dC 

d-. 


dx*  dx 

x-5r  +  x--5f 


2|xl 


dtdQ  = 


(S.34) 


Page  141. 


Introducing  a  dasignaticn  arg/j/.  =  have  further 


JL  —  •“'■fix _ .ivt'.  Bi. 

Ix.1  “  ■  ~ 


X  ( S  (/'  -  4-)  +  •*  V  -  4-^  I 
=  j* s*  (/'  4-4-'  (r  -  4)  dr  ^ 
+Js(^'-4-jA*  (^'-^-4- 


Let  us  substitute  this  value  in  (5, 34)  and  let  us  assume  t=0,  th:n 


X  s*  (^t  +  4")  It  V  -  4-^.  dt'dtJQ  4- 
-t-Re4r  jjr.-ll/.  Q)e'"''  V- 
Xsfr  dt'iiidn. 

We  will  consider  that  the  assignee  lodulus/mcdule  A  (t,  Q)  posssss  = 
the  symmetry 


A(t,  S2)=,1(— f.  — S2) 
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In  §5.2  it  was  shown  that  this  assumption  is  justified,  S33 
(5.17).  In  visw  of  property  (5.16)  the  phase  cf  the  function  of 
uncertainty/indeter ninancy  ^(t,  Q)  has  a  symmetry  of  the  form 


<f (?.  Qi  =— <r(— ^  —Ci\. 

Therefore  if  we  replace  irtegrard  in  the  second  integral  with  tha 
compositely  con jugated/ccabined,  and  then  to  change 
variabls/alternating  integrations  fcr  formulas  t=-ti,  Q=-Qi,  afte 
simple  conversions  it  is  obtained 


dC 

dx 


X  (/'  4-  '  A  (^'  x) 


X 
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Page  142. 

Finally,  after  doing  the  appropriate  replacement  of 
variable/alternating, 

=  fi)exp^jir(r O)- 

-  s*  {t')h(t\dildt'dt. 

In  accordance  with  general/ccmaion/total  determination  (1.32)  the 
derivative  C*  (s)  has  a  value 

C'  (s)=-^  jj  A  (/'  —  t.  Q)  exp  —  t,  fl(  _ 

—  jQ— j — ^s{t')di’dQ,  (5.35) 

that  it  is  possible  to  register  also  in  the  fcrm  of  the  scalar 
product 

^'(i)  =  (i', -rCs) ).  (5.3t)) 

where  operator  z  (s)  is  determined  by  the  relationshipAatio 

-  (5.36a) 
and  he  depends  on  the  phase  of  the  function  of 

uncertainty/indeter minarcy  <^(^  Q)  =a^gx(^  £2)  of  signal  s(t),  and  also  on 
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the  assigned  mod  alas/ module  A  (t ,  C)  . 

Now,  having  a  value  of  the  derivative  of  the  functional  being 
investigated,  it  is  not  difficult  tc  construct  maximizing  sequence. 
Permissible  in  our  problem  are  all  signals  s(t)  with  the  singla 
energy,  see  (5.5),  those  the  permissible  set  is  the  single  sphere  S 
se5,if  !!5(!  =  L  Therefore,  applying  prcjecti vs-gradient  method  (1.34), 
we  come  to  the  maximizing  sequence 

=P^s<»>(t)  +aC'(s<»))].  (5.37) 

The  operator  of  design  tc  single  sphere  Ps  is  reduced  to  the 
standardization  of  signal  on  the  energy,  (5.37)  indicates  the 
following  algorithm  of  approximat icn/approach ; 

1.  For  initial  signal  is  computed  the  function  of 

indefiniteness  J2)  and  its  phase  Q). 

Page  143. 

2.  In  accordance  with  (5.35),  (5.36)  is  computed  gradient 
C  (sCflfi)  . 

3.  Fcr  selected  space  a  is  ccmputed  corrected  signal 

S(/)  =  V  '-dC'l  v"'). 

4.  This  signal  is  normalized  cn  energy,  after  which  it  is 
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accepted  for  signal  of  following  (first)  ap  pc  cxi  n  at  ion/appro  a  cii 
s(0(t)  .  Then  it  is  iopleoented  next  (second  iterative  loop,  for  which 
the  process  is  repeated,  beginning  with  p.  1,  but  already  with  signal 
s(*){t)  ,  but  not  s(o)(t). 

By  the  space  of  calculations  the  latter/last  method,  which 
switches  on  one,  but  not  two  iterative  loops,  apparently,  it  is  more 
economical  than  previous.  However,  both  methods  are  comparatively 
unwieldy,  and,  as  they  was  noted  they  bring,  in  general,  to  the 
local,  but  not  to  the  global  micimum  of  distacce.  Necessarily  good 
initial  approximation  sc  that  these  methods  of  synthesis  would  be 
efficient. 

5.6.  Evaluation/estimate  cf  greatest  eigenvalue  through  the  traces  of 
kernel. 

As  it  was  shown,  synthesis  acccrding  to  function  F(t,  Q)  ,  given 
completely,  on  the  modulus/module  and  the  phase,  consists  of  finding 
of  eigenfunction  Sq  (t)  homogeneous  aquation  (5.14),  that  corresponds 
to  greatest  eigenvalue  Xq.  value  cf  Xq  is  equal  to  the  coefficient  of 
proximity  and  characterizes,  therefore,  the  quality  of  the  obtained 
a pprcximaticn/approach.  In  this  ccnnection  it  is  interesting  to 
consider  even  before  finding  cf  eigenfunctions,  what  degree  of 
approximation  can  be  obtained  for  assigned  F(t,  Q) .  This  is  useful. 
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in  the  first  plice,  in  order  to  rationally  assign  F(t,  Q) ,  beginning 
the  synthesis,  and,  in  the  second  place,  in  cider  to  control  the 
results  of  synthesis,  obtained,  for  example,  by  iterative  methods. 
Furthermore,  the  results  cf  this  and  following  paragraphs  have  the 
general/comaon/total  value  for  the  synthesis  cf  signals  according  to 
the  functions  of  uncertainty/indeterminancy . 


The  necessary  evaluation/estimate  of  the  guality  of 
approximation/approach  is  reduced  tc  the  evaluation/estimate  of  the 
greatest  eigenvalue  of  Xq  according  to  the  kernel  of  equation  (5.14) 
and  can  be  carried  out  on  the  base  of  the  known  positions  of  the 
theory  of  integral  eguaticns  [46], 


The  iterated  kernels  of  equation  (5.14)  are  formed  according  to 
the  recurrent  rule 

G„(a.  Jc  («,  =)  G„.,  (g.  c)  =  (  G  («,  ;)  G'„.,  (a,  $) 

moreover  Gj  (u,  v)=G(u,  v) .  The  m-trace  of  kernel  G{u,  v)  is  the 
integral 

pm  =  J  G..  (f/.  If)  du.  39) 

Page  144, 


Traces  are  connectad  with  its  eigenvalues: 

00 

Pm  =  }il  x;''  =  ).j-i->7+x3'+...  15  40) 

isQ 
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The  greater  the  order  of  trace  w,  the  less  contribution  introduce 
into  value  t>m  all  components/teras/addends  of  series/row  (5.40), 
except  the  £i.  ,  the  greatest.  Therefore  as  the  approximate  estimate 

for  greatest  eigenvalue  c£  Xq  it  is  possible  to  taXe  value 

Approximation/approach  hers  is  obtained  with  the  excess  and  the  more 
precisely,  the  greater  the  order  i.  Furthermore,  the 
evaluation/estimats  the  mere  precise,  the  mere  rapidly  decrease  the 
eigenvalues  )... 

Let  us  refine  an  error  in  approximation  formula  (5.41): 

I  00  y/m 

=  a" -f  S  —>■*■  (5.42) 

Os  it  will  further  interest  the  case  when  icercel  G(u,  v)  is 
calibrated,  i.e., 

HGi:’  =  f  j  IG  (a.  j-)!»  ifn  rfr  =  I .  (5  ^3) 

Assuaing/setting  m=2,  from  (5.36)  and  (5.39)  we  have 

p,  =  t  C,  (u,  u\(ia  H  ^  ~ 

=  f  j'i^  (“•  ^)l*  —  *  •  (5.43*) 

It  is  clear  that  avaluaticn/estimate  through  the  trace  pg  gives  only 
trivial  results  >„*?i  Therefore  let  us  construct  higher 
approximation/approach,  using  a  trace  of  the  fourth  order  P4. 
Respectively,  in  formula  15.42)  we  should  consider  the  value  cf  the 
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sun  « 

V  x;. 

1=1 

As  a  rule,  for  sufficieot  "good"  kernels  eigenvalues  decrease  very 
rapidly.  Therefore,  providing  certain  "reserve  strength",  we  will 
assume  that  x,  decrease  with  the  speed  of  gecuetric  progression 

9<i. ‘  Value  q  can  fce  counted,  after  assuming  in  (5.40)  a=2  and 
using  (5.43a):  q» 

Therefore 

Page  145. 


Further  we  find 


*(l  -i- <7* -i- »*  +  ..  ;  = 


XV  X'ld-X:,)* 


I  —q* 


i-x- 


and  fcrmula  (5,42)  gives  with  a®4: 


VK  , 

JX  =  X,, 

The  value  of  error  6X  as  functicn  of  Xq  is  represented  in  Fig.  5,3. 

It  is  obvious,  the  calculation  cf  greatest  eigenvalue  of  Xq  according 
to  approximation  formula  (5.4  1)  is  admissible  with  m=4  in  the  most 
important  ranga  of  values  0,8<Xc^1.  Specifically,  in  this  region  is 
provided  the  high  accuracy  cf  synthesis,  and  error  in  ap proxi mation 
doe*!  no*-  exceed  , 

Lot  uo  nn-ze  on  to  CTlcuIatfon  o'*  the  noum  o**  er'jo*-*  on  (U. '' '0 
In  ■■’h.'*  ch  reoiind  e. n*’-  ‘^•'"ir'etn*' 


(3.17),  ’-’6  ’■’■’11  uoe  *-he 
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simplified  repraseataticn  of  kernel  (5,1 5a)  : 


whe  ra 


C  (tf.  o)  = 


/  =  «  —  V. 


(6.44) 


In  integral  (5,43),  which  is  determining  the  norm  of  kernelllGlI^t  is 
possible  to  pass  to  tc  the  variable/alternatirg  t  and  t'  instead  of  u 
and  V  (jacobian  of  this  ccnvecsicn  is  equal  tc  unity).  This  it  gives 


•G,f=  \  \  Go*  dtdf  = 

Jj- Jjl  [flO  21  F‘u.  sne-*''  = 

j  j  j  f  «,  21  F*  {I.  S')  8  ^2'  —2)  flQ'uSjr  = 


|f  (/.  Qii«(i<rfa. 


Condition  (5,32)  is  shown  further,  then  the  standar dizaticn  cf  kernel 
(5,43)  actually/really  is  iaplenetted. 
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Fig.  5.3, 


Page  146. 


The  second  iterated  kernel  G2(u»  v)  ws  will  find  from  (5.33)  and 
(5. 15a)  : 

Cj  (u,  0}  =  J  G  (u.  5)  G*  («,  5)  d\  — 

=  ,2^  f  JJ  F{u-l.  2,)  f  (:•  -  2,)  X 

X>xp  dS,dQ,Jl. 


Taking  into  account  symmetry  (5.17)  ,  this  expression  can  be 
converted  to  tha  form 


where 


0,  (U,  f)  =  ^  J  t  (a  —  2)  exp  jQ  d2,  (5.45) 

,  „  1  ('  r  ^  I  2  ^ 

=  ^  'y''  +  — •  2'  +  —}  X 

X  f .  2*  —  -j-j  exp  - 5 - J  </r'J2.  (5.45) 


Function  L(t,  Q)  plays  subsequently  noticeable  role.  In  particular. 
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it  Bakes  it  possible  to  coapute  the  fourth  trace  of  kernel  p*. 
Actually/raally ,  from  (5.38)  and  (5.39)  it  is  possible  to  obtain 

P*  =  J J  o)\^dudv. 

Therefore 

'*  jjK  ^  2,)1*(m  — t>.  2,)  X 

X  exp  (2j  _  2,)  dQ,dQjduJv  = 

=  (2S)r  2,)exp^j4-(2.-2.))x 

X  exp  (j«  (2,  -  2,))  dodQ.dOtdt  =  ||  1^  2)1*  dtdH.  (5  .17) 

Helationships/ratios  (5.  46),  (5.47),  (5.  41)  make  it  possible,  in 

the  principle,  to  obtain  the  necessary  e valua tion/astimate  of 
greatest  eigenvalue  thrccgh  the  fourth  trace  cf  kernel. 

5.7.  Equation  of  optimum  phase. 

When  is  assigned  only  mcdulus/modula  A(t,  2),  synthesis  is 
produced  according  to  the  function 

F{t.  Q)  =  .4  (/.  2) 

where  phase  ^t>{t.Q)  is  arbitrary.  Cnly  iterative  methods  permitted  for 
us  to  thus  far  find  the  "adequate/approaching”  phase  for  which  the 
approximation/approach  is  good. 


Page  147 
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However,  the  revealed  analytical  ccnnection/ccmnuEication  of  greatest 
eigenvalue  of  Xg  (coefficient  of  prcximity)  fcr  assigned  function 
F(t,  Q)  permits  to  additicnally  trace  this  guesticn.  The  fourth  trace 
of  kernel  p*,  determined  according  to  (5.47),  depends  on  phase  t-’i 
It  determines,  in  turn,  the  greatest  eigenvalue  of  Xg  (however, 
approximately).  Therefore  fcr  optimization  of  phase  it  is  necessary 
to  find  maximum  from  functions  vr  Oi  Substituting  for  this  vic  n) 
on  Oi.  1st  “s  compute  the  derivative  dp4/dT.  From  (5.46)  and 

(5.47)  we  obtain 


Jo,  1  rr  /  iiL-  ,  ,.dL  \  ,  „ 

=  2Re  IJ"  ^  2)  ^  dtd^  = 

=  -  (2=^  f  JJj  ^  ('' + 4"’ 

2  \  '[2  J  I , 

2' _ —  W  ^ 


Xf 


X 


X  -  -4-'  2'  -  (^r  ~  4r-  Q’-  4''']  !<  • 

or,  after  the  simple  conversions,  which  consider  that  in  accordance 
with  (5.46)  L(t,  a)=L*(-t,  -Q), 

=Re a.)  ff  2. -2;,V 

XF  (<„  2,)  e-tp  -o-j  ]  h(l,.  2,) 

csmj; 

It  is  clear  that  the  trace  reaches  maximum  only  with 


satisfaction  of  the  condition 
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Iin|F*(/,.  2,)  jji  (/,_/,  2,-2.)  f{/5.  2,U'vp 
“-^)]  =0, 


which,  as  it  is  not  difficult  tc  shew,  equivalent  to  the  following 
equation 


Im 


te4'(/..  2,)  - 


Re  1 

ij  2. 

-2.)  f  (/,,  2.1 

exp 

a,/,  ^ 

2  0  I 

V  *  y 

]  dt,^. 

(5.49) 


Page  148. 


This  equation  (containing  unknown  phase  t  both  to  the  left  and  to 
the  right)  is  deterrained,  in  the  principle,  optimum  phase  ^u.  Q),  which 
gives  maximum  to  greatest  eigenvalue  cf  Xq  ''i'th  the  assigned 
modulus/module  A  (t,  Q) 

FOOTNOTE  ».  Is  strict  this  correctly  for  the  trace  p*,  which  is  only 
approximately  connected  with  eigenvalue  of  Xq.  ENDFOOTNOTE, 

Apparently,  a  similar  equation  is  obtained  for  the  first  time,  but 
the  efficient  methods  of  its  soluticn  proposed  could  not  be. 
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5.8.  Necessary  and  sufficient  ccndii.ion  of  realizability  of  the 
function  of  uncertainty/indeter Binanc^ . 

Known  several  conditions  of  the  feasibility  of  the  function  of 
uncertainty/indeter minancy  [7,  72]  cne  of  which  will  be  by  us 
obtained  in  §7,1,  For  these  conditions  it  is  oharacteristic  that 
testing  the  realizability  of  the  assigned  funotion  F  (t,  Q)  as  the 
functions  of  uncartaint y/indeterninancy  is  reduced  to  finding  of  the 
realizing  signal  s  (t)  ,  However,  using  the  previous  results,  it  is 
possible  to  formulate  the  conditicr  of  "Icclced”  type  feasibility, 
which  does  not  require  the  determination  of  the  realizing  signal,  but 
which  sets  only  certain  invariance,  characteristic  realizable  to 
functions. 

As  it  will  be  shown,  for  the  feasibility  of  function  F(t,  Q)  of 
the  function  of  uncertainty/indeterminancy,  is  necessary  and 
sufficient  the  satisfaction  of  the  condition 

A- (f.  2)  ^  ^  f  4- 4**  O' + -rV 

X  -4-.  S- (-^—3^)]  di'ja:.  (5.50) 

which,  taking  into  account  (5,46)  ,  can  be  registered  also  in  the  fora 

F{t,  a)~Z(/,  a).  (5  50a) 

The  necessity  of  condition  (5.50)  follows  from  the  known 
property  of  the  cross  functions  of  uncertainty/indeterminancy. 
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established/installQd  by  Titlebauu  [76]: 

4r  f| x,-  (<'  +  /,.  S'  +  a,)  x%, «'  _  t,.  a'-o,)  el  dfoa  =. 

=  x„(/.  +  ^..  a,  +  2,)x*»,('t-'..  a,-Q,). 

Assuning/setting  all  signals  ty  identical  s  Ct.)=h  (t)  =r (t)  =q  (t ) ,  and 
alsc  ti=t2=t/2,  Qi=Q2=Q/2,  we  obtain,  that  the  realizable  function  of 
uncertainty/indeter minancy  satisfies  condition  (5.50). 

Sufficiency  escape/ensues  frcn  the  following.  Let  F  (t,  Q) 
satisfy  condition  (5.50).  Me  will  seek  signal  s(n),  the  function  of 
uncertainty/indateroinancy  of  which  realizes  a  best 

approximation  to  F(t,  Q) .  According  to  presented,  this  signal  is  the 
solution  of  equation  (5.1^)  with  kernel.  G(u,  v)  ,  connected  with  P  (t , 
Q)  by  condition  (5.  tSa) . 

Page  149. 

The  second  iterated  kernel  cf  this  equation  G2(u,  v)  is  expressed  as 
L  (t,  Q)  according  to  (^5.4^  From  (5.15a)  and  (5.45)  it  follows  that 
with  satisfaction  of  condition  (5.50a)  kernel  G(u,  v)  coincides  with 

G2(u,  7):  - 

OtU.  Vt^CylU.  V)  ijih 

Prca  the  theory  of  integral  equations  it  is  known  that  the  iterated 
kernel  of  equation  allcws/assumes  the  following  eigenfunction 
expansion : 
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(7„  (u.  v)  =  ^  X^s,  (a)  s‘,  {vt . 

/srO 

moreover  GQu, v)=Gi(u,  v).  Therefore  talcing  into  account  to  the 
orthogonality  of  eigenfunctions  eguality  (5.51)  can  he  fulfilled, 
only  if 

X,  =  ?.f;/  =  0  1.2 . 

but  this  is  possible  only  for  x,  =  i  cr  x.-o  Thus,  from  conditicn 
(5.50)  it  follows  that  the  greatest  eigenvalue  of  equation  (5.14) 

1.  (5  32) 

This  eigenvalue  is  a  coefficient  cf  proximity,  (5.52)  it  indicates 
therefore  that  the  distance  in  space  L*  between  F  (t,  Q)  and  nearest 
realized  by  function  uncertainties/indeterminancies  x-<t'  are  equal 
to  zero.  Consequently,  F(t,  Q)  is  realized  as  the  function  cf 
uncertainty/indeter  ra  inane  y. 


t 

( 

I 


-TTc-rrr 


it 
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Chapter  6. 

MAXIHOM  AND  HINIHUM  OF  THE  PABTIAI  SPACE  OP  THE  BODY  OF 
INDETEHMIMANCY. 

6.1.  Haximization  of  partial  space. 

In  this  chapter  are  exanined  the  signals  the  functions  cf 
uncertainty/indeterminancy  of  wtich  in  a  sense  can  be  considered 
optimum. 

As  it  was  noted,  fcr  joint  rangings  and  rate  was  desirable  the 
"highly  directional"  function  of  oncertaint y/indeterminancy,  which 
has  narrow  central  peak  and  it  was  equal  to  zero  out  of  this  peak. 
This  function  is  impracticable,  since  the  complete  space  cf  the  bcdy 
of  uncertainty/indeterminancy  dees  not  depend  on  the  structure  of 
signal  and  is  equal  to  unity,  see  (5.4).  However,  let  us  attempt  to 
obtain  seme  approximaticn/approach  to  this  ideal  form. 

Page  150. 

Let  us  fix  in  the  central  plane  (t,  Q)  the  region  <r  (Fig.  6.1), 
which  possesses  central  symmetry,  i.e.,  if  point  {!,  o»sa.  then 
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— Q)ea,  and  we  will  seek  the  signal  the  function  of 

uncertainty/indaterminancy  of  which  is  Baximally  concentrated  in  the 

region  a,  i.e.,  let  us  require  sc  that  the  partial  space  of  tha  body 

of  uncertainty/indeterainancy,  included  in  this  field,  would  be 

aaxiaua  , 

2rJj  Q)i'd/JQ  =  max.  (6.1) 

Let  us  clarify  this  condition.  In  Chapter  2,  examining  signals 
with  the  maximum  selectivity  cn  the  time,  we  attempted  to  bound 
signal  by  the  assigned  duration,  lihen  making  these  assumptions  this 
proved  to  be  impracticable,  but  cne  of  the  methods  of 
approximation/approach  was  reduced  to  the  maximization  of  the  part  of 
the  energy,  included  in  the  assigned  duration.  Analogous  property 
possess  the  optimum  autoccrrelaticn  functions,  examined  intc  §2.5. 
Here,  dealing  in  by  the  t w-dimensicnal  function  of 
uncertainty/indaterminancy ,  we  use  a  similar  condition  and  we 
approach  that  so  that  the  body  cf  urcertainty/indeterminancy  would  be 
completely  included  within  the  regicn  v.  Is  accurate  this 
impracticably,  but  the  oaximizaticn  of  partial  space  (6.1)  provides 
certain  approximation/approach  to  this  ideal.  Since  the  complete 
space  of  the  body  of  uncertainty/indeterminancy  is  fixed/recorded, 
automatically  is  provided  the  minimum  of  "energy"  of 
remainders/residues  out  cf  the  regicn  a 

FOOTNOTE  ‘.  Let  us  emphasize  that  the  formulated  criterion  of  optimum 
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character  assumes  that  within  the  region  a  the  targets  can  net  be 
permitted,  but  is  provided  possible  fully  per lission/rs solution  for 
two  targets,  which  do  net  fall  into  one  region  a.  ENDFOOTNOTE. 

The  formulated  pretlem  fcerdets  on  also  following.  In  certain 
cases  it  is  possible  to  indicate  in  the  plane  (t,  Q)  the  region  a,  i 
which  should  be  expected  the  intense  mixing  reflections.  For  example 
if  the  radar  system,  establisfaed/inst ailed  on  the  satellite,  is 
intended  for  the  detection  of  another  satellite,  then  mixing  will  be 
reflections  from  suppress  surfaces. 
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Fig.  6.1, 

Page  151, 

Knowing  trajectory  and  rate  of  a  satellite-carrier,  it  is  possible  to 
indicate  in  tha  plane  (t,  G)  the  region  which  corresponds  to  the 
Doppler  rates  and  the  ranges  cf  different  sections  suppress  surfaces. 
Logical  under  these  conditions  to  select  signal  so  as  to  minimize  the 
partial  of  the  space  of  the  body  cf  uncertainty/indeterminancy  in  the 
r9gion  9 : 

^*(3)  =  Q),'rf/dQ  =  inin. 

One  of  the  problems  cf  this  Aind  is  examined  in  the  second  part 
of  this  chapter  (§§6.5-6,10). 


6.2.  Quasi-optimal  signals. 
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Onfortunataly,  it  is  iapossifcle  to  propose  the  straight/direct 
method  of  maximization  (6.1).  In  this  ccnnsction  let  us  introduce 
further  limitation  to  the  class  cf  the  permissible  signals  and  let  us 
first  somewhat  change  the  formulation  of  the  problem. 

He  will  consider  that  signal  s  (t)  can  be  either  the  even  or  odd 
function  of  time.  As  was  noted,  fcr  such  signals  the  functions  of 
uncertainty/indeterminancy  are  real  [70].  iiaximum  value  !X(0,  0)  =  i. 
and,  because  of  continuity,  in  certain  vicinity  of  the  central  point 
t»Q=0  the  function  of  uncertainty/indeterminaccy  is  positive.  He  will 
seek  signal  s(t)  ,  which  maximizes  value 

•/.«(/.  Q)dtdQ  =  max.  (6.2) 

Logical  to  assume  that  the  function  of 
uncertainty/icdaterminancy,  which  satisfies  ccnditicn  (6,2),  is 
positive  for  all  internal  points  cf  region  v  (further  this  is 
confirmed  based  on  example) .  Therefore  the  maximization  of  integral 

(6.2)  is  connected  with  the  achievement  of  the  highest  possible 

positive  values  within  the  region  and,  therefora,  with  an 

increase  in  partial  space  of  that  determinad  by  formula  (6.1). 

These  considerations  show  that  the  signals,  which  satisfy  condition 

(6.2) ,  we  will  call  their  guasi-cptlmal  -  they  are  close  to  tha 
optimum  signa-ls  from  the  class  cf  those  permitted  (even  and  odd). 


DOC  =  80206707 


PAGE  ^ 

•its 


Page  152. 

Important  for  future  reference  generalization  is  obtained,  if  we 
introduce  real  weight  fuccticn  g(t,  Q)  and  to  examine  instead  of 
(6.2)  value 

Ci)dtda.  (6.3) 

The  signals,  which  maximize  this  value,  «e  will  also  call 
quasi -optimal,  they  depend  not  only  on  region  a  but  also  on  weight 
function  g(t,  Q)  . 

Before  passing  to  the  determination  of  oftimum  and  quasi-optimal 
signals,  let  us  note  that  during  some  strains  of  region  »  the 
structure  of  the  signals  indicated  is  changed  in  an  cbvious  manner. 

Let  us  introduce  instead  of  t  and  Q  the  dimensionless 
coordinates 

r\  =  t/x  H  i=QT, 

where  r  -  arbitrary  scale  time  unit.  It  is  easy  to  see  that  pi  to 
this  replacement  of  variabla/alternating  all  previous 
relationships/ratios  retain  their  fcrm.  Let  in  new  coordinates  (')■  I)  • 
be  selected  the  region  a  and  for  it  is  determined  signal  s,i(t]).the 
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giving  maximuin  to  value 

£)rfi'i6  =  inax. 

9 

If  we  return  to  coordinates  t  and  Q,  then  it  is  obvious,  a 
change  in  the  seals  r  will  lead  tc  the  arbitrary  extension  of  region 
along  the  axis  of  tine  and  its  corresponding  cenpressien  along  the 
axis  of  frequency.  Quasi-optiaal  signals  are  characterized  by  during 
this  strain  only  scale  and  are  given  by  the  expression 

s,(t)  =  Su(7.'ti. 

Therefore  the  solution  of  assigned  aissicn,  for  example,  for  the 
circle  (this  example  is  examined  below)  is  easy  tc  spread  to  the 
elliptical  region,  equivalent  with  the  initial  circle,  if  the 
principal  axes  of  sllipse  coincide  with  axes  t  and  D. 
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Moreover,  applying  known  thecrei  cf  Klauder  [7,  38],  it  is  possible 
to  turn  this  sllipse  to  the  arbitrary  angle  9  (Fig.  6.2),  after 
determining  new  quasi-optiaal  sigral  according  to  the  formula 


some 


— oc 


^  exp  |j 6  -  cosec  6  |  Jj',  (6.4) 

Thus,  after  determining  optimum  or  guasi-optimal  signals 
"bass”  regions,  it  is  possible  to  considerably  wrdtn 


for 


uses/applications  due  tc  the  strains  indicated. 
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Let  us  switch  over  to  the  deteraination  of  the  quasi-opt imal 
signal,  which  maximizes  value  (6.3).  In  view  of  the  done  assumptions 
weight  function  g(t,  Q)  and  functicr  uncertainties/indeterminancies 
Q)  are  real.  Being  ccngruent/eguating  (5.12)  and  (6.3)  we  see 
that  in  these  assumptions  value  o)  is  nothing  else  but  the 

coefficient  of  proximity  for  furcticning  the 
uncertainty/indsterminancy  x-i/.  of  the  function 


Key:  (1) .  with. 


Fit. 


Oi—f  — 

I  0  (i.  -• 


(6.5) 


Consequently,  in  accordance  with  the  hypothesis  of  proximity  the 
task  of  determining  the  quasi-o pt imal  signal,  which  maximizes 

Q).,  is  equivalent  to  apprcximaticn/approach  to  function  F  (t ,  Q)  , 
assigned  in  the  form  (6.5).  It  is  possible  to  usn  the  results  of  the 
previous  chapter  for  the  solution  of  this  protlam. 
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In  this  case  it  is  convenient  to  use  the  method  of  sussman, 
which  uses  coordinate  representations.  As  it  was  shown,  solution 
gives  eigenvector  of  matrix  G  whose  elements/cells  are  determined  in 
the  form 

n.idwn,  (6.6) 


and  the  maximum  value  W(g,  a),  attained  at  the  guasi-optimal  signal, 
is  greatest  eigenvalue  a,„„  of  this  matrix/die. 


Hare  K.,.-  darived  base  functions,  connected  with 
/«r#a  cf  base  functions  /„(f)  with  relaticnship/r at io 
rr.at  function  g  (t,  C)  possesses  symmetry 


the  selected 
(5.23) .  It  is 
(5.  17)  . 


«  ;  1 1 3  c 
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As  is  known,  finding  eigenvalues  and  eigenvectors  of  iiatrix  is 
connected  with  the  diagcnalization.  Thera  is  the  unitary  conversion 


(/)  =  ^  flmn/mnU)* 


with  which  a  base  systea  it  is  converted  into  this  new  system 

that  the  matrix/die  G  fcecoies  diagonal,  i.e.. 


_  I  U  n)H  m=^n\ 
i  ,  Cb 
I  niH  m  —  n. 


Key  :  ( 1)  .  with. 


The  elements/cells  of  principal  diagonal  are  eigenvalues  and 
new  base  functions  are  eigenvectors  of  matrix  G,  This  mat  hod 

of  finding  of  eigenvectors  and  eigenvalues  not  only  and  always  not 
best,  but  in  the  task  in  guesticn  it  leads  to  the  necessary  results. 


6.3.  Circular  region. 


■  j 

> 

1 

4 

i 

. 

.1 

*■  4 


Let  the  region  be  a  circle  of  radius  H  * : 

FOOTNOTE  ».  Hars  and  throughout  t  and  Q  -  dimensionless  quantities. 
Such  designations  are  used  for  siirclification  in  the  recording,  it 
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would  be  it  is  more  apply  coordinates  »j»>/r  and  s— Qt.  EMDFOOTNOTE. 
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Let  us  select  as  the  base  functions  in  the  space  of  the  signals 
of  the  function  of  Hermits 

where  =  i  — ipe'’— “  Hermite's  polynomial. 


Then,  for  the  derived  base  functions  we  obtain  according  to 


(5.23)  ; 


OD 

xh„,V-4-).xp{  -  +,Q,.j  J,. 


or,  after  simple  conversions. 


/V (/,  Q)  =  r  e-‘*  X 

(O-n+m  „!  ^1)1/-  J 

(x  -  '-=^j  dx. 


The  value  of  lattar/last  integral  is  known  ([21],  page  85  2).  After 
using  polar  coordinates  (r,  ♦)  in  the  plane  (t,  0),  finally  we  find: 


DOC  =  80  2067  07 


PAGE 


Pnm  (f)  — 


(• 

\ 

' 

\ 


ni  y/s 

^f2"-m  ; 

J 

_ m*.  '  >/2 

ntj*"-*  j 


m 


«i 


W^m, 
n  <  m. 


Here  L'"**  i.t)  =  -Ve*.v“*-^(e-*.v''*'‘)  Laguetre’s  poly  ncirial^. 

FOOTNOTE  *.  Thasa  results  are  of  interest  also  in  the  following 
sense.  As  is  known,  the  functicrs  cf  Laguerre  -z.;*' fxi  forn 

complete  orthogonal  system  in  interval  (0,  -) .  Taking  into  account 
the  completeness  of  the  system  cf  harmonic  functions  in  the 
interval  (0,  2»)  it  is  net  difficult  to  note  that  functions  (6,7) 
form  complete  system  in  the  entire  plans.  Any  other  system  of  derived 
base  functions  is  connected  with  functions  (6.7)  with  unitary 
conversion.  This  proves  the  ccafleteness  of  the  system  of  derived 
bases,  by  any  generated  complete  system  of  orthogonal  functions  in 
the  space  of  signals.  ENCFCCThCTE. 

Page  156, 

Lst  us  now  count  matrix  elements  G,  by  assuming  that  weight 
function  possesses  the  circular  syxaetry:  g(t,  Q)=g(r).  Passing  in 
integral  (6.6)  to  the  polar  coordinates,  we  find 

R  In 

C'nm=.^  j  ii(r)?„„{r\rdr  ^  e~' (6.8) 

u  0 
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Is  obvious,  G -  =  0  with  anc 

H  K 

G„„  =  =  j  in  p„„  (/■)  rdr  —  jg  (r)  rdr  — 

I.U  u 

R'n 

=  J  (6.9) 

I) 

Consequently,  G  -  diagonal  matrix/die.  This  means  that  after 
selecting  for  the  function  of  Heiiite,  we  "guessed”  that  only  system 
of  base  functions  in  the  space  c£  signals,  for  which  matrix/die  G  was 
diagonal,  this  occurring  for  any  weight  function,  symmetrical  on  0, 

Proa  previous  it  fellows  that  the  base  functions  of  this  system 
-  the  function  of  Hermite 

are  the  signals  for  which  the  partial  space  W  (g,  o)  takes  outer 
limits. 

Outer  limits  themselves  are  equal  to  eigenvalues  /.»  and  they  are 
expressed  by  integral  (6.S),  and,  although  eigenvalues  depend  on 
weight  function,  extreme  signals  -  eigenvectors  of  matrix  -  the  same 
for  weight  functions,  which  possess  circular  symmetry. 

In  order  to  find  the  quasi-opt imal  signal,  which  maximizes  o). 

it  suffices  to  now  select  greatest  of  the  axtrsraa,  greatest 
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eigenvalue  As  it  is  clear  free  (6.9), 
of  the  expansion  of  the  function 


f(/2jc)  = 


\gW^x)apux<-Y- 

tr>H  JC>-2- 


r 

0 


values 


are  coefficients 


Key :  ( 1)  •  with. 


according  to  the  functions  of  Laguerre. 
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Froa  the  character  of  the  latter  it  is  clear  that  if  function  g  (r)  is 
positive  and  mono-tone  decreases  (it  does  not  grow)  with  increase  in 
r,  then  naxinum  >.«  is  obtained  for  n=0.  Therefore  for  any  decreasing 
weight  function  guasi-o ptinial  is  the  Gaussian  signal 

'6.in 

for  which 

/,,(/.  =  =  16.12) 

Consequently,  setting  g=1,  we  have  from  (6.9) 

•  R 

max  IT,  (?)  =  i,  =  f  e"'”  Vdr 2  ( 1  -  e"'' 

For  weight  functions  of  another  type,  whicn  have  an  oscillatory 
nature,  guasi-optimal  signal  car  be  another  function  of  Hermite,  but 
these  cases  us  further  interest  will  not  be. 


I 
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6.4.  OptlDum  signals. 

Let  as  return  to  the  task  about  the  optinua  signal,  which 
maximizes  partial  space  V<(nK  determined  by  formula  (6.1).  without 
having  the  capability  to  propose  the  direct  method  of  determining 
this  signal,  let  us  construct  the  iterative  process,  which  leads,  in 
the  limit,  to  the  solutici.  Being  limited  to  the  again  real  functions 
of  uncertainty/indeterminancy  (even  and  odd  signals),  let  us 
introduce  into  the  examination  value 

=  (6.13) 

a 

where  x«  and  x»>‘-  functions  of  the  uncertainty/indeterminancy  of 
signals  s  (t)  and  h  (t)  respectively,  and  we  will  increase  this  value 
as  follows. 

Let  us  assign  first  certain  signal  sCo)(t)  and  after  defining 
function  Q).  maximize  value  by  selecting  signal  l^^(t)  and 

by  considering  function  as  weight 

xf’ 

Page  158. 

As  we  saw,  for  this  it  is  necessary  to  determine  from  formula  (6.6) 
matrix/di®  Gfo^and  to  find  its  eigenvector,  which  corresponds  to 
maximum  eigenvalue  Waxiium  value  Wsftioi  is  agual  to  this 
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eigenvalue 


Then,  fixing/recording  the  ofctaiaed  signal  h(®)(t)  and  the 
function  of  uncartainty/indeter itinancy  It  is  determined  the 

quasi-optimal  signal  s&^it),  maximizing  integral  (6.13),  in  which  now 
weight  function  is  xi*”  (^.  Q).  Appropriate  eigenvalue  let  us  designate 


The  following  apprcximations/approachss  ara  obtained 
analogously:  with  f ixed/tecorded  ^*)(t)  is  determined  the 
quasi-optimal  signal  and  then,  on  the  contrary,  on  signal 

hO'Vt)  is  determined  the  signal  cf  the  second  approximation/approach 
s(^(t)  and  so  forth.  It  is  easy  to  see  that  this  process  leads  to  the 
ascending  series  of  eigenvalues 


tnm» 


(6.14) 


This  sequence  is  bounded  atove.  Actually/really ,  as  it  is  clear 
from  (6,13),  ir,^(o)  is  a  ccefficiert  of  the  proximity  of  functions 
Xi(/‘,  Q)  and  XhU<  S2).  Consequently, 


The  aforesaid  means  that  sequence  (6.14)  converge  to  certain 
limit.  As  a  result  are  determined  two  saturation  signals  Sopt(t)  and 
ftopi(i),  for  which  value  ir,h(o)  takes  greatest  (limiting)  value.  Let  us 
demonstrate  that  without  taking  into  account  unessential  phase  factor 
these  saturation  signals  coincide  ^opt(n  and,  therefore. 
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iterations  lead  to  the  oaxiouoi  value 

V.  {«)  =  W^«  (3)=  JJzI  (^.  dt  dQ. 

« 

Let  for  the  selected  region  o  there  be  one  or  several  optimuin 
functions  of  uncertaint y/indeterninancy  Xk(t,  Q).  for  each  of  which 
partial  space  V,{a)  it  has  the  greatest  possible  value  of  Vq  : 

max  V',  ( 31  mix  ^  j J-/;  didQ  =  ^  J j  vl  dt  dCl  =  V,(z). 

•  9 

Page  159, 

Then,  applying  to  (6.13)  Schwarz-Buniakowski's  inequality,  we 
can  register 

<t 

^ IjrJJ  dt  dCl  =  V';,  (3)  <  Vj  (5),  (6.15) 

9 

\f  will  be  achieved /reached  equality  in  both  cf  these  inequalities, 
value  ir,,A(a)  will  take  greatest  Ecssible  value.  But  in  the 
relationship/ratio  of  a  Schwarz-  Euniakowski  equality  is  reached  only 
in  such  a  case,  when  factors  are  proportional.  Taking  into  acoount 
standardization,  this  means  that  the  functions  of 
uncertainty/indeter minanc y  must  coincide.  As  a  result  in  order  to 
ensure  equality  also  in  the  latter  from  relationships/ratics  (6,15), 

it  is  necessary  to  satisfy  the  cctdition 

(f ,  ni  =  •/;.  (t.  Cl)  —  /»!/.  Qi.  (6. 1  6) 

The  function  of  uncertaint y/irdeterminancy  uniquely  determines 
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the  realizing  signal,  if  we  dc  not  consider  the  arbitrary  initial 
phase  (see  §7.1)  .  Therefore  vlthont  talcing  into  account  this  phase 
condition  (6.16)  is  equivalent  to  the  following: 

Sopt  flopt  (^) 

where  ^*(0  the  signal,  which  realizes  the  optimum  function  of 
uncertainty/inde ter minanc j  £, (/. Q), 

Thus,  when  iterations  actually/really  give  global  maximum  to 
value  they  lead  tc  twc  identical  signals  which  are  determined 

as  a  result  of  approximations/apprcaches. 

Belative  to  the  uses/applicaticns  of  this  method  it  is  possible 
to  note  the  following.  It  is  sutstantial,  what  signal  ^o''(t)  is 
selected  as  the  initial  on  first  stage.  The  nearer  this  signal  to  the 
optimum,  the  more  rapid  the  iteration  they  lead  to  the  target. 
Furthermore,  the  unsuccessful  selection  of  initial 
approximation/approach  can  lead  tc  the  erronecus  result:  will  be 
found  the  maximum  of  value  bat  not  greatest,  global. 

Iterations  one  should  begin  frox  the  signal,  close  to  the  optimum, 
and  as  similar  it  is  expedient  tc  select  the  guasi-optimal  signal, 
which  maximizes  value  (6.2).  As  it  was  noted,  the  guasi-optimal 
signals  are  close  and  optimum. 

Page  160. 
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The  method  examined  creatl;  easily  leads  to  the  result  for  the 
circular  region  a.  After  selecting  as  zero  apEroximation  the 
guasi-opt imal  Gaussian  signal  (6.11)  with  the  function  of 
uncertainty/indaterminancy  (6.12),  it  is  necessary  during  the  first 
stage  to  determine  signal  hCo)(t)  ,  that  maximizes  value 

■in  Jt 

(*)  =  ’^1 1  e  ^  1*)  rdrdf. 

0  j  ■ 

Since  weight  function  g  (r,  ?)  =  depends  only  on  r  and  mcnotcnically 

it  decreases,  as  shown  it  §6.3,  signal  h(o)(t)  will  be  Gaussian  - 

It  is  obvious,  further  approximations/approaches  will  also  give 
Gaussian  signals  in  each  stage.  Thus,  for  the  circular  region  we 
again”  guessed”  optimum  signal  -  this  is  the  Gaussian  signal,  which 
coincides  with  the  guasi-cptiiral. 

Knowing  optimum  signal,  it  is  easy  to  count  the  maximum  partial 
spaca  of  the  body  of  uncertainty/indeterminancy  for  the  circular 
region: 
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If,  using  the  fornula  of  Klauder  (6.4)  tc  deform  circular  region 
into  the  elliptical  with  the  arbitrary  inclination/slope,  then 
optimum  will  ba  in  general  Chn  impulses/momenta/pulses  with  a  linear 
change  in  the  frequency  and  gauss jan  envelope  [7]: 


Page  161. 


i  I/)  =  ex'j  ^  —  f-L 

I  I 


But  in  accordance  with  that  presented  the  value  of  partial  space 
during  this  strain  is  net  changed  and  it  is  as  before  given  by 
formula  (6.17),  which  is  conveniently  registered  in  the  form 

in«  V,  (5)  =:  1  -  (6.18) 

t 

where  S  -  area  of  ellipse  in  the  plane  (t,  Q)  .  This  result  can  be 
used  for  the  e valuaticn/estimate  cf  maximum  partial  space  in  ether, 
not  elliptical  regions.  It  is  easy  to  show  that  if  certain  region 
is  wholly  included  within  <»2,  then  Therefore,  if  the 

assigned  arbitrary  region  »  is  described  by  certain  ellipse  with  an 
area  of  Sj  and  is  inscribed  in  it  another  ellipse  with  an  area  of  S^, 
then  on  the  basis  (6.18)  we  obtain 

1  —  ■*  >  max 1  —  e“ (6.19) 

Apparently,  this  relationship/rat ic  sufficiently  fully  considers 
maximum  partial  space  for  the  regions,  which  are  of  practical 
interest. 


As  showed  Klauder  [38]  hermitian  signals  (6.10)  are  only,  for 
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which  the  functions  of  uncertainty/indetsrminancy  possess  circular 
symmetry.  It  is  logical  tc  assume  that  the  maximization  of  the 
partial  space  of  the  body  of  uncertainty/indeterminancy  in  the 
circular  region  requires  a  similar  symmetry.  A  strict  proof  of  this 
position  is  givan  above  [9], 


The  global  maximum  of  partial  space  gives  Gaussian  signal  -  zero 
function  of  Harmite.  For  this  signal  the  contraction  coefficient  is 
of  the  order  of  one.  One  cf  the  ways  cf  transition/juncticn  to  the 
signals  with  the  large  compression  is  connected  with  the  strain  of 
region  into  tha  elliptical.  In  this  case  is  obtained  LFM 
impulse/momentum/pulse  with  gaussian  envelope.  Another  possibility 
consists  in  the  fact  that  after  preserving  circular  region  we  are 
given  contraction  coefficient,  but  we  seek  global,  but  one  of  local 
of  the  maximums  of  partial  space.  As  can  be  seen  from  that  presented, 
in  this  case  should  be  selected  the  function  cf  Hermits  of  high 
order,  moraover  order  m tst  be  matched  with  the  assigned  ccmpressioc. 


Subsequently  will  be  shown  that  this  path  it  leads  to  tha 
signals  whose  satisfactory  approximation  give  signals  with  the  phase 
manipulation.  Thus,  the  task  about  the  maximuir  of  the  partial  space 
of  the  body  cf  uncertaint 5/indeteiminancy  leads  to  two  most  widely 
used  classes  of  serrated  signals  -  Chi'!  and  F.'l. 
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The  BaxiBun  partial  space  cf  the  body  of 
uncertainty/irsdstsrminancy  uas  traced  also  in  the  work  of  Price  and 
Hofstetter  [55].  In  this  work  are  cttained  useful 
svaluations/estimates  for  the  maximum  partial  space,  but  are  not 
revealed  the  signals,  which  realiee  this  space. 

6.5.  Minimization  of  partial  space  in  the  assigned  interference  zone. 

To  the  minimization  cf  the  partial  space  of  the  body  of 
uncertainty/indater minancy  leads  the  task  about  the  decrease  (or 
complete  suppression)  of  the  mixing  reflections  from  the  distributed 
in  the  space  multiple  reflectors  -  dipole  cloud,  the  underlying 
terrestrial  or  sea  surface,  etc. 

Let  in  the  plane  (t ,  Q)  be  assigned  the  interference  zcn=  «, 
i.G.,  the  region,  in  which  are  concentrated  the  mixing  reflections, 
and  with  t=Q=0  is  located  the  observed  pinpoint  target.  Signal 
amplitude  from  this  target  is  prcpcrtional  to  the  value  of  the 
function  cf  uncertainty/indeter minancy  |x(0,0)|,  and  the  average/mean 
power  of  passive  jamming  -  to  value  of  the  partial  space  V(o).  If  we 
take  into  account  also  the  inherent  noise  of  r'lsceiver,  th?  ratio 


"signal/ ( inter fsrence  +■  rcise)"  obtains  expression  (with  an  accuracy 
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to  unessential  for  us  constant  factor) 

(6.20) 

where  8  -  constant,  which  depends  cn  the  relationship/ratio  of  the 
noise  density  and  specific  jaoiaino  intensity. 


Therefore  the  maxioizaticn  of  the  excess  of  the  signal  above  the 
interferences  is  reduced  to  the  task  about  the  minimuo  of  the 
functional 


<D=  V(o)  — |it/=min. 


(6.21)  , 


where  m  -  indefinite  factor  of  lagrange.  This  task  has  great 
practical  value,  and  by  it  is  given  much  attention  [  58,  62,A71,  89, 
91,  92,  etc.  ]. 


Not  always  the  maximum  cf  the  excess  of  the  signal  above  the 
interferences  is  achieved  by  the  agreement  of  the  sounding  signal  and 
filter.  Therefore  into  the  space  the  case  it  is  necessary  to  examine 
the  cross  function  of  uncertainty/indetarminancy  and  the 

partial  space 
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In  this  connection  are  studied  three  tasks: 
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1)  the  optimization  cf  filter  (receiver)  h(t)  with  the  assigned 
signal  s(t},  i.e.,  the  task  atont  the  optimum  mismatched  processing; 

2)  optimization  cf  the  pair  signal- filter,  i.s,,  determination 
s  (t)  and  h(t),  with  which  functional  (6.21)  reaches  the  global 
minimum; 

• 

3)  the  optimization  cf  signal  s(t)  during  the  matched 
processing,  i.e.,  with  s(t)=h(t). 

Let  us  note  that  in  the  latter  case  L/=|x(0,0)  |  =  1  and 
minimization  (6,21)  is  reduced  to  the  "pure/clean"  task  about  the 
minimum  of  partial  space. 

It  is  not  difficult  >.0  ncte  also  that  in  the  case  of  the 
mismatched  processing  the  partial  space  is  a  quadratic  functional 
relative  to  h  (t)  and  relative  tc  s(t),  and  during  the  matched 
processing  V  there  is  a  functicnal  of  the  fourta  degree  relative  tc 
s(t).  Therefore  the  first  cf  the  tasks  indicated  are  substantially 
simpler  than  the  others.  But  even  this  task  is  reduced  in  the  space 
the  case,  tc  the  problem  cf  eigenvalues,  and  finding  of  the 
corresponding  eigenfunction  (cptiiua  characteristic  cf  filter)  it 
requires  bulky  calc ulat icns* . 
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FOOTNOTE  ».  Let  US  note  the  close  analogy  of  this  task  with  the 
maximization  of  the  partial  space  where  we  succeeded  in  only** 
guessing"  the  solution  in  the  particular  case,  and  also  with  the 
synthesis  of  the  functions  of  uncsrtainty/indeter  mi  nancy,  examined  in 
Chapter  5.  ENDFOOTNOTE. 

The  synthesis  of  optimum  pair  signal-filter  and  task  about  the 
optimum  matched  processing  is  even  more  complicated.  The  general 
efficient  methods  of  their  scluticn  apparently  there  does  not  exist. 

So  is  matter,  if  interference  zone  «  is  arbitrary.  He  will 
examine  interference  zone  in  the  fcim  of  infirite  Doppler  band  (Fig. 
6.3)  .  This  zone  is  of  practical  interest  for  the  Doppler  systems  and 
in  some  analogous  cases.  The  zone  of  this  form  was  traced  in  [92], 
but  the  work  indicated  certains  faster  the  fcrmulaticn  of  the 
problem,  than  its  soluticc. 

Page  164. 

Meanwhile  as  it  will  be  shewn,  for  the  zena  of  this  form  it  is 
possible  to  obtain  the  comprehensive  analytical  solutions  of  all 
three  tasks  -  about  the  eptimum  misBatched  prccessing,  about  the 
optimum  pair  signal- f liter  indicated  and  about  the  optimum  of  signal 


with  matched  filter. 


He  will  see  also,  that  these  tasks,  although 
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they  examine  the  fuacticn  of  uncettainty/indeterminancy ,  are  close  to 
the  synthesis  of  correlation  fuccticns,  traced  in  Chapter  4.  In 
particular,  the  solution  significantly  uses  Gibbs's  lemma  (see  §4.6) 
and  its  generalization,  given  belcw. 


Let  us  note  also  that  after  using  the  theorem  of  Klauder  (6.4), 
it  is  possible  to  place  interference  band  at  arbitrary  angle  in  the 
plane  (t,  Q)  and  by  the  fact  to  somewhat  widen  the  field  of 
application  of  our  results. 


j 

i 


I 


6.6.  Interference  zone  in  the  form  of  Infinite  Doppler  band. 


For  the  interference  zone  in  question  the  partial  space  of  the 
body  of  uncertainty/indeterminarcy  has  a  value 


00  j 

V==^jdQ  =  Ju(Q)rfn.  (6.22) 


—A  —00 


where  v(Q)  -  "space  on  lines". 

c 


ffOMe*o8att  st^a 


Fig.  6.3. 


Key:  (1).  Interference  zona. 
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Using  a  raprssantaticn  of  the  function  of  the 

uncertainty/indeter minancy  through  the  spectra,  we  obtain 

«0  *  * 

p(0)=  = 

X h (^'  +  '? e"  '—'’dicfu.’ d«.= 

\  “  /  J 

•^<0 

—00 

X  ft  8  (uj  —  ®' )  = 

—00 

00 

-s^  ft- (® -{- d®,  (6.23) 


where  a(w)  and  b(w)  -  the  anplitude  spectra,  which  correspond  to 
signal  and  filter. 


As  with  the  synthesis  of  ccrrelation  functions,  we  will  ta 
bounded  to  the  class  of  the  ever  anflituds  spectra  a  (w)  and  b  («)  (see 
§4.1)  .  Then  froa  (6.23)  we  have 


•f  / 

V 


-  Q)- 


I 


.’s 


00 

b’  uo  —  ffui  -= 

>00 


00 

j*a’( — <u)6-(— »  —  Q)t/u>  = 

—00 

CO 

=  -:^  ja’(®)6’(«  +  Q)<^“  =  t»(Q). 
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Proo  this  relationship/ratio  it  is  clear  that,  without  changing 
the  value  of  partial  space,  it  is  possible  to  supplement  to  the 
interference  zone  in  question  the  symmetrical  band,  shown  in  Fig. 
6.3.  Therefore  we  will  use  instead  of  (6.22)  the  expression 


V  =  iJjQ (Cl)  \y.(t.  Q)  !* dtdQ  =  i 


where  Q(Q)  -  even  weight  functicn  cf  the  form 


\0-*vB  ocTa;ibHbix  cjiyvaHx. 

Key:  (1).  with.  (2).  in  remainitg  cases. 
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Taking  into  account  (6.23),  is  easy  to  lead  the  axpressicn  of 
particular  space  to  the  canonical  bilinear  fcxm  relative  to  a*(w)  and 
b*  (u)  ; 

00 

V  =p^j’j'Q(®  —  «o’)'a-((u')&=(«B)rf<Ddci)'.  (6.25) 


In  view  of  Q  (Q)  the  kernel  cf  this  form  is  symmetrical^. 


FOOTNOTE  The  symmetry  cf  kerrel  is  caused  ty  the  fact  that  we 
examine  only  the  even  amplitude  spectra.  3ut  this  simplifying 
limitation  does  not  have  fundamental  value.  Further  results  are  valid 
and  in  general.  ENDFOOTNOTE. 
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We  see  that  the  particular  space  in  the  hand  does  not  depend  on 
the  phase  spectra  of  signal  and  filter.  This  leads  in  the  final 
analysis  to  the  generality  with  the  task  of  the  synthesis  of 
correlation  functions.  On  the  other  hand,  value 

00 

u = I  y.1/.  (0. 0)1  =  j  (“)  **  ' 

it  is  obvious,  it  depends  on  phase  spectra.  However,  with  any 
assigned  a  (w)  and  b  (u)  raximuo  0  takes  the  place  when  phase  spectra 
are  matched,  i.e.,  when 

afgs(«»)  =  argA(®),  (6.26) 

^  =  i  (6-27) 

therefore  the  maximitation  of  relation  signal/noise  (6.20)  is 
reduced  for  our  zone  to  variaticnal  problem  (6,21),  moreover  v  and  0 
are  determined  according  to  (6.25)  and  (6.27)  .  In  this  case  the 
function  of  uncertainty/indeter linancy  must,  cf  course,  be 
normalized,  which  indicates  the  stardardizaticn  of  energy  of  signal 
and  filter: 

?  * 

~  =  (6.28) 

— o»  _«o 

In  the  case  of  the  assigned  signal  (task  1)  the  amplitude 
spectrum  a(w)  is  fixed/recorded  and  should  be  sought  only  the 
characteristic  of  filter  t  («) .  During  the  optimization  of  the  pair 
signal-filter  (task  2)  are  found  cut  both  functions  a(u)  and  b(u). 
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Finally,  for  ths  optimization  of  signal  with  th^  matched  filter  (task 
3)  should  be  to  place  b(u)=a(u)  atd  0-1  and  minimized  space  V, 
selecting  a  (m) . 

Page  167, 

In  all  tasks  the  phase  spectra  remain  artitrary  (with  the 
fulfillment  of  agreement  (6.26)),  This  means  that  there  are  many 
optimum  signals,  which  are  characterized  by  by  phase  spectra,  and  it 
is  possible  in  the  latter/last  stage  of  synthesis  to  select  the 
signal,  most  convenient  fcr  the  practical  realization. 

It  is  not  difficult  to  be  convinced  however  that  without  the 
further  conditions  the  formulated  task  has  a  series/row  of  trivial 
solutions  and  is  not  of  interest.  Actually/really,  as  we  now  will 
show,  retaining  maximally  pcssitle  value  of  0  =  1,  always  it  is 
possible  to  obtain  arbitrarily  lew  partial  space,  including  V=0, 
moreover  even  in  this  case  the  scluticn  is  not  singular. 

As  it  follows  of  ^6, 27)  and  (6.28),  value  0=1  is  always  achisvad 
by  the  matched  processing,  i.e.  ,  with  a(u)=b(i,).  Assuming  this 
condition  carried  out,  let  us  consider  first  the  case  of  narrow 
interfarence  band,  i.e.,  A-»0,  Then  v  is  space  on  the  line  and 
according  to  (6.23) 
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V  =  ~  ^'“‘ 

_  » 

Fig.  6.4a  shows  the  spectruB  cf  tha  pericdic  structure  with 
which  this  space  is  equal  to  2erc,  sines  a(u)  and  a((i>  — v)  nowhere 
overlap,  in  general,  with  the  final  width  of  zone  A,  it  is  necessary 
to  only  respectively  widen  zero  regions  in  the  spectrun,  as  shown  in 
Fig.  6,4b. 
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Fig.  6.4, 
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Then  for  each  value  Q  from  the  interference  zcne  space  on  the  line 
equal  to  zero.  Let  us  note  also  that  in  the  nonzero  regions  of  the 
spectruB  can  have  arbitrary  fern:,  provided  these  regions  did  not 
overlap  with  the  appropriate  shifts/shears.  Further  mere,  it  is 
possible,  of  course,  to  vary  the  span  of  the  spectrum,  changing  a 
number  of  nonzero  zones,  let  us  nets  that  the  particular  spectra  of 
this  form  correspond  to  the  signals,  characteristic  for  Dcppler  RLS 
to  monochromatic  oscillaticn/vibration  and  to  coherent  packet. 

So  that  our  task  would  become  mesmingf ul ,  it  is  necessary  to 
superimpose  further  limitaticn  ce  atrplitude  spectra  a  (u)  and  b{u) 
and,  therefore,  for  the  ccrrelaticn  function 
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/?  (0  =  X  (i,  0)=±  ja  (,0)  b («)  e^-'  d®. 

But  3v3n  limitation  of  the  duraticn  of  correlation  function 
(parameter  of  permission/rescluticr  according  to  Woodward)  is  here 
insufficient,  since  this  duraticn  depends  in  essence  on  the  overall 
width  of  the  spectrum  which,  as  we  saw,  was  arbitrary. 


The  practical  limitation  of  necessary  form  is  obtained  from  the 
following  consideraticn.  The  pericdic  spectra  of  the  type  Fig.  6.4 
give  the  multipeak  correlation  functions  8(t)  (cf.  the  case  of 
coherent  packet).  From  previous  it  is  clear  that  with  this 
correlation  function  it  is  possible  to  obtain  zero  interference  level 
(if  only  interference  zcne  does  net  switch  on  axis  il=0)  .  But  in 
multipeak  R  (t)  is  assential  the  ambiguity  of  the  measurement  cf  the 
time  cf  arrival.  Therefore  should  be  sought  a  compromise  between  the 
interference  level  and  the  desired  form  B(t).  For  this  we  will  bound 
amount  of  deflection 


F(t)l^df  = 


f  (®)]’ =  const, 


(6.29) 


where  P  (t)  -  the  desired  (single-peak)  is  correlation  function,  and 
T  (u)  -  its  spectrum. 
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Let  us  nota  that  F  (t)  can  fce  unrealizable  and  with  respect  to 
F  (w)  can  take  negative  values. 

Taking  into  account  (6,29)  we  come  to  the  minimizaticn  cf  the 
functional 

=  — cW'.  (6.30) 

where  c  -  new  arbitrary  factor.  In  the  case  of  the  matched  processing 

U=1  and  ccrrespondi ng  ccm ponent/teru/addend  in  (6.30)  must  be 

excluded. 

6.7,  Optimization  is  filter  with  the  assigned  signal. 

Lat  us  pa^s  to  the  solution  cf  the  first  of  the  tasks  in 

question,  problem  about  the  optimum  mismatched  processing.  We  will 

consider  that  the  spectrum  of  signal  a(w)  is  assigned,  and  we 
minimize  (6.30),  selecting  the  spectrum  of  filter  b(w).  After 
rewriting  (6.25)  in  the  fcrm 

j  6’(<Dlda>, 

—00 

00 


w  here 


(6.31) 
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taking  into  account  (6.27)  and  (6.29)  lat  us  prasent  the  functional 
being  investigated  in  the  foro 

00 

(J)  =  ^  j  {AT  (ui)  g  ((U)  —  ;j.  <7('<n)l  "g  («U|  — 

—  C  (a  (<n)  )  g  (‘“i  — ^  (“•I'l 

moreover  the  unknown  function  g(u)=b2(u)  it  is  subordinated  to  the 
limit  at; '  is 

00 

g(<D)>0  H  |g(<*)d«=l.  (6.32) 

The  second  cf  these  limitations  corresponds  to  standardization 


(6.28) 
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In  view  of  Gibbs’s  lemma  (see  §6.9)  optimum  g(u»)  it  satisfies 


the  condition 


f  '  f 

K{m)-  ca-'  (0.)  -  (^  '2  -  cF  to,))  .^M=r  ^  ^  <“>  >  °' 

'  S  (“)  f>(5H  g  (U))  =  0. 


Kay:  (1) .  with. 


whar?  X  -  certain  constant.  Therefore 


,6.33) 


moreover  for  those  w,  where  the  latter/last  ineguality  is  net 
fulfilled,  should  be  placed  fc(«)=C, 


The  parameter  x  in  (6.33)  must  be  fitted  so  as  to  satisfy 
standardization  (6.32),  and  the  parameters  ^  and  c  so  as  to  fulfill 
assigned  U  and  V,  The  determinaticn  of  these  parameters  is  ccnnectad 
with  soma  difficulties.  But,  being  given  and  c  (and  selecting  X 
from  standardization  condition)  ,  it  is  possible  to  construct 
biparametric  family  of  curves  b(«)=t{u;  p,  c)  ,  which  minimize  part:  a 
space  with  different  U  and  W,  According  to  (6.3  3)  with  the  arbitrary 
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signal  optiaun  filter  with  it  is  not  matched  (b  (u)  #=a  (u)  )  .  After 
assuming  in  (6.3^  c=0,  we  come  tc  the  decisicn  of  task  (6.21) 
without  further  condition  (6.29).  in  ths  case  of  the  assigned  signal 
this  task  makes  sense. 


6.8.  Optimization  vapors  signal  -  filter. 


Let  us  consider  first  the  task,  reverse/ inverse  of  previous.  Let 
the  spectrum  of  filter  b  (<«)  be  assigned  and  is  required  to  fit  the 
optimum  spectrum  of  signal  a  (u)  in  order  to  minimize  functional 
(6.30).  In  view  of  the  complete  symaetry  of  these  tasks  not  difficult 
comprehending  that  unknown  spectrum  is  determinad  from  the  same 
formulas  (6.31)  and  (6.33),  if  we  in  them  interchange  the  position 
a  (u)  and  b  (u)  ,  i.  e. , 


where 


a  ( «)  I  = 


{:>■ —  f  A  (m))  b  (tt>) 

K  ^(o>  —  rb-  ((d)  —  \ 


>0. 


(6.34) 


9 

jQf®  — ®')6*((»')d(»'. 


the  parameters  and  c  are  defined,  as  it  is  earlier.  It  is  her? 

taken  into  consideration,  that  kernel  Q(«-w»)  is  symmetrical. 
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Osing  thesa  results  1st  us  show  that  the  optimization  o£  the 
pair  signal-filter  leads  in  our  case  to  the  matched  processing. 
Actually/rsally ,  being  transmitted  from  the  suitable  initial 
approximation/approach  Sq  (u) ,  it  is  possible  to  construct  the 
following  iterative  process.  First  through  the  spectrum  of  signal 
ao(«)  we  find,  using  formula  (6.33),  optimum  for  this  signal  spsctrum 
of  filter  bo  (w)  .  Then  through  boCw)  we  find  through  formula  (6.  3h) 
optimum  for  this  filter  spectrus  of  signal  Si  (w)  ,  and,  continuing,  ws 
determine  bn  on  t-’.i  and  cn  b„. 


Since  at  each  space  (during  the  definition  of  signal  from  the 
filter  cr  filter  on  the  signal)  is  used,  in  essence,  one  and  the  same 
formula,  the  process  in  guestion  can  be  treated  as  the  process  of 
determining  not  two  functions  a  (w)  and  b  (w)  ,  tut  one  function  z(u), 
the  algorithm  of  successive  approximations  talcing  the  fora 


Zj  +,  (<o)  = 


(.U.  '2  —  cF  (&>)) (h)> 

•  'x  (“)  —  tr-  (<o)  —  >. 


(6.35) 


Values  with  the  ever*  rusbers  i=2a  give  successive 
approximations  a,„  and  with  the  cdd  i=2n«-1  -  value  bn. 


If  this  process  descends,  values  r,  and  will  converge  and 

in  the  limit  they  will  coincide,  lie  will  arrive,  therefore,  at  th5 
agreement  of  signal  and  filter:  a(w}=b(u).  However,  the  convergence 
cf  process  (6.35)  is  ret  preved.  Therefore  we  will  use  another 
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consideration. 

If  pair  signal-filter  is  optimum,  then  signal  is  optimal  for  th3 
filter,  and  filter  -  for  the  signal.  In  other  words,  a(u)  and  b  («) 
simultaneously  satisfy  ccnditiors  (6.33)  and  (6.34).  From  (6.33)  it 
is  evident  that  if  with  certain  w  spectrum  a(t)=0,  then  also  t(u)=0, 
while  from  (6.34)  fellows  reverse/inverse  confirmation.  Therefore  the 
frequency  domains,  in  which  a  (w)^C  and  b  (y)  4o  coincide.  We  will 
further  examine  only  this  frequency  region,  i.e. ,  to  assume/sat 
a  (u)  >0  and  b(u)>0.  Let  us  introduce  the  designation 

("QI®  —  <o')  g  — eg  (®). 


Page  172. 

Then,  combining  (6.33)  and  (6.34),  it  is  not  difficult  to  obtain 

_  L(fr’)-X. 

<l>  ~  6* 

where  ♦=♦(«)  -  certain  unknown  function.  Thus,  („)  and  b*  («)  ara 
the  decisions  of  the  linear  integral  equation 

L  (g) — ?g = 4r  s  (*')  rf®'— ?  (®)  g  (®) — <^g  (®)=i- 

(6.36) 

which  is  not  difficult  to  reduce  to  the  equation  of  Fradhclm  of  the 
second  erd-^r  in  thr  standard  form.  L-^t  us  note  that  the  censta.-.t  X 
can  be  different  for  a*  (y)  ana  for  b^  (  y)  ,  but  function  ♦  (y)  and 


I 

I 
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oppiator  L  rhe  sams. 

In  vi-sw  of  Pradholm's  alternative  with  any  funcxicr.  <Hu)  the 
decision  of  equation  (6.36)  is  singular,  if  it  exists  (excluding, 
perhaps,  certain  multitude  of  values  c  of  zero  measure)  .  If  cecisior. 
exists,  it  linearly  depends  on  X  (since  the  equation  is  linear). 
Consequently,  spectra  a  (w)  and  t(fc.)  are  proportional  to  each  other: 

a*  (a) _ 

X,  XT’ 

cr,  considering  standardizaticn  (6.28), 

a((o)=6(®).  (6.37) 

We  corns  to  the  conclusion  that  for  ths  intsrforencs  zone  in 
question  the  task  of  synthesis  cf  the  pair  signal-filter  does  not 
have  indepsndsnt  value.  After  solving  this  task,  we  will  not  obtain 
the  best  results  how  during  the  iratched  processing,  i.e.  ,  by 
examining  ccnditicn  (6. 37)  as  further  limitation. 

6.9.  Generalizaxion  of  Gibbs's  lemma. 

Passing  to  tha  task  aboux  the  cptimum  matcnad  treatment,  wn 
assume/set  a*  (w)  =0^  (u)  =  g  ((.)  and  0=1.  Then  fundamental  functional 
(6.30)  takes  the  fora 

40 

J(^’(®ig(<o)  —  o[5(<o) —  f  (lo)]'}  (fu)  =  tnin.  (6.38) 
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Page  173. 

The  unknown  function  g(u)  is  as  before  subordinated  to 
limitations  (6.32),  but  in  contrast  to  the  previous  tasks  now  K(u)  it 
depends  on  g  (u)  : 

or 

/C{<d)=^  1*3  (»>  — «')?(<»')  d®'.  (6.39) 

This  fact  does  net  permit  us  tc  use  for  the  minimizaticn  Sibbs's 
lemma,  formulated  in  §4.6  and  used  above,  but,  as  it  will  be  shown, 
decision  can  ba  constructed  on  the  basis  of  the  following 
generalization  of  Gibbs's  lemia. 


f»1 

tfher^  Ki  •  linear  form 

=S  Q>vgp’ 

p^\ 

moreover  function  U(g.K)  they  arc  differentiated  of  g  and  of  K.  Th-Jn 
there  are  a  constant  X,  such,  that 
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Kay:  (1)  .  with. 


Lat  us  dsmonstrata  this  ccnf irmaticn.  Lat  fifn>0.  Lat  us  tak«?  similar 
e>0,  that  gn  — e>0.-  Then  the  vector 


.  et  i  ^  n,  i. 

s'  =  gt—*  i  a=/l, 

^<  +  •  fipH  I  =  / 


Key  :  ( 1)  .  with 


it  satisfies  limitations  (6. 40).  Ihstefore,  in  view  of  condition. 


<!>  («)<<!»  (g').  i.e. 


w  here 


S  fi  {gi>  KiXY  fi  {8i>  K'i)  +  fn  (gn—>  ^'n)  + 
<  #«.f 

^  V  <3,  =  V  _  *  ^Q.^  _  Q.^  ^ 

f  p 


Page  174, 


Latter/last  inequality  can  te  rewritten  in  the  form 

S  (?«■  ^ ~  *  tQ*?i  ~“Ql;))l  ^ 

i 

<  fn*8n  -  *.  ^'n)  -f  «.  K',)^fn{gn.  K’n)  — 
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After  dividing  both  parts  on  e  ard  after  passing  to  limit  e — 
after  simple  conversions  fce  will  obtain 

Kn)  +  /,•  K t)<. 

i 

^  ~df  f3(Si-  ^j)4- JjQij  (gi.  Ki).  (6.42) 

i 

If  also  gj>0,  then  “n  the  same  foundations  correctly  rsverse/invers 
inequality.  Couseguently,  when  Sn,  g}>0  in  (6.42)  occurs  equal  sign, 
i.e.,  there  is  a  -j-onstant  X,  which  satisfies  upper  line  (6.4  1).  If 
gi—0,  is  correct  inequality  (6.42),  which  corresponds  to  lower  line 
(6.41).  Confirmation  is  proved. 

Bhen  functions  /<  do  net  depend  on  it  is  obtained  Gibbs's 
usual  lemma  [90],  The  previous  proof  also,  in  the  main  thing,  is 
repeated  [90]. 

It  is  not  difficult  to  see  that  occurs  also  the  analogous 
confirmation  in  the  continuous  version. 


Let  function  g(u),  satisfying  the  limitations 
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u 

^(®)>0  and  const. 


miniaize  the  functional 


^  (s)  —  i>‘>.  g  (*0),  K  (®))  d«. 


« 


where  X  -  linear  operatct  - 

6 

/C(®)=  JQ(«,  «')^(<<»')rf®', 

a 

Boreover  f(w,  q,  K)  it  is  dif ferentiatac  on  g  and  cn  K.  Thin  thzre 
are  a  constant  x,  such,  that 


^  /  (®.  g.  /C)  4-  Jq  K,  g,  K)  dm' 

a 


^  nPA^(")>0. 
X  npn  g  (®)  =  C. 

(6.43) 


Key :  ( 1)  .  with. 


Page  175. 


For  the  proof  it  suffices  to  decomposa  interval  (a,  b)  in  the 
arbitrarily  low  sections  and  to  replace  integrals  with  suns,  and 
then,  after  using  (6.41),  to  return  to  the  integral  form. 

Specifically,  the  continuous  version  of  Gibbs's  Ismma  was  usad 
in  §6.7  for  ths  conclusicr/c utc ut  cf  conditicr  (6.33).  In  this  case 
cf  f  do<=^  s  net  depend  cn  K  and  or  the  left  sids  (6. **3)  there  remains 
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only  first  component/terD/addend. 


Let  as  note  also  that  the  proved  necessary  condition  of  minimuiD 
(6.43)  can  be  interpreted  ctfaemise.  As  usual,  the  normalization 
condition 

* 

^  (£)  =  (®)  =  const 

a 

can  be  taken  into  account  with  the  help  of  Lagrange's  factor  X,  i.s., 
task  consists  of  the  oiniaizaticn  of  the  new  functional 

during  limitation  g^.  In  this  treatment  (6.4  3)  has  the  form 

*  ®^ss0  njm  r;=o. 

Key;  (1) .  with 


where  <I>'i=grad<I>i  -  derivative  cf  the  functional  (see  §1.9). 


This  result  is  natural.  Limitation  g  (w)  determines  many 
permissible  functicns,  the  ccnditicn  g(u)=0  indicating  its 
" boundary". 


Page  176. 


If  the  minimum  of  functicnal  occurs  at  any  internal  point  of  s>t. 
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then,  naturally,  in  it  derivative  is  equal  to  zssro.  But  if  the 
ainifflun  (is  more  precise  the  lover  hound)  it  is  reached  on  th; 
boundary,  derivative  at  the  appropriate  point  can  be  positive. 

These  considerations  prompt  that  the  result,  doss  to  (6.43), 
must  occur,  also,  vith  the  more  cemmen  format  of  functional  but 
this  generalization  by  us  will  ret  he  necessary. 

6.10.  Optimization  of  signal  during  the  matched  processing. 

Being  returned  to  minimization  (6.38),  let  us  note  that  in  this 

case 

^^K  +  2cf-Sci. 

Therefore,  applying  4^*  ^^3)  and  taking  into  account  the  symmetry  of 
kernel  C(«“w*)»  come  tc  cenditier  (6,44); 

eg  H  —  ySr  [Q(»  —  «'l 

(/■  (®)  —  i  J  g(<of=0. 


Key:  (1)  .  with 

moreover  the  constant  x  is  determined  and  the  condition  for 


standardization  (6.32) 
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The  method  of  deciding  the  Integral  equation,  which  corresponds 
to  upper  line  (6.44)  is  well  known.  However,  the  presence  of 
Inequality  In  the  lowe  line  doesnot  make  It  possible  to  directly 
use  this  methoa,  and  is  required  thinner  consideration. 


Let  us  assume  that  the  correlation  function  R(t),  connected  with 
g  (tu)  with  Fourier  transform 


00 


g(»)=  (6.45.) 

—00  p 

decreases  rather  rapidly  with  large  t,  i.e.,  belongs  to  L  .  With 
this,  we  virtually  do  not  reduce  generality:  sjich  R(t)  are  possessed, 
for  example,  <og~-all  signals  of  finite  energy  whose  spectrum  is  con¬ 
tained  in  an  arbitrarily  wide  finite  band.  Then  we  can  select  such  a 
large  time  interval  (-T,  T),  first  having  limited  the  area  of  integration 
in  (6.45)  by  it,  we  obtain  an  air  arbitrarily  small  distortion 
In  other  words,  taking  a  sufficiently  large  T.  we  can  accept 


We  substitute  the  last  expression  in  the  left  side  of  (6.44)  and 
consider  that  Q  (<»)  is  determined  in^accordarce  with  (6.24). 

This  provides  ,  i  , 

—  —  u>  ) (00  ) rfio' = 


=  J  (0  cos  vt^  dl. 

We  see  that  the  left  side  of  (6.44V  is  an  analytical  function  of  to- 
We  also  assume  that  the  functions  F(<^)*  which  stands  in  the  right  side 
is  analytical,  i.e.,  for  example,  that  a  given  P(t)  has  finite  duration. 


Further,  assume  that  in  some  frequency  in“erval  g(coj;>0  and,  con¬ 
sequently,  the  equality  which  corresponds  to  the  upper  line  of  (6.44) 
is  satisfied.  Since  the  functions  of  both  sides  of  (6.44)  are 
analytical,  this  equality  will  be  formally  satisfied  with  all 
and  not  only  in  the  indicated  interval.  This  means  that  where  g  (w) 
is  positive,  it  agrees  with  tg,e  solution  of  the  equation 

^  ST  ^  ?  «")— i.  (6.46> 

—00 

which  is  obtained  from  (6.44)  without  consideration  of  the  lower 
line.  Using  the  normal  procedure,  (see  C933j  sec.  11.1)  we  take  the 
Fourier  transform  from  both  parts  (6.46)  and  after  simple  facings 
we  will  obtain 


t 
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sH=  J— 


-»  -I : 


”  J  ,  sin  < j 

'L  1 - -  cos  V 


1  -  j,-  ’ 


(6.47; 


where  P(t)  the  assigned  functior,  see  (6.29). 


Page  178. 


ti»e^|lEet  us  emphasize  again  that  this  formula  is  accurate,  only  if 
obtained  g  («)  is  positive.  If  right  side  gives  negative  value,  one 
should  according  to  lower  line  (6.44)  to  place  g(u)=0,  i.s.  ,  prcduc: 
the  "cutting”  of  negative  values  as  in  §4.6. 


Formula  (6.47)  gives  the  uriqu?  in  L*  solution  of  equation 
(6.46)  [93].  From  other  side  the  cprraticr.  cuttings"  is  alsc 
iirplzmanted  by  only  form,  since  tta  unknown  censtan-  x  is  uni^u»ly 
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determined  from  the  condition  fcr  the  standardization  (see  below) . 

Thus,  if  the  soluticn  of  our  problem  exists  in  L*,  it  is 
singular. 

However,  decision  exists  net  at  all  values  of  parametsr  c.  Frcir. 
(6.47)  it  is  evident  that  with  scae  c  the  dencminator  of  integrand 
can  become  zero,  then  integral  diverges,  and  g(«)  cannot  be 
det  ST  mined. 

it  the  arbitrary  medium  frequency  of  zone  V  the  decision 
exists,  only  if  OA/v 

FOOTNOTE  This  limitation  cf  allowed  values  of  c  is  substantial 
during  attempts  at  the  numerical  solution  of  task.  .T.t  is  necessary  '•o 
cheese  c  from  the  permissible  region,  otherwise  t?sult  car.  be  absurd. 
3ut  without  having  analytical  decision,  this  field  to  virtually 
detarmine  difficultly;  apparently,  there  is  no  indications  cf 
physical  character,  concerning  the  appropriate  selection  cf 
Lagrange's  c  -  indefinite  factor  ir  functional  (6,30).  At  least,  our 
attempts  to  fulfill  numerically  minimization  (6.30)  proved  to  be 
unsuccessful  for  this  reason.  This  is  cne  example  where  the  numerical 
methods  arc  barely  eifectivs.  E KCFCCTNOTE. 
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L«t  US  considar  th®  iuportant  practical  ca3<3.  will  attempt  *c 
obtain  high  tha  practical  case.  He  will  atteapt  to  obtain  high 
rescluticn  in  the  time.  Than  desitad  F(t)  has  short  duration  r,  such 
that  tA<<1  and  vt<I,  i.c.  the  interfaronca  zcnr:  is  placed  in  cha 
center  section  of  spectruu  Mw)  .  Then  integral  (6.47)  has  final 
limits,  moreover  denominator  little  is  changed  in  the  range  of 
integraticn.  Therefore 


dt-\ 

^  ^  ~ 

The  construction  cf  the  spectrum  is  shown  in  Fig.  6.5,  After 
assigning  certain  Ci>1,  we  must  increase  spectrum  F  (w)  in  c,  times, 
and  then  displace  in  the  vertical  line  by  Xj  and  ’’to  cut”  negative 
value  s, 

Pag?  179. 

The  amount  of  displacement  is  selected  so  as  to  satisfy 
standardization  (6.32),  i.e.,  sc  that  the  area  of  positive  segment  of 
a  curve  would  be  equal  tc  unity. 

Is  the  more  Ci,  the  greater  ths  displacement  Xi,  and  by  the  fact 
in  th?  smaller  banc  is  ircluded  spectrum  g(w)  .  Chocsing  sufficiently 
large  Zi,  it  is  possible  tc  narrow  dewr.  g  (w)  so,  that  the  space  of 
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the  body  cf  uncsrtaint y/indeter irinar.cy  in  the  interference  zcno  will 
be  equal  to  zero.  But  icterference  zone  is  arranged/locatsd  in  th= 
center  section  of  spectrua  P(w),  therefore  in  order  to  obtain  zero 
space  in  the  zone,  it  is  necessary  to  take  g(ii)  ,  therefore  in  order 
to  obtain  zerc  space  in  the  zene,  it  is  necessary  to  take  g(u) 
substantially  narrower  than  T(a).  The  quality  of  the 
approxifflation/approach  cf  correlation  function  to  assigned  F  (t)  , 
naturally,  will  be  in  this  case  peer.  On  the  ether  hand,  expanding 
g  (w)  ,  we  will  obtain  better  approxiiation/a pproach  to  F(t),  tut  specs 
in  the  interference  zone  sharply  will  increase.  We  see  that  the 
conditions  of  low  partial  space  in  the  band  and  good 
approximations/approaches  to  a  rarrew  single- peak  correlation 
function  substantially  contradict  each  other.  During  the  stringent 
requirements  for  the  value  cf  partial  space  tc  find  a  satisfactory 
practical  compromise  hardly  possibly. 
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Fig.  6.5. 

Key:  (1).  Single  area. 

^ge  180. 

L?t  us  not3  also  that  case  C|=1  leads  to  the  task  about  the  best 
approximation  of  autocorrslaticn  function  to  assiynad  unrealizable 
F(t)  (cf  §4.6).  From  the  results  cf  chapter  4  it  is  clear  that  at 
least  in  many  instances,  we  will  cfctain  the  single-peak  correlation 
functions,  similar  to  that  shewn  in  Fig.  4.3.  This  result 
contradicts,  for  example,  the  assumptions  of  work  [92]. 

However,  during  another  location  cf  interf Lr anc-  zone  art 


DOC  =  80206708 


PAGE 


obtained  multipeak  correlation  functions.  In  this  connection  l?t  us 
consider  another  example.  Let  the  sufficiently  narrow  interference 
zone  be  arranged/lccated  cn  certain  reaoval/distance  from  the  center 
section  of  spectrum  F(<j).  Then  (6.«7)  accepts  the  form 

t 

5H=  - 1 - ‘‘  dt  —  X,. 

-i  >-■ 

After  using  further  next  by  Fourier 

t  I  ri  /"i  -  Kr=rr*\i"i 

1  —  a  cos  V/  Y\  —  a*  ^  V  “  / 


we  obtain 


It  is  clear  that  g  («)  is  ccnstruct^d  similarly  to  previous,  tut 
instead  or  the  single  spectrum  F  («.)  is  used  the  sum  cf  such  spectra, 
frequency-displaced  on  ±v,  ±2v.  and  so  forth  and  undertaken  with  th: 
decreasing  coefficients.  If  v  is  sufficiently  great,  these  spectra 
are  considerably  spread,  and  afterward  cuttings  will  remain  not  ur.a, 
but  s€v<=ral  lobes/lugs  cf  the  spectrum.  As  a  result  of  g(w)  it 
approaches  the  periodic  structure,  shewn  in  Fig.  6.4,  and  R  (t) 
becemes  multipeak. 


DOC  =  80206708 


PAGE  3lt^ 


Page  181, 

Chapter  7. 

APPROXIHATION  OP  THE  BEAIIZAEIE  FDUCTIONS  OF  INDETESSINANCY  AND 
AUTCCOBFELATIOM  FOMCTIONS. 

Examining  in  the  previous  chapters  the  synthesis  of  the 
functions  of  uncartaint y/iadetc tminancy  and  autocorrslaticn 
functions,  we  did  not  assign  any  liiritaticns  cn  the  permissitl* 
signals.  With  this  apprcach  ate  revealed/de tecxed  the  maximum 
possibilities  cf  approximaticn/apprcach,  at  best  are  determined  the 
optimum  signals,  which  realize  these  possibilitias,  but  all  this  it 
is  don*  without  taking  into  acccuct  that,  how  t.schnically  ar  = 
difficult  to  achieve  these  or  ether  signals,  la  particular,  the 
signals,  examined  in  chapter  6,  maximize  the  partial  space  of  the 
body  of  uncertainty/indeterminarcy ,  but  they  are  complicated  for  th 
realization,  since  is  required  a  deep  amplitude  modulation  at  rh® 
high  power  level. 

Therefore,  beginning  the  synthesis,  it  is  expedient  to  bcind 
many  psrmissibla  signals  by  kncwicgly  rializatlj  in  the  predret'd 
equipment.  In  particular  for  the  radar  of  main  interest  ar<-  signals 
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with  th€  frfequancy  aodulaticr  cr  the  phase  manipulation  with 
rectangular  envelope. 

A  similar  limitation  of  many  permissible  signals  narrows  the 
possibilities  of  selection,  and  tie  quality  of  approximation/apprcach 
frequently  proves  to  be  consideratly  worse,  than  with  the  signals  of 
arbitrary  form.  Therefore  it  is  possible  to  consider  "ideal"  the 
results,  obtained  with  the  arbitrary  signals  and,  without  examining 
more  general  problem,  to  te  beueded  to  approximaticn/approach  to  the 
realizable  function  of  oncartaict j/indtterminancy  cr  autocorrelation 
function,  optimum  on  many  all  physically  realizable  signals. 

It  is  obvious,  we  come  to  the  fundamental  rasJc  of  synthesis  in 
the  space  of  signals.  The  realizable  function  of 
uncertainty /indatsrminancy  (autocorrelation  function)  , 
approximation/approach  to  which  is  found,  determines  many  desired 
signals  Y.  Each  signal- ^(=y  possesses  similar  functions  of 
iadef initeness  or  a utoccrralaticn  function.  Finding  out  the  minimum 
of  the  distance  between  Y  and  many  permissible  signals  X,  it  is 
possible  to  determine  the  signal,  nearest  to  the  desired  set. 

Page  182. 


In  accordance  with  the  hypothesis  of  proximity  this  permissibli 
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signal  provides  host  approximation  to  the  desirad  property,  i.a.,  to 
the  assigned  realizable  functicr  of  uncertainty/indeterninancy  or 
autccorrelaticn  function. 

However,  it  is  important  to  establish,  as 
approximaticns/approaches  in  the  space  of  signals  they  are  connected 
with  the  approximations/approaches  of  the  functions  of 
uncertainty/indater minancy  and  autocorrelation  functions,  what 
condition  of  optimum  character  satisfy  the  latter,  if  signals  satisfy 
the  criterion  of  proximity.  In  ether  words,  it  is  necessary  to 
explain,  is  applicable  the  hypothesis  of  proximity  to  the  tasks  ir. 
question.  Two  theorems  of  presert  chapter  positively  answer  this 
question. 

7.1.  Synthesis  according  to  tho  function  of 
unc «r taint y/ind= ter minancy. 

Let  thera  be  the  function  cf  uncertaint y/indet erminancy  Q). 

realized  by  certain  signal  s  (t)  ,  let  us  explain  first  cf  all,  is  th  ? 
realizing  signal  only,  ace  there  ether  signals  and  what  they  must  b® 
so  that  the  function  of  uncertainty/indetor minancy  would  coincide 
with  given  ore  ysfr,  £2). 

Let  us  turn  to  the  deter miraticn  cf  the  function  of 
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uncectainty/indeter ainancy  (5.1).  This  rela ticnship/ratio  can  ba, 
obviously,  considered  as  Fourier  transform  on  variable  t*.  Therefore 
on  the  basis  of  inverse  transformation  of  Fourier  we  have 

»(''+-r)**  r)=^ 

or  assuming/setting 

‘/'  +  4-  =  „.  = 

09 

s(u)s*(D)  =  ^  fx.(w-f.Q)exp('-j^Q'\rfQ.  (7.1) 

This  relation Shi p/r at ic  is  the  condition  of  the  feasibility  cf  rhc 
function  of  the  uncertainty/indeter ainancy:  function  Q)  is 
realized  as  the  function  cf  uncertainty/indeterminancy  in  that  and 
only  in  such  a  case,  when  integral  is  to  the  right  the  product  of  two 
identical  compositely  harressed  factors^. 

FOOTNOTE  *.  From  previous  follows  only  the  need  for  condition  (7.1)  ; 
sufficiency  it  is  easy  tc  shew,  iaplementing  the  rsvsrsa/in vers? 
replacement  cf  variable/alternatirg  and  Fourier  transform.  This 
brings  to  (5.1).  ENDFCOTNCTE. 

Page  183. 

Further,  aft«^r  assuming  hars  v=0  and  again  changing  dasigratiens,  w^- 


find 


DOC  =  00206708 


PAGE 


sU)s*(0)  =  4z  '  ^dQ.  (7.2, 

Hare  we  did  not  write  out  value  E#  after  taking  the  normalization 
condition 

.£  =  jj5(/)!*d/=  1.  (7.3, 

From  (7,2)  it  is  clear  that  the  function  of 

uncertainty/indater minancy  r.s(<.  Cf*  determines  the  realizing  signal 
s  (t)  with  an  accuracy  to  the  factor 

s*  (0)=  1  s  (Oj  j  e-  ‘ *  <“’  =  I  s  (0)  I  cJ 

Amplitude  |5(0)|  is  uniquely  determined  further  by  the  condition  for 
standarditation  (7.3),  but  initial  phase  <Po  remains  arbitrary. 
Consequently,  two  signals,,  realizing  one  and  the  same  function 
uncertaintias/indet erminancies,  can  be  characterized  by  only  initial 
phase.  It  is  not  difficult  to  note  that  this  condition  is  alsc 
sufficient:  if  signals  are  characterized  by  orly  initial  phase,  thfn 
they  have  the  identical  functions  of  uncertairty/indeterminancy. 

Actually/raally ,  product  s[t*'*’(t/2)  ]s*[t'-(t/2)  ],  obviously, 
does  not  depend  on  initial  phase,  tut  the  function  of 
uncertainty/indeterminancy  (5,1)  contains  signal  only  in  the  form  cf 
the  product  indicated. 

Thus,  let  ther«  be  the  function  of  uncertainty/indeterninancy 
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3»»  I 

X«(A  Q).  realized  by  signal  s(t).  According  to  proved  the  same 
function  of  uncertainty/indeter tinancy  have  all  signals  of  the  form 

y(t)  =  sit)e^\  i'A) 

and  any  signal,  different  from  (7.4),  it  has  another  function  of 
uncertainty/indstarmirancy,  Therefcrc,  examining  th^  task  of 
synthesis  according  to  the  realizable  function  of 

uncertainty/indstar  minancy  Q).  ve  they  must  include /connect  in 

the  desired  set  Y  the  signals  of  form  (7.4),  which  differ  only  in 

( 

terms  of  initial  phase  frcm  eac)  ether.  / 

Further,  let  there  be  an  arbitrary  multitude  of  the  prraissibl^ 
signals  X. 

Page  184.  j 


i 

r  'i 


i 

i 


^  i 

r-  ' 


Let  us  explain,  what  condition  cf  cptimum  character  satisfies  sign*; 

nearest  to  set  Y.  Fcr  this  let  us  fix  first  Crrtain  permissitl' 
signal  5^-V  let  us  find  shortest  distance  from  this  signal  to  set  Y. 
As  usual,  it  is  necessary  to  determine  the  coefficient  of  the 
proximity 


C  (.V,  >')  =  max  C  (.v.  y)  ~  max  Re  \x  (t)  u* 
»&■  J 


Taking  into  account  |7.4)  we  have  further 


—  -  . 
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C(a-,  y)  =  inasRee  f-c(/)s*(/)rf/  = 


=  maxRee  ^(jc.  s). 

9, 


It  is  hero  taken  into  ccnsideraticn ,  that  the  signals  of  set  Y  are 
characterized  by  only  initial  phase;  therefore  ma  ximiza  ticn  is 
produced  on  «o*  Value  (x,  s)  designates  scalar  product.  After  usir.7 
the  identity 

tie  have  further 

C  (X.  y)  =  i  (X.  s)  i  max  cos  [arg  (x.  s)  —  <p,l. 


Maxiaum  on  *0*  obviously,  reaches  at  s)  ;  theroforc 

C(x.  y)  =  !rx,  s)\. 


In  order  to  obtain  shortest  distarce  dm.n  between  sets  X 
necessary  to  maximize  the  coefficient  of  proximity  also 
x(t),  i.e., 


C  ( A'.  Y)  —  max  C  (x,  V 1  =  max  (x.  s) 


and  Y,  it  is 
in  signals 


and 


— C(X.  y)|  =  2  [1  —tnaxji.v. s,(i|. 


,  f  .Ot 


Thus,  the  shortest  distance  between  sets  x  and  Y  realizes  signal 
Xopt.  which  maximizes  the  mcdulus/mcdule  of  scalar  product  (x,  s)  . 


Page  185 
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Let  us  now  show  that  the  saae  condition  satisfies  the  signal 
which  minimizes  a  quadratic  difference  in  the  functions  of 
uncertainty/indster minatcy,  i. e. , 


W  OD 

r/,.  -/,)  =  ^  j  Ji /.. (f- Q)  —  /.*('■■  ti):’ 


Act ually/raally,  talcing  into  account  condition  (5.4)  ,  it  is  not 


difficult  to  obtain 


where 


{■/.,.  A,)  =2[l-C{y„y.r)]. 


09  09 

C(/../.v)=Re4r  J  j■•^l7,Q^/^(^Q)d/dn 


-  coefficient  of  the  prcximity  cf  th®  functions  cf 
ur-c<?rtainty/iad  =  ter minancy.  For  calculating  the  latter  wc  will  use 
the  conversion  of  Sussmac  (5.20).  This  it  gives 

CO  ao 

^  j  jz.(f,Q)xMinid/rfn  = 

■"*00  —00 

= /.« (0. 0)  7*«  (0. 0) = ;  (0. 0):--  = 

•  ,  « 

=  1  \x(t)s*(t)dt  =.;(A-.sii  (7.8| 


Is  hare  taken  into  consid-sraticn  also  the  determination  of  th-®  cross 
function  of  uncartainty/indster irinarcy  (5.19).  Thus, 

,;-(/^./x:=2[!  —  (A-  c.  -j=2il  —C'ix.Y^].  (7.9) 

Comparison  (7.5)  and  (7.9)  leads  to  the  fcllcwing  th-crtm: 
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Xn  order  to  obtain  the  best  quadratic  approximation  of  the 
functions  of  uncartairty/indeterminancy,  it  suffices  to  find  the 
signal,  which  realizes  the  shortest  distance  tetween  sets  X  and  Y  in 
the  space  of  signals  H. 

We  obtained  the  convincing  confirmation  of  the  hypothesis  of 
proximity.  In  tha  task  in  question  quadratic 

approximations/approaches  in  the  space  of  signals  proved  to  t« 
completely  equivalent  to  the  sane  approximaticns/approaches  in 
function  space  of  uncertainty/indeterminancy. 

Page  186. 

Let  us  nets  that  a  special  case  of  this  theorem  is  proved  by 
Sussman.  In  [72]  it  is  shown  that  if  set  X  is  a  linear  variety  of  >. 
finite  number  of  measurements  (hyperplane),  then  the 

approximation/approach  of  the  functions  of  uncertainty/indete  rminar.cv 
y.s  and  X*  (in  the  sense  of  criterion  (7.6))  it  is  reduced  tc  the 
design  cf  signal  s(t)  to  set  X.  It  is  obvious,  undsr  given  conditions 
this  is  aquivalent  to  the  minimization  of  the  distance  between  s  and 


X  »  . 
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FOOTNOTE  Phase  «o  in  this  case  role  doss  not  play, 
contains  signals  with  the  arbitrary  initial  phases,  A 
phase  of  signal  y  leads  only  tc  a  change  in  ths  phase 
without  affecting  the  value  of  distance.  ENDPCOTNOTE. 


since  s  et  X 
change  in  th? 
of  signal  ■*«?<. 


Our  proof  is  applicable  to  any  set  X.  In  this  form  the  theorem 
can  be  used,  in  particular,  with  ths  synthesis  of  signals  with  the 
frequency  modulation  cr  the  phase  manipulation. 


7.2. 

I 


Synthesis  according  to  the  autccorr alaticn  function. 


Let  us  consider  the  analogcus  task  when  it  is  nacessary  to  fir. 
approxiaation/approach  tc  the  realizable  autocorrelation  function, 
but  not  to  the  function  cf  uncertaicty/inde ts rminancy . 


d 


i 


i 

J 


In  this  case  set  Y  must  include  all  signals,  which  possess  th=» 
assigned  autccorrelaticn  function.  Eut  autocerr elation  function 
uniquely  determines  the  spectrum  cf  the  power  of  the  signal 

a’(<»)  =  !r(«p)I>=  (7.10) 

— « 

therefore  signals  y(t)^Y  have  cne  and  the  same  amplitude  spectrum 
a(w),  depending  on  assigned  R(t): 

y(ai)  =  a{®)  e~*  .  (7.11) 

Phase  spectrum  a  (u)  is  arbitrary,  in  trrms  of  this  differs  cr.  ?  signal 


i 

I 
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of  set  Y  from  another. 


Let  there  be  the  arbitrary  permissible  signal  x  (t)  with  the 


spectrum 


r.l2} 


As  with  th*  synthesis  according  to  the  function  of 
uncertainty/indeterminancy,  let  us  determine  the  first  shortest 
distance  between  signal  x  and  set  Y. 


Page  187, 


Let  us  show  the  following  theorem: 


a).  Best  approximation  to  signal  x(t)  with  spectrum  (7.12)  giv?s 
on  stt  Y  signal  y(t)  whose  spectrue  is  determined  by  the  condition 


^v(ai)  =  a^<o)e 


(7.l3i 


for  all  values  w,  at  which 


b)  .  If  amplitude  spectrum  is  different  from  zero  in  any 

interval  u  of  final  measure,  signal  of  best  approximation/approach  cn 
set  Y  only. 


c) .  Minimum  distance  between  signal  x(t)  and  set  Y  and 
cor respcnding  cofeffici®nt  of  prcxisity  ccmprist 


III"!  I’ 
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=  ^  ■  (7.14) 

—40 

OD 

C(a'.  J)  =  —  (ajt/’j,(u)l£/a».  (7. 15* 


For  proof  we  will  us*  the  representation  of  the  coefficient  of 
proxiaity  through  the  spectra  of  signals,  see  (1.21), 

Oft 

y)  =  ^.cia>)(/*  {o»)  (iiD. 

Substituting  the  ?alue  cf  ^(w)  and  '^^(w)  froa  (7.11)  and  (7.12), 
w3  g=  t 

Oi 

C(x.  I/)  =-^  ^<2(*)6x(ai)C('S(a{®)  — i,  \®)|du>.  (7.16) 

According  to  theorea  conditions  the  aaplitude  spectra  a  (ui)  ^ 
and  frr(in);-.  0  are  hers  assigned.  Is  assigned  also  phase  spectrua  Pv(.,.i 
cf  signal  x  (t)  .  We  should  aaxiaize  the  coefficient  of  proximity  C(x, 
y)  ,  selecting  signal  y(t),  i.e.,  varying  phase  spectrum  a  (u )  . 


Page  188. 


But,  as  it  is  clear  froa  (7.  16)  , 


(.V.  ^  ( i/ (lu)  i/u) 


.  quality  is  reachod  in  that  and  only  in  such  a  cas’,  whor.  a(ii))  =ex(<i)) 
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for  all  values  u,  at  which  a  (u)  6*((o)=?fc0  ». 

FOOTNOTE  With  exception  of  an  arbitrary  nultituda  of  zero  aaasur=. 
The  signals,  which  differ  on  the  tall  set,  in  space  H  are  not 
distinguished.  Such  signals  have  identical  autocorrslaticn  functicns, 
functions  of  uncertaint y/indeterninancy  and,  vorecver,  give  identical 
output  potential  of  any  realizable  receiver.  ENDFCOTNOTE. 

Since  with  a  («)  =0  the  phase  spectruB  of  signal  y  (t)  is  not 
determined,  this  serves  as  proof  to  the  first  two  confirmat icns  of 
theorem.  The  third  conf iriraticn  directly  follows  from  formulas 
(7.12),  (7.13)  and  from  the  deteririrations  of  distance  and 
coefficient  cf  proximity  (1.7)  and  (1.21)  .  Theorem  is  proved. 

Let  us  emphasize,  that  for  the  unigueness  of  the  best 
approximation  it  is  significant  that  amplitude  spectrum  h*(u))  is 
different  from  zero  in  any  finite  freguancy  range.  If  for  certain 
interval  (uj,  u^)  spectrum  <’x((i))^0,  then,  as  it  follows  from  (7.16), 
phase  spectrum  « («)  can  he  arbitrary  in  this  interval:  the  value  cf 
the  coefficient  of  proximity  (but,  therefore,  and  distance)  does  not 
depend  on  o  (u) .  Thus,  best  approximation  is  ambiguous. 

The  formulated  theorem  it  Is  net  difficult  to  intf-rpret.  Since 
the  signals,  which  belong  to  s® t  Y,  have  arbitrary  phase  spectra 
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o  («)  ,  and  the  amplitude  spectrum  a{k)  is  fixed/recorded,  finding  out 
approximation/approach  to  certain  signal  x(t) ,  logical  to  ascribe 
a  (w)  the  phase  spectrum  cf  signal  x  (t) .  the  differences  tetween  th2 
signals,  the  distance  hetueen  them  will  then  depend  only  on  the 
unvariable  amplitude  spectra,  that  also  is  expressed  by  formulas 
(7.14),  (7.15). 

This  theorem  will  te  further  used  with  the  synthesis  of  ChJi  and 
FM  signals.  We  will  now  ettain  with  its  aid  the  condition  of  optimum 
character  which  satisfies  signal  Xapt,  nearest  to  sat  7. 


Thus,  the  optimum  permissible  signal  .veX,  ,  realizing  distar.c? 
dmin.  givr-s  the  best  quadratic  approximation  of  amplitude  sp«=ctruin 
i’lt'vi  to  the  assigned  aiplitude  spectrum  a(w)  . 
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As  it  was  noted,  the  aoplitude  spectrum  cf  signal  is  mutually 
unambiguously  connected  with  its  correlation  function.  Therefore  th^ 
approximation/approach  cf  the  amplitude  spectra,  attained  at  th^ 
use/application  of  a  criterion  cf  proximity,  provides  the  specific 
a  pprcximation/approach  of  the  correlation  function  of  signal  to  ths 
given  one.  In  particular,  from  (7.10)  follows  the  identity 


40  CD 

^  j  (7.19) 


showing  that  the  best  quadratic  approximation  of  correlation 
functions  is  achieved  by  the  analogous  approximat ion/appr each  cf  th* 
spectra  of  power  -  squares  cf  the  aaplitude  spectra. 

Moreover,  the  value  standard  deviation  of  correlation  functions 
can  be  approximately  connected  with  the  distance  between  the  signals. 
For  this  let  us  do  some  ccmpletely  acceptable  assumptions. 

L»t  us  assume  that  signals  x(t)^X  have  the  final  duration  T. 

This  corresponds,  in  particular,  to  examined/considsred  further  Ff* 
and  ChM  signals.  Than,  autocorrelation  functicn  is  different 

from  zero  in  tha  interval  {-T,  T)  .  Assuming  also  that  this  intarval 
contains  the  most  essential  part  cf  the  assigned  function  R(t),  let 
us  determine  root-mean*  square  errer  6  by  the  re  la  tiensh  ip/ratio 


'2r 


^\R{t}  —  Rr(t)]'Jt.  <7.20» 


rr. 
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Taking  into  account  (7,19)  we  have  further 

QB 

=  jla(«)  +  6,(.)l*(a(-)-i»,(-)rd..  (7.21) 

Page  190. 


Using  the  law  of  mean,  let  us  take  out  the  first  factor  for  the 
integral,  after  taking  it  at  certain  midpoint  of  the  axis  of 
freguencies.  Taking  intc  account  (7,14),  we  obtain 

^'  =  ir  (Jc.  y).  (7.22) 

After  preserving  acceptable  for  our  evaluation/estimate 
accuracy,  it  is  possible  to  ccnsiderably  simplify  this 
relationship/ratio.  First,  we  will  count  the  apprcximation/approach 
cf  the  spectra  sufficiently  tc  gccd  ones,  so  that  for  the  interesting 
us  medium  frequency 

brCti))  ssa(i’))  =»arp(u)).. 

In  the  second  place,  1st  us  determine  the  effective  bandwidth  vl, 
occupied  by  the  assigned  spectrum  a  (w)  ,  being  based  cn  the 
standardization  on  the  energy: 

OB 

I  =  Ja=(®) (»}•  20. 

—OB 

t 

Therefore  al^(<o)=.T'Q. 

As  a  r*-sult  formula  (7,22)  tak-^s  the  form 
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m  =  Q7'/x 


(7.23) 

(7.24) 


-  ccntraction  coefficie^nt  of  signal  x  (t)  .  This  valu®  is  dsfin<;d  as 
the  product  of  the  duration  of  signal  T  to  the  effactive  bandwidth  c 
the  desired  signal  y  (t) , 


For  optinuo  signal  x»pu  of  that  rsalining  shortest  distance ,rfmTn. 
from  (7.23)  we  obtain  respectively 

aimin'.  (7.25) 

This  result  has  basic  value. 


First,  establishing  the  direct  dependence  between  th® 
a pproximaticns/apprcaches  in  th®  space  of  signals  and  the  sta.ndard 
deviation  of  autocorrelation  furcticns,  we  confirm  the  applicability 
of  the  hypothesis  of  proxiaity  to  the  task  in  question. 

Page  191, 

In  the  second  place,  foraula  (7,25)  gives  the  direct  method  of  the 
e valuaticn/«st:  mate  of  the  minimux  divergence  of  autocorrelation 
functions  of  distance  dmin- per  tbe  signals  of  some  types,  in 


'tTjrrr 
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particular  for  phase-keyed,  this  takes  it  possible  tc  come  tc 
light /d 3tect/expos3  the  itportant  laws,  which  characterize  the 
maximum  possibilities  of  the  ap pr cximation/ap froach  (see  Chapter  9). 

One  should  emphasize  that  the  obtained  s valuaticn/estimatj  is 
approximate.  The  minimization  cf  the  distance  between  X  and  Y, 
providing  the  best  approximation  cf  the  amplitude  spectra, 
nevertheless  doss  not  guarantee  the  best  approximation  of  correlatio 
functions.  Said  relates  as  to  quadratic  criterion  (7.20)),  sc,  and 
with  the  even  large  foundation,  tc  the  minimax  criterion,  frequently 
utilized  with  the  synthesis  cf  sicnals.  Therefore,  the  solution  of 
this  task,  obtained  on  the  base  cf  the  criterion  of  proximity,  front 
is  only  initial  approximation/apprcach,  and  it  must  be  further  made 
more  precise  with  the  help  of  the  iterative  minimizations.  This 
method  we  will  apply  with  the  synthesis  of  Chff  and  FM  signals. 

7.3.  A  change  in  the  space  metrics. 

The  results  of  the  previous  paragraph  leave  certain 
dissatisfaction  because  the  appro ximations/approachas  in  the  spac=  c 
signals  proved  to  be  ccnpi-tely  not  equivalent  to 

approximaticns/approaches  in  the  space  of  autccorrelaticn  functions. 
In  fact  w«  have  two  different  criteria  of  optimum  characters  (7.17) 
and  (7.20),  which  weakly  differ  frci  each  other.  But  would  ba  tc 
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preferably  previously  assign  the  criterion  of  approximaticn/approach 
for  the  autocorrelation  functiocs,  for  exanple,  the  ninimum  of  error 
(7.20),  and  seek  the  decision,  vhich  strictly  corresponds  to  this 
criterion . 

As  it  was  noted  in  Chapter  1,  it  is  possible  to  change  the  spac 
metrics  of  signals  so  that  the  miriirization  of  rhe  distance  between 
sets  X  and  y  would  provide  best  approximation  in  the  sense  of  the 
assigned  criterion. 

In  the  case  in  guestioc  it  is  easy  to  indicate  such  metric  (it 
is  more  precise,  quasi- metric) .  Let  the  distance  between  signals 
Si(t)  and  Sg  (t)  be  is  determined  in  the  form 
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Page  192. 

After  assigning,  as  earlier,  lany  peraissible  signals  X 
(arbitrary)  and  many  desired  signals  Y,  which  possess  the  assigned 
autocorrelation  functiot  R(t),  we  use  a  criterion  of  proximity  for 
finding  the  optimum  signal  Xopt. 

If  we  fix  cartain  signal  xsX  then,  after  repeating  the 
considerations  of  previous  secticr,  it  is  possible  tc  show  that  short 
distance  to  set  Y  comprises 

d’  (x.  y)  =  -^  J  [4>  («)  _  6*  ^7  27) 

the  nearest  to  x  signal  ysy.tavirg  the  same  phase  spacrrum,  i.  : . , 

«(«)=Pr(0)). 

Comparison  (7.27)  and  (7.19)  shows  that  minimization  of  the 
distance  between  X  and  Y  in  the  space  in  question  is  equivalent  to 
the  best  quadratic  appreximatien  cf  autocorrelation  functions.  Thus, 
after  selecting  special  metric,  we  actually /really  arrived  at  the 
complete  agreemant  with  the  assigned  criterion.  However,  metric 
(7.26)  we  will  not  in  practice  use  for  the  synthesis  cf  signals.  This 
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is  connected  with  the  fact  that  with  this  metric  the  ccnditicn  of 
single  energy  of  signal  dees  net  ccincide  with  the  condition  of 
single  nerm.  The  corresponding  ccmplicaticns,  generally  speaking,  are 
surmounted,  for  example,  with  the  help  of  the  simplex  method  (se-? 
Chapter  4,  where  we  met  with  a  eiailar  difficulty),  but  for  this  task 
are  preferable  other  iterative  lethcds. 

7.4.  Special  faatures/peculiarities  of  the  synthesis  of 
composite/cempound  signals. 

Bany  signals,  which  have  practical  use/a pplicat ion  in  the  radar, 
are  coherent  bursts  of  pulses  -  words,  which  consist  of  the 
repeating,  elementary  impulsss/moienta/pulses  (discretes)  of  th-- 
assigned  form,  such  signals  we  will  call  compesit e/compound .  They 
include,  in  particular,  the  quantified  FH  signals,  in  detail 
examined/considered  further. 

Pago  193. 

In  general  composit e/coapeund  signal  can  be  registered  in  the  fora 

■  m  , 

(0  —  2  ^  (7^8) 

wh*re  X:  -  composite  amplitudes  cf  samples,  and  A  -  th~ir 
displacement  in  the  time.  As  a  rule,  separate  samples  dc  rot  Qv<=-rlap. 
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In  order  conveniently  to  reflect  this  special  f =ature/paculiarity ,  wa 
will  assume  tha  following. 


The  duration  of  the  single  elementary  signal  Uo(t)  let  us  placr 
single : 

—  HOC • 

2  * 


“.(0 


=0  m  k!>4- 


Key:  (1).  with,  and  we  ncrmalize,  furthermore,  rts  energy: 


T 


^.'=IKII*=  J  /u,(0|V/=l.  (7.29) 


I 

— 5- 

aoments/torques  U.  which  characterize  the  order  of  elementary 
samples  in  the  time,  we  will  assuire/set  by  whclc-  numbers.  By  this  is 
excluded,  obviously,  the  overlap  cf  samples  in  the  time.  Finally,  w- 
normalize  also  energy  of  com pcsit €/compo und  signal  as  a  whole.  Taking 
into  account  what  has  been  said  we  come  to  the  condition 


(7.30) 


In  accordance  with  (7.28)  the  spectrum  of  composite/compound  signa! 
has  the  expression 


=  2  '”'•=0^  (•)//(•),  (7.3]) 


1/2 


/>! 


■“.(•)=  f  a,(0e~''V/ 

-tn 


wh:  r= 


(7.32) 
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-  sp-actrum  of  elemantarj  impulse/Bcmantum/pulse. 

Page  194, 

Value 

^f«)=  2!  (7.33) 

1=1 

we  will  call  ihs  spectrum  of  the  cede.  Since  -  whole  numters, 

H  (w)  -  ths  periodic  function: 

(co)  =//(o)+2ji). 

Let  us  note  also  that  in  accordance  with  (7.32)  Uo{u)  is  a  Fourier 
transform  from  the  function,  finite  in  interval  (-1/2,  1/2)  Therefore 
'uo(w)  is  the  integral  function  cf  degree  of  1/2  [83].  seme  properties 
of  the  integral  functions  cf  fical  degree  are  us=g  b?low. 

The  synthesis  cf  ccmposite/ccmpcund  signal  is  reduced  to  the 
rational  selection  cf  cempesite  aitplitudes  and  order  cf 
impulses/momcnta/pulses  in  the  time,  characterized  by  values  /<.  In 
this  cast  they  strive,  mainly,  net  to  distort  the  autcccr r<=. lation 
function  of  single  sample,  which,  ir  particular,  indicates  the  low 
level  of  the  remainders/residues  cf  the  obtained  correlation 
function.  Examining  this  task  cf  synthrsis,  we  will  consider  that  th« 


DOC  =  80206709 


PAGE 


339 


desired  set  Y  includes  the  signals#  which  possess  the  correlation 
fuEction  cf  single  the  sasple 

00 

— ><0 

i.e.,  signals  with  the  anflitude  spectrum 

|y(®)r=a(*)  =  ia,(-)|. 

The  permissible  set  X  includes  compcsite/compcund  signals  (7.23), 
which  satisfy  the  enumerated  abeve  conditions. 

applying  in  this  case  the  hypethesis  of  proximity  talcing  into 
account  (7.31),  in  the  complete  acreement  with  the  theorem  cf  §7,2  we 
come  to  the  minimization  cf  the  value  (see  (7,14)> 

«e 

d^(x.Y)  =  ^  j!^>(«)ni (7.341 

moreover  varied  are  her®  parameters  j:,  and  4  which  are.  determining 
the  spectrum  of  code  H(i.)). 

Page  195. 

It  will  b?  shown  belcw  that  the  task  in  qu-.stion  allcws/assuai'^ s 
equivalent  formulation  in  the  space,  ele ments/cells  cf  which  ar ? 
complex  amplitudes  Xj.  This  formulation  substantially  simplifies  th- 
synthesis  of  ccmposite/cc  irpcund  signals. 


T« 
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Let  us  prelifflina lily  establish  one  usaful  proparty  of  the 
integrals,  which  contain  integral  functions  [10,  11]. 

Lat  f(w)=f(u*2»)  -  periodic  function  allowing  resolution  into 
«v<inly  convergent  Fourier  series 

/(«)=  f  (T.36\ 

*»~ao 

and  g  (tj)  -  tha  whole  analytic  function  of  final  dagrse  which 
satisfies  one  of  the  following  conditions: 

a)  or  tf<l, 

b)  or  <»=1  and  (g(‘^)l  decreases  with  «—»■*•—  mcra  rapid  than  I/|<i) 

Th«n  is  correct  the  identity 

J «■(•)/(<»)  =  (7.36) 

For  the  proof  of  this  identity  let  us  substitute  series/row  (7.35) 
into  l?ft  side  (7.36)  and  will  integrate  piecem.fal; 

^  g{m)f(<m)d»=  V  Cn  {g(a»6~‘'‘'‘d»=  V  Cng(k). 

Qd  kss'^OBi  ""OO  Heft 

(7.37) 

Value 

39 

^  r=  ^  If  t®!  •  t7W 


r 

9 
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is  a  Fourier  transform  from  integral  function  g  (w) .  In  view  of  the 
theorem  of  Hiener-Paley  [  1,  83]  function  g(T)  is  finite  in  the 
interval  {-«,  a),  i.o.,  *g|T)=0  when  |t|  >(t.  "The  second  of  conditions 
(b)  indicates,  besides  the  fact  that  'g(T)  is  continuous. 

Page  196. 

Therefore  with  satisfaction  cf  conditions  a)  cr  b) 

g(4-)3B0  with  jfe  =  i  j- 2, 

As  a  result  in  series/rew  (7,37)  there  remains  only  the 
component/term/addend  with  k=0,  which,  as  can  easily  be  seen,  and 
corresponds  to  right  side  (7.36).  Identity  (7,36)  is  proved. 

We  convert  with  the  help  of  this  identity  intrgrai  (7.34),  which 
is  determining  tho  distarce  between  the  com  posit  e/co  mpound  signal 
X  (t)  and  the  desired  set  t.  Fcr  this  let  us  ncte,  in  the  first  placD, 
that  function  /(u)  ={l— l//((i)) |p  has  a  period  2v,  since  this  is  correct 
fcr  H  (w)  .  In  the  second  place,  es  already  mentioned,  spectrum  Uo(«) 
there  is  the  integral  function  cf  degree  of  1/2.  With  multiplication 
cf  integral  functions  the  degree  cf  product  dees  act  exceed  th'i  sum 
of  the  degrees  of  factors.  Thersfere  the  function 

(«o)l’ =!,(•)>,(•) 
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has  a  degree  not  more  than  1.  This  function,  furthermore, 
sufficiently  rapidly  it  decreases  with  which  follows  from  the 

limitedness  of  energy  (7.29): 

oa  o» 

^  J^(oi)<fu)  =  -^  j  |a,(®)j*(fu)  =  1. 

■  00  OP 

Thus,  g(  u)  satisfies  the  conditicns  of  the  previous  theorem. 

Applying  (7.36)  to  (7.34),  we  find 

c 

1^)  =  -S-  J I  *  - 1  ^  HI’  (7.38) 

— « 

In  the  complete  agreement  with  tha  criterion  of  proximity  this 
value  should  be  minimized,  selecting  the  permissible  compound  signals 
x(t),  i.e.,  varying  and  U.  Ccnsequsntly,  the  task  of  the 

synthesis  of  coaposite/ccirpouEd  signal  in  question  is  reduced  tc 
finding  and  ti,  with  which  the  specrrum  of  code  H(u)  least 

deviates  on  the  mod ulus/mcdule  from  unity. 

We  will  examine  further  space  12  (-»,  »)  the  functions  of 
frequency  (spectra)  ,  assigned  ir  the  jj.terval  (-v,  ir)  . 

Page  197. 

The  distance  between  two  such  spectra  x(u)  and  y  (w)  is  determined  in 

(,t.  J  lx(m)  —  y[ia)  {‘dm. 


rhe  form 


DOC  =  80206709 


PAGE 


Let  us  show  that  the  task  cf  synthesis  (7.33)  corresponds  to  the 
USE /application  of  a  criterion  cf  proximity  in  this  space.  Let  the 
permissible  set  X  turn  cf f/disccrrect  the  spectra  of  code  (7. 33) 

i(<i))  s=i7((i)), 

and  the  desired  set  Y  -  spectra  of  single  ampliruds  with  arbitrary 
phases  =  Then 

« 

d'-  {x.y)=^  j  1  -  H  (•)  Ydm.  (7.39) 

— « 

The  minimization  of  distance  cf  d  (x,  y)  corresponds,  as  usual,  tc  tha 
maximization  of  the  coefficient  cf  the  proximity 

C(j;.y}  =  Re(xi/)  =  Rtt-^  J  (»)  do.,  (7.40) 

this  maximization  can  be  produced  in  any  order.  In  particular, 
fixing/recording  certain  allowed  spactrum  'jr{w)  =H  («)  ,  v-  will  maximiza 
valua  C,  selecting  phase  spectrum  a  (u) .  Maximum  reaches  ar 

a(<i))  =— arg//(<D).  (7.41) 

Substituting  this  value  in  (7. 39)  ,  we  come  to  tha  shortest  distance 
between  the  selected  with  x  and  desired  set  Y 

d«(.v.y,  =  ^  -//.(«;  |>d.=i  j'[I-lW(.)ird«. 

(7.42) 

which  must  be  further  miriaized  ct  all  permissible  spectra  cf  cod'* 

3  (w)  .  Tha  sama  result  will  be  obtained,  if  we  maximize  the 


^1^ 
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coefficient  of  the  prcximity 

s 

C{x,Y)  =  ^  jl//(«)ld«.  (7.43) 

Relationship/ratio  (7.42)  coincides  with  (7.38). 

Page  198. 

This  proves  the  admissibility  of  the  use /application  of  a  criterion 
of  prcximity  (in  the  version  in  question)  for  the  solution  cf  our 
problem  of  synthesis. 

ist  us  give  one  additional  useful  representation  for  the 
coefficient  of  proximity  (7.40).  Taking  into  account  (7,33),  we  find 

C  (.r.  y)  =  Re  jc,  J 

Let  us  designate  through  y  (k)  Fourier  coefficients  function 
assigned  in  the  Irterval  (-»,  »)  : 

y  (*)  =  ^  J «  =  0  ±  I ,  ±  2. ... 

According  to  tns  condition,  values  t,  ars  whcl?  numbers;  nherafore 

C  {X.  y )  =  Re  V 
/»! 

Applying  the  criterion  cf  prcxiiity,  this  value  should  be  maximizad 
or.  all  X,  and  that  characterize  cem pcsite/compound  signal,  and 


-  •  - 


lymibs 
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disc  cn  th*5  arbitrary  phase  spectra  or  («)  ths  desired  signal. 

The  task  of  the  synthesis  cf  ccnposite/ccapound  signals  in 
question  is  reduced,  thus,  tc  the  use/application  of  a  criterion  of 
proximity  in  the  finite-dimensional  (Euclidian)  space.  The 
elaasnts/CPlls  cf  this  space  are  in  general  the  Fourier  coefficients 
of  the  corresponding  spectra.  For  the  composite/compound  signal  her- 
we  have  in  mind  the  spectrum  cf  cede  (7.33),  Fourier  coefficients 
which  are  simply  the  amplitudes  cf  samples. 

As  one  additional  example  fer  the  use/application  of  identity 
(7.36)  we  will  obtain  ixpertant  representation  for  functioning  the 
uncertainty/indeterminancy  of  the  composite /compound  signal  through 
the  spoctrum  of  code  [13]. 

Page  199. 

In  accordance  with  (7.3  1)  we  have 


X  H*  '<0  + 

Functions  "^0  («“Q/2)  and  u* o  (<«''*'1i/2)  -  whole  degrees  of  1/2,  and 
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H(m-Q/2)  and  H(u*0/2)  -  periodic  with  the  period  2v .  He  will  be 
interested  in  the  values  of  the  function  of 

uncertainty /indeterminarcy  with  the  wholes  t=0,  ♦-1,  *-2,  ....  Th*! 
also  has  period  2w,  and  according  to  (7.36)  is  obtained 

—08  '  ^ 

|"(—4)«-(-+ 4;  *'“«•= 

(7.45) 

Here  x»(/,  Q)  -  function  cf  the  uncertaint y/indet er minancy  of  single 
sanple  on  axis  t^O. 
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Chapter  8. 

SYNTHESIS  OP  PREQUE MC Y- BCDOLATE L  SIGNALS. 

The  eethods  of  the  synthesis  cf  signals  with  the  frequency 
aodulaticn  are  worked  out  comparatively  fully.  This  type  cf  serrattd 
signals  found  use  in  the  radar  cf  earlier  that  others  [39],  and  to 
questions  of  the  optimization  of  ChH  signals  are  devoted  many  works. 
Let  us  point  out,  in  particular,  the  article  cf  Kay,  etc.  [36],  where 
is  for  the  first  time  published  the  asymptotic  method  of  synthesis 
according  to  the  assigned  autcccttela tion  function.  This  method  later 
was  made  more  precise  and  was  developed  with  a  number  of  the  authors 
[7,  29],  It  is  possible  tc  note  alsc  the  work  of  Cock  and  Paclillo 
[10],  of  the  indicated  the  need  fer  refinomont  asymptotic  decisions 
and  proposed  tha  method  of  cbtaining  mors  accurate  results,  certain 
special  forms  of  Chn  signals  were  traced  in  works  [13,  57], 

Page  200, 

Primary  task  of  present  chapter  lies  in  tha  fact  that,  after 
rethinking  the  known  methods  cf  synthesis  of  Chfl  signals,  tc  show 
that  in  fact  thase  methods  are  based  on  the  hypothesis  of  proximity. 
This  will  maks  it  possible  tc  irtrcduc*  the  series/rew  of 
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refinements,  and,  which  is  mere  important,  to  work  out  further 
analogous  methods  for  the  signals  of  ether  types. 

8,1,  Apprcximations/approaches  on  the  set  ChH  of  signals. 


Further  by  many  permissible  signals  X  we  understand  many  signals 
with  the  frequency  modulation,  wbich  have  the  final  duration  T, 

=  \t\<Tl2.  (8.1) 

It  is  assumed  that  amplitude  envelope  B(t)  is  fixed/recorded. 


for  example,  it 

Key;  (0 


has  square  form* 


^IVT  DM  |/(<r/2; 

0  ATa  \t\>Ti2, 


(8.2)  . 


FOOTNOTE  Amplitude  provides  standardization  on  the  energy. 


ENDFOCTNOTE. 


The  law  of  phase  modulation  ^  (t)  is  arbitrary,  arbitrary  also 
rh";  law  of  a  change  in  the  instantaneous  frequency 


One  signal  of  set  J  differs  from  another  in  terms  of  the 
structure  of  frequency  (phase)  changes,  in  certain  cases  we  will 
consider  arbitrary  also  duration  cf  Ch.^  signal  T  (retaining  the  shape 
of  the  envelops  of  the  given  one),  Se  will  resatctively  distinguish 
set  cf  Ch.l  signals  of  fixed  period  cf  time  Xt  from  the  set  cf  Ch:i 
signals  of  arbitrary  duration  X.  Is  obvious,  .Vrcr.Y.  Let  there  bo  in 
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zhB  space  of  signals  H  certain  desired  signal 

=  (8.3) 

Let  us  find  ChU  signal  x  (t)  cf  duration  T,  which  ensures  besr 
approximation  to  assigned  y(t),  i.e.,  will  solva  tha  task  of 
approximation  on  set  Xr- 


Page  201. 


As  usual,  this  task  is  reduced  to  finding  of  tha  coafficient  cf 
proximity  between  set  Xt  and  sigtal  y 


C(X^,yj  =  max  Re  {  {t)dt.^  (8.4) 

J 


Let  us  demonstrate  the  fcllcwing  theorem: 


aj  Best  quadratic  apprcxinaticn  tc  signal  y  (t)  is  provided  on 
set  Xt  with  tha  coincidence  cf  the  phase  functions  of  the  unknown 
and  approximated  signals 

<^{t)=0{t);  (8.5) 

b)  If  signal  y  (t)  is  different  from  zaro  in  any  time  interval  o 

At 

final  measure  with  |/l<7/2,  signal  cf  best  apprcximation  on  set^i  only; 

c)  Shortest  distance  diXr.y)  and  coefficient  of  proximity 
C(Ar,i/t  dep'^nd  only  on  amplitude  ccvelop-s  and  are  given  by  the 
expressions 
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rn 

C{X^.y)=  j  A(t)B(()dt. 


(8.6) 

(8.7) 


For  the  proof  l-Bt  us  sutstituta  values  (8.1)  and  (8.3)  in  (3.9) 


rn 


C(Xj.,j/)  =  n)axRe  f  U(/)S(/^e'‘*‘'’~^'%f  — 
"  -f/2' 

Til 


—  max  J  i4  (nS(/)  cos  (f)  —  <!>(/)]<//. 

*  -r/3 

Of  theorem  conditions  are  here  assigned  tha  positive  functions 
A(t)  and  a(t),  and  also  phase  <D(/)  cf  signal  y  (t)  .  :ia ximizaticn  is 
produced  according  to  the  functiccs  *(t),  which  differ  one  signal  o 
set  Xt  from  another.  It  is  cfcvioos,  maximum  reaches  when 
for  all  values  of  ^  at  which  A(t)#0  and  B(t)3^C 


FOOTNOTE  *.  With  exception  of  an  arbitrary  multitude  of  the  zero 
measure  (.see  note  on  page  186).  ENBFOCTNOTE. 


Page  202. 


Case  B(t)=0  is  not  of  interest,  since  in  this  case  the  phase  cf 
signal  x  (t)  is  nor  determined.  The  aforesaid  proves  all  ccn f irmat ior. 
of  theorem. 


Let  us  focus  attention  on  the  sr.milarity  of  this  '•hecr^^m  to 
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thecrem  of  §7.2.  In  fact  are  examined  conplet 
cnc  of  them  is  treated  in  the  frequency  domai 
optimum  phase  spectrum  of  signal  with  the  ass 
other  -  in  the  temporary/time  (is  determined 
modulation  vith  assigned  amplitude  envelope). 

If  duration  of  ChM  signal  previously  is 
determined  with  the  synthesis  sc  that  would  b 
approximation  on  set  X,  additiorally  is  produ 
Taking  into  account  (8.7),  in  this  case  we  ob 

r/2 

G(X.y)^ra&x  J  A{t)B(t)dt. 

-m 

8.2.  Synthesis  ChM  of  signals  according  to  th 
uncertainty/indeter  minarcy . 

Let  us  use  these  results  fcr  the  synthes 
according  to  the  assigned  realixatle  function 
uncerrainty/indeter minarcy.  In  §7.1  it  was  sh 
necessary  to  determine  signal  ^opt.  nearest  to 
moreover  the-  latter  is  determined  in  the  form 

yit)z=s{t)e?^. 

where  s(t)  -  the  signal,  which  realizes  th*r  a 
ur.c ?rtainty/lndat  =  r minanc j  xs(/.£2).  and  Pq  -  ar 
0r.«  signal  cf  s~z  Y  differs  from  ancth3r  only 


ely  analogous  tasks,  but 
n  (is  determined  the 
ignad  amplitude),  and 
the  optimum  law  of  phas? 

not  assigned,  but  it  is 
e  obtained  ths  test 
ced  maximizaticn  on  T. 
tai  n 

(8.8) 

e  function  of 

is  of  ChM  signal 
of 

cwn  that  for  this  it  is 
many  dasired  signals  Y, 

:  ysY.  if 


ss ignad  function  of 
tinrary  initial  phas^. 
in  terms  of  this 


DOC  =  80206709 


PAGE 


initial  phase. 

After  fixing  certain  signal  y^Y,  possible,  using  the  previous 
theorem,  to  detarmine  the  nearest  to  it  signal  of  set  X,  and  then, 
varying  initial  phase  *a  {being  iccved  on  set  Y)  ,  to  obtain  the 
shortest  distance  dmn  ^  • 

FCCTNOTE  Let  US  note  that  this  order  of  the  minimization  of 
distance  reverse  used  in  §7.1.  ENDPCOTNOTE. 

But,  as  it  is  clear  from  (8.6),  distance  from  signal  y  to  set  X  does 
not  depend  on  initial  phase 

Page  203, 

This  means  that  many  desired  signals  Y  equi distantly  in  this  tasl^ 
with  the  set  of  ChM  signals  XT-;^a]l  signals  y^Y  they  are  placed  at 
equidistances  from  Xt.  Tberefcrs  initial  phase  can  be  selected 
arbitrary,  fcr  example,  tc  assume  ®nd  this  will  not  influence 

the  quality  cf  a ppro ximation/ap preach . 

L«t  us  consider  further  a  specific  example.  As  it  was  shewn  in 
Chapter  6,  cn:  of  th.v  signals  of  optimum  ones  from  the  point  cf  vr.  jw 
of  the  concentration  of  the  tedy  cf  uncer ta inty/i nd e termina nc y,  is 


-rTWr 
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LFM  signal  with  gaussiar  envelope 

18-9) 

Here  the  first  factor  provides  standardization  on  the  energy.  This 
signal  is  difficult  tc  achieve,  since  is  required  a  deep  amplitude 
modulation.  Therefore  let  us  synthesize  ChM  signal  with  rectangular 
envelope  (3.2),  which  gives  best  approximation  to  a  function  of  the 
uncertainty/indaterminanc j  of  signal  (8.9). 

In  accordance  with  tha  previous  thaoram  tha  unknown  signal  must 
have  with  rectangular  envelope  of  B  (t)  the  sane  law  of  phase 
modulation,  i.e., 

(8.10) 

If  duration  T  is  assigned  previously,  then  on  this  synthesis  is 
finished.  But  if  it  is  necessary  tc  determine  tna  opti-mum  value  of  T, 
we  come  to  the  maximization  of  value  (8,8): 

-1/4 

-m  ^ 

_  ■  X  ' 

Here  s  =  r/2p'2t  and  <p(2)  =  -_|_  *  error  function. 

0 

Page  204. 

Differentiating  (8.11),  we  ccme  to  ths  equation 
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which  is  satisfied  for  Thos,  the  optimun  value  T  comprises 

(8.12) 

With  such  a  T  the  coefficient  cf  proximity  attains  possible 
maximum.  This  maximum  it  is  net  difficult  to  compute  according  to 
formula  (8.11),  after  assuming  2=1: 

ax  10  =  maxC{X,.y)  =  f4-V'‘'<Kl)«O,95. 

Fig.  8.1  shows  the  dependence  cf  the  coefficient  of  proximity  of 
the  duration  cf  ths  appre ximating  signal  T;  along  the  axis  cf 
abscissas  is  daposited/pcstpene-d  dimensionless  juantity  z=‘Ti2V~2x  .  Is 
there  depicted  ball-shaped  envelope  of  the  assigned  signal  and 
optimum  rectangular  envalcpe  cf  duration  '^opt-  Tht  instantaneous 
frequency  of  thase  signals  is  charged  equally,  according  to  the 
linsar  law. 

Th«  distanca  between  the  given  one  and  that  approximating  by 
signals  it  composes 

‘^L«  =  2(I -C(X,K)J==2[I  -  0,951  =  0,1. 

The  standard  deviation  cf  the  corrasponding  functions  or 
uncertainty/ind  iter  minarc  j  is  easy  to  count  according  to  formula 
(7.9): 

■/..!  =  2  [i  -C-(X  r\l  =  2(l  -0,95*1=0,2. 
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Fig .  8.1. 
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As  is  known,  the  functions  of  the  uncart ainty/indeterminancy  of 
LFM  signals  with  gaussian  and  rectangular  envelope,  are  sufficiently 
close.  For  these  signals  the  body  cf  uncertainty/indetsr minancy  has 
the  elongated,  elliptic  form.  The  inclination/slope  of  the  axis  of 
ellipse  depends  on  rate  cf  chance  in  the  frequency  and  with  the  done 
approximation  is  identical.  Seme  differences  arc  in  the  fins 
structure  of  the  body  cf  uncertainty/indetarmiaancy ,  in  particular, 
in  the  fact  that  the  sectiens  alctg  the  axis  cf  frequency  are 
represented  as  different  functions.  For  rectangular  envelope  this 
section  has  the  form 


7.(0.Q)  = 


slnQr/2 
QT  2  ' 


while  for  gaussian  envelope 
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The  cptimum  selection  of  duration  T  provides,  in  particular,  the 
possible  approximaticn/approach  of  these  sections. 

"^king  into  account  as  a  whole  the  general/commcn/tctal 
structure  of  the  body  of  uncsrtainty/indeter ainancy ,  it  is  pcssibla 
to  say  that  the  character  of  frequency  aodulation  has  the  prevailing 
value.  The  method  of  synthesis  examined  leads  to  the  identical 
frequency  modulation  for  the  assigned  and  approximating  signals  and 
thus  provides  the  proximity  of  the  functions  cf 

unctrtainty/indntcrminancy.  Is  retained  only  tha  difference  in  the 
envelopes,  caused  by  the  structure  cf  the  permitted  Ch«  signals. 

Although  the  obtained  results  are  comparatively  trivial,  one 
should  emphasize  that  we  found  the  completely  strict  method  of 
synrhesis  cf  chM  signals  from  tie  assigned  realizable  futcticn  of 
uncertainty/indeterminancy.  Method  provides  the  minimum  of  quadratic 
error  for  the  arbitrary  given  envelope  shape  and  is  realized  very 
simply.  This  simplicity  cf  decisicn  is  caused,  obviously,  by  the  fact 
that  we  realize  synthesis  acccrdicg  to  the  realizable  function  of 
uncertainty/indeter minanc j,  which  is  found  preliminarily  without  ta? 
limitations  to  many  permissible  signals.  For  finding  this  function  cf 
u ncertainty/indet er minarcy  it  is  possible  to  us?  the  methods, 
presented  in  Chapter  5. 
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But  is  f?asibla  ar.otbsr,  generally  speaking,  aore  correct  nethcd 
of  synthesis.  With  this  CbM  sigra]  x(t)  it  is  selected  so  that  its 
function  of  uncertainty/indeter ainancy^  tx(t.Q)  would  implement  best 
approximation  to  the  arbitrary  desired  function  F(t,  Q)  . 

Page  206. 

The  latter  is  not  realised  as  the  function  of 

uncertainty/indeterminancy  and  it  is  usually  assigned  cnly  cn  tha 
modulus/module.  In  particular,  in  wcrk  [85]  is  used  the  following 
criterion: 

*  ^  "Sr  Jj  n  ^  I*  -  I  (t.  Q)  j’l'  dtdQ  =  min. 

The  function  of  uncertainty/indeteminancy  Xx(t,Q)  complicat  *dly 
depends  on  phase  •(t),  detsrmininc  (with  assigned  envelope)  ChK 
signal  x  ( t)  .  The  minimization  of  functional  6  according  to  the 
functions  *  {t)  is  the  target  of  calculation.  Ihe  analytical 
minimizations  of  so  complicated  a  functional,  it  is  understood  therf 
does  not  exist.  In  [85]  is  used  iterative  gradient  method. 

Calculation  is  oharacte rizod  by  tha  large  spaca  of  calculations. 
Furthermore  ths  nonlinear  functioral  being  investigated  has  local 
=  xtr-ma,  and  also  characteristic  "ravine”  structure.  Apparently, 
simpler  method  examined  above  of  synthesis  is  advisable,  at  least, 
for  obtaining  the  initial  apprcxiBaticn/approach, 


which  then  can  b» 
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Bade  more  precise  with  the  help  cf  the  iterations. 

8.3.  Synthesis  Cha  of  signals  accctding  to  the  autocorr«>laticn 
function. 

The  known  methods  cf  synthesis  of  Cha  signals  have  by  main 
target  an  approximaticn/apprcacfc  to  the  assigned  autocorrelation 
function.  This  is  connected  with  the  fact  that  ChM  signals  frequently 
are  used  for  measuring  only  the  range  cf  the  targets  when  the 
expected  Doppler  effects  are  lew.  The  signals  with  linear  Cha  (and 
close  to  then)  possess  also  that  special  feature/peculiarit y »  that 
the  sections  of  the  bedy  cf  uncertainty/indet erminancy  at  the 
different  values  Q  are  sinilar  tc  each  other.  This  provides 
permissicn/resolution  in  the  range  even  when  Doppler  rates  are 
relatively  great.  During  this  use  main  rol-s  again  plays  only  tha  fcr:n 
cf  autocorrelation  furcticn. 

As  shown  in  §7.2,  synthesis  according  to  the  realizable 
autocorrelation  function  Jl(t)  is  reduced  to  the  minimization  of  the 
distacce  between  many  permissible  signals  X  and  many  desired  signals 
Y,  the  latter  having  the  assigned  autocorrelation  function  P  (t)  , 
i.e.,  the  assigned  amplitude  spectrum  a(u): 

y(<o)=a(<D)e“'*‘*’“  (8.131 


Page  207 
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Phase  spectrum  at  (w)  is  arbitrary,  this  differs  one  signal  of  set 
7  from  another.  Here  we  examine  the  tasic  of  synthesis  in  space  L^,  so 
that  apprcrimation/apprcach  is  understood  in  the  sense  of  criterion 
(7.  17)  . 

Let  us  givs  two  foroulaticns  cf  the  task  indicated.  Let  us  fix 
first  certain  permissible  ChH  sigral 

=  (8.14) 

and  it  is  determined  distance  fro®  this  signal  -o  set  Y.  The 
corresponding  theorem  was  by  us  proved  in  §7,2.  According  to  this 
theorem,  to  the  assigned  amplitude  spectrum  a  (u)  it  is  necessary  to 
ascribe  the  phase  spectru®  of  signal  (8.14)  ,  i.e.,  to  place 

where  P*(<u)  is  dstermined  from  the  expression 

T*2 

^(<»)  =  6.  (8.15) 

-r/2 

The  corresponding  coefficient  of  proximity  C(x,  Y)  depends  only  or. 
amplitude  speczrum  6*(‘a)  and  it  is  given  by  formula  (7.15).  Then  in 
order  to  obtain  shortest  distance  dmin  it  is  necessary  to  maximize  ths 
coefficient  of  proximity  also  in  signals  x(t) . 

As  a  result  we  come  to  the  following  variation  problc-m.  It  is 
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nscassary  tc  datermine  thp  fuccticn  ♦  (t)  ,  which  givos  maximuni  tc 
value 

0» 

C(x,Y)  =  -^  ( a(9)bx(<‘>}d<»  =  wax.  (8.16) 


where  ,6x(a>)  is  deterained  in  tbs  fcra 


6*((u)  = 


r/2 


~fl7 


1 8. 1 7) 


The  function  which  satisfies  these  conditions,  and  is  the 

unknown  law  of  phase  aodulaticn. 


Page  208. 


we  will  now  obtain  the  saae  distance  timin.  functioning  in  ether 
order.  Let  us  fix  arbitrary  sigral  y{t)i=Y  and  it  is  determined 
distance  from  it  to  set  X.  Accotdirc  to  theorem  of  §8.1  for  this  w-*. 
must  ascribe  to  assigned  envelope  cf  B(t)  phase  function  ®(/)  of 
signal  y,  i.e.,  to  assume 

9(0  ^0(0.  ■ 

Here  function  <!>(/)  is  determined  in  accordance  with  (8.13): 

y  (t)  =  A  it)  =  -i-  J  dm.  (8.18) 

The  coefficient  of  proximity  C(X,  y)  depends  only  on  amplitude 
-.nvelopf  A(t)-  and  it  is  given  ty  formula  (8.7)  or  (8,3),  In  erder  tc 
obtain  further  distar.Ci*  it  is  necessary  tc  l*ad  minimirat ior.  also 
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on  signals  y.  As  a  result  we  cone  tc  tha  isaxiniization  of  valua 


rn 

‘"“i' 


{X.  y)=  f  B  I/)  A  (/)  dt  =  max, 


where 


1 

2r 


(8.19) 


(8.20) 


Unknown  is  here  function  a  (w)  -  tha  phase  spectrum  of  optimum 

generating  signal  yopt(t)  (see  §1.6).  if  is  determined  phase  spectrum 

aopf((i)),  which  satisfies  cenditiers  (8.19),  (8.20),  then  further  is 

located  most  grneratieg  signal,  for  which  is  used  the  Fourier 

transform  (8.18).  Obtainec  phase  function  Oopif/)  is  assigned  finally 

by  assigned  by  amplitude  envelope,  that  also  gives  the  unknown  ChM 

signal:  .  _  _ 

Xop'Ai\  =B(t)  expfjOopfC^)]. 

In  the  lattsr/last  transition  it  is  taken  into  consideration, 
that  signal  Xopt  is  the  element  of  set  X,  nearest  to  Hopt.  Therefore  w  = 
applied  theorem  of  §1.8  tc  determination  of  Xopt  with  respect  to 
ynr>.  Let  us  remember  that  in  §1.8  this  method  of  synthesis  was  named 
the  synthesis  of  the  optimum  generating  signal  with  the  subsequent 
approximation. 
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From  that  presented  it  is  clear  that  both  approach  as  tc  th a 
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synthesis  lead  to  the  siailar  variational  problems.  Conditions 
(3.16),  (8.17)  and  (8.  IS)  (8.20)  are  characterized  by  only  ths  fact 

that  the  temporary/time  and  frequency  dependences  vary  by  roles*. 


FOOTNOTE  *.  Thus  it  was  cktained  because  sets  X  and  Y  were  determined 
in  this  tasJi  analogously,  besides  cne  of  them  is  assigned  in  the 
frequency  dcmain,  and  another  -  in  ths  temporary/time.  With  the 
synthesis  of  FM  signals  we  will  meet  with  the  larger  difference  in 
the  structures  of  the  sets  indicated  and  then  these  methods  cf 
synthesis  will  be  essentially  distinguished.  ENDFGOTNOTE. 


Unfortunately,  does  not  succeed  in  proposing  the  direct  method 
of  deciding  the  variational  problems  indioatad.  Wain  cbstruoticn  li«s 
in  the  fact  that  conditions  (8,17)  and  (8.20)  contain  the 
moduli/modules  of  integrals.  To  operate  with  such  axprassions  is 
difficult.  Will  be  examined  below  the  corresponding  approximation 
method,  suitable  for  Chi?  signals  with  high  cosprassion  when  integrals 
indicated  can  be  computed  with  the  help  of  the  principle  of  steady 
state . 


However,  is  not  difficult  to  construct  the  itarative  prccsdur*, 
which  makes  it  possible  to  reduce  step  by  step  -ha  distance  tatw2''n 
examined/considarea  by  sets  X  and  Y.  This  procedure  completely 
corrtspcnds  to  the  method  cf  the  successivi  design  (set  §1.3  and 
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§1.10)  . 

Baing  transmitted  from  certain  initial  signal  xo^X,  let  us  first 
determine  nearest  to  it  signal  =  Let  the  distance  between 

nhese  signals  be  d^.  Then  let  us  find  signal  xisX,  closest  to  yi  arl 
located  at  a  distance  of  dz  fro®  it.  Let  us  further  determine  signal 
ffesy,  nearest  Xi,  then  -  signal  xceA",  nearest  sc  forth.  It  is 

obvious,  this  procass  leads  to  descending  sequence  of  the  distances 

. . .  (8.21) 

this  sequence  is  bounded  below  id'^d^ir,),  it  converge  to 
certain  limit. 

Does  coincide  this  limit  with  a  smallest  distance  of  it 
depends  on  the  form  of  the  curves  X  and  Y.  If  the  minimum  of  distanc 
is  unique,  then  as  a  result  of  the  fact  that  sequence  (8.21)  converg 
to  the  minimum,  process  unavoidably  leads  to  the  shortest  distance. 

Page  210. 

But  if  the  curves  X  and  Y  have  complicated  charactor,  there  aro 
several  local  minimums  cf  distance,  then  process  leads  to  som? 
minimum,  but,  perhaps,,  not  smallest  of  base.  Success  of  decision 
depends  on  how  closely  to  Xop,  is  salectod  tho  signal  cf  th.^  initial 
approximation/approach  Xq*  Further  the  method  of  obtaining  the 


( 
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initial  aFprcximation/apF^oach  in  question  prcvidas  (at  least,  in 
some  important  cases)  prcximity  tc  the  global  minimum  of  distance. 

The  process  presented  is  reduced  tc  the  consecutive  fulfillment 
of  two  basic  operations:  to  findirg  ChM  signals  Xi^X,  closest  to  seme 
signals  and  to  finding  desired  signals  nearest  to  ChM 

signals  Xi.  Both  these  operations  we  know  how  to  make.  The  first  of 
them  is  determined  by  tfcecrem  of  f8.1:  in  order  to  obtain  Xi{t), 
nearest  to  ydl),  it  is  necessary  fer  assigned  amplitude  envelope  B(t) 
to  ascribe  phase  <J>i{t)  of  signal  The  second  eporation  is 

determined  by  theorem  of  §7.2:  in  order  tc  obtain  signal  uu  nearest 
to  Xi,  necessary  to  determine  phase  spectrum  P*{to)  of  signal  Xj  and 
to  ascribe  this  phase  spectrum  tc  the  assigned  amplitude  spectrum 
a  (w)  .  As  a  result  will  he  formed  spectrum  of  the  unknown  signal, 

and  further  it  suffices  tc  fulfill  Fourier  transform  in  order  to 
switch  ever  to  the  function  of  tiire.^ 


Thus,  the  process  in  questicn  is  reduced  tc  the  successive 
adding  of  phase  functions  in  the  te spora ry/time  and  in  frequency 
domains  respectively.  This  adding  of  phase  is  a  design  to  the 
appropriate  sets  X  and  K. 

Me  arrived  at  one  of  the  krewn  methods  of  synthesis.  This  methed 
was  proposed  in  1959  by  Tartakovskiy  for  the  equivalent  task  of  th» 


DOC  =  80206709 


PAGE  ^ 

synthesis  of  antennas  [73  1.  In  the  application/appendix  to  the 
synthesis  of  ChM  signals  the  aethcd  was  nodifiad  in  [7].  This  mathod, 
therefore,  is  nothing  else  but  the  aethod  of  successivs  design, 
based,  in  turn,  on  the  critericr  cf  proximity. 

In  §1.10  were  traced  questions  of  the  ccrvergence  of  the  menhod 
of  successive  design.  It  was  esta tlished/inst ailed,  in  particular, 
that  an  in  qussticn  in  this  task  fJltitude  of  the  permitted  by  ChM 
signals  X  is  not  convex.  For  analcgcus  reasons  convexly  and  desired 
set  Y . 

Page  211. 

Therefore  the  iterative  method  in  question,  alt.iough  gives  mcnotcnic 
decrease  cf  the  distances  between  the  sets,  can,  generally  speaking, 
not  converge  in  the  sense  that  the  cbtained  successive  approximations 
Xq  (■^)  »  Xi('h),  *2  (t)  ...  dc  net  approach  the  specific  limi*.  As  shewn 
in  §1.10,  fer  tne  ccnvorgence  of  iterations  it  is  necessary  that 
obtained  ChM  signals  XiU)  too  would  not  differ  from  nearest  to  them 
desired  signals  {/i(n=Pyix,)  '  (see  conditions  (1.49),  (1.50)).  In  cth®r 

words,  it  is  required  so  that  the  initial  approximation/approach 
would  provide  sufficiently  low  distance  between  the  sets,  proximity 
tc  the  optimum.  This  again  indicates  the  tied  of  obtaining  geed 
initial  approximation s/a  p  preaches  *. 
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FOOTNOTE  Below  we  will  see,  that  the  asymptotic  decision  (utilize 
as  the  initial  appro ximation/apprcach)  makas  it  possible  to  obtain 
for  ChM  signals  with  the  large  ccirpression  the  arbitreirily  lew 
distance  between  X  and  Y,  This  provides  the  convergence  of  method. 
Convergence  was  confirmed  also  tased  on  specific  examples  by  the 
calculations  of  L.  B.  Tartakovskij  [74].  ENDPCOTNOTE. 

The  proved  above  theorems  irake  it  possible  to  establish  also 
that  during  tht  completely  acccptatle  limitations  occurs  the 
uniqueness  of  approximations/a p preaches  in  each  stage  of  iterations. 
Let  in  the  course  of  iterations  be  obtained  certain  signal 
Because  of  theorem  of  §7,2,  the  transition  from  r.  to  .v,  it  is 
realized  by  an  only  form,  if  spectrum  is  different  frem  zero  i 

each  finite  frequency  range.  But  ChE  signal  a:,(;)  has  the  final 
duration  T.  Consequently,  spectruir  .r.fw)  is  the  whole  analytic 
function  which  can  take  zero  values  only  at  the  isolated  points  of 
the  axis  of  frequencies  (on  the  null  set)  ,  and  the  condition  of 
uniqueness  is  satisfied.  Let  us  consider  now  transition  from  yi(t)  to 
following  ChM  signal  By  the  force  of  theorem  of  §3.1  this  th- 

transition  is  unique,  if  signal  y,i/)  is  different  from  zero  in  any 
finite  time  interval  with  -T/2<t<l/2.  This  condition  is  satisfied  in 
many  instances.  For  example,  it  is  possible  to  assume  that  the 
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assigned  amplitud);  spectrum  a(u)  is  limited  by  the  arbitrarily  larg--., 
but  final  frequency  band: 


a((o)s0  with  |^|>Q 


(8.  22V 


Then  any  signal  y^Y  is  a  whole  aralytic  function,  and  the  condition 
of  uniqueness  again  is  satisfied. 


One  should  however  emphasi2e  that  for  the  practical  use  cf  a 
method  questions  of  convergence  ard  uniqueness  of  iterations  have 
nevertheless  secondary  value. 


Page  212. 


In  §7,2  it  was  shown  that  precisely  distanc=r  d,  =  !lx,  is  *  h'* 

satisfactory  measure  for  the  apprcximation/approach  of 
autocorrelation  functions,  see  formula  (7.23),  Therefore  th<=  monotor. 
decrease  cf  distances  rf*  -  the  convergence  cf  process  on  the 
functional,  which  does  net  require  any  conditions,  already  provid»^s 
the  practical  applicability  of  iterations. 


If  we  take  into  account  this  observation,  one  should  recognize 
that  the  principal  value  has  a  question  not  atour  than,  descend 
rations  cr  nhry  diverge,  bu*  only  about  that,  they  do  lead  to 


.  —  •T'f:'r*T . . 
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shortest  distance  '  or  the  oaxlBUD  distance  is  more  than  dnin. 

In  the  latter  case  signal  x®,  fcund  as  a  result  of  iterations,  will 
not  be  cptimuffl  from  the  point  of  view  of  the  approximation/approach 
of  autocorrelation  functions.  As  it  was  noted,  a  similar  situaoior. 
was  possible,  since  there  are  several  local  minimums  of  distance. 

Consequently,  the  fundamental  condition,  which  ensures  the 
efficiency  of  method,  is  •‘•he  selection  of  initial  signal,  it  is 
sufficient  close  one  to  tba  cptimci:  are  necessary  the  special 
methods,  which  make  it  possible  to  find  rough  approximation,  and  it 
subsequently  it  is  possible  to  make  mor-a  precise  via  iterations. 

One  of  such  approximation  methods  is  examined  further.  This 
method,  based  on  the  asymptotic  solution  of  the  formulated  problem  cf 
synthesis,  is  used  for  the  most  iapertant  virtually  case  of  Ch?l 
signals  with  the  large  cempressien  has  also  ind^penient  value. 

8.4.  ChM  signals  and  the  method  cf  steady  stat'». 

Further  th  j  method  cf  synthesis  in  question  is  based  on  the 
approximation  calculus  cf  integrals  of  the  rapidly  oscillating 


functions 


principl“  of  steady  state.  Let  us  consiier  the  integral 
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Functions  F(x)  and  f(x)  are  assumed  to  ba  those  slowly  varying,  i.?., 
functions  themsalvss  and  thoir  derivatives  are  of  nhe  order  cf  ona. 

If  parameter  m  is  sufficiently  great  (m>>1),  then  the  function 

=cosmf(x)+Jsinmf  (x) 

is  rapidly  oscillating. 

Page  213. 

The  integrand  can  be  likened  to  the  high-frequency  oscillaticn, 
modulated  on  tha  amplitude  and  the  phase.  Integral  J  gives  the 
"constant  component”  cf  this  cscillation  and  the  less,  the  greater  m. 
This  it  is  possible  to  explain  fcy  the  fact  that  neighboring 
half-waves  of  oscillaticn  -  positive  and  nsgativa  -  almost  compensate 
each  other  and  is  made  a  very  lew  contribution  to  value  J.  However, 
the  compensation  for  adjacent  half-waves  stops  ineffectivs  near  the 
points  steady  state,  determined  by  the  condition 

/'(xo)-O.  (8.23) 

At  such  points  "instantaneous  frequency"  it  becomes  equal  to 
zero  and  oscillating  process  ceases  (it  is  more  precise,  it  stops) . 

As  a  result  the  main  cortrituticn  tc  the  integral  introduce  pr*cis?ly 
the  points  of  steady  state,  if  they  exist  in  the  interval  (a,  b)  .  Fcr 
calculating  tha  contribution  from  the  stationary  point  it  suffices  “o 
take  into  account  behavior  F  (x)  and  f(x)  in  its  vicinity.  This  I'ids 


to  dependence  [6]; 
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X  exp  { j  [mf  (X.)  ±  -^]  }  +  0  (1  fm).  (8^4) 

It  is  here  assumed  that  ir  the  interval  (a,  b)  is  only  one  stationary 
points,  which  satisfies  ccnditicr  (6.23),  for  which  lm/*'(xo)  f>J- 

FOOTNOTE  If  there  are  several  stationary  pcints,  it  is  necassary 
to  take  the  sum  of  correspcndinc  ccmponents/terms/addends. 

END FOOTNOTE. 

In  the  index  is  taken  plus  sign  with  #*{Xo)>0  and  minus  sign  is  - 
with  ■f^(Xo)<0. 

Correction  term  0  (1/®)  gives  the  estimation  of  error  ir  this 
formula:  error  considers,  in  particular,  contribution  from  other 
sections  of  range  of  integration  in  which  them  are  no  stationary 
points.  Therefore  evaluation/estinate  0  (1/m)  is  valid  also  for 
entire  integral,  if  there  are  no  pcints  of  steady  state. 


DOC  =  80206710 


PAGf  ^7/ 


Page  214. 

Let  us  compute  on  this  base  the  spectrum  of  ChU  signal  (8.  1) 

-f/J 

Let  the  instaatanecus  frequeccy  be  changed  for  time  T  within  the 
limits  -  so  that  the  deviation  of  frequency  comprises  2Q. 

Since  the  instantaneous  frequency  is  derivative  of  phase,  it  is 
possible  to  register 

<  *  ■  3 

7(0=  =  Q  ^'\{t)dt=zCLT  I  j (i|) =  wrrp, (ii). 

9  S  0 

Here  -  dimensionless  time,  Y(n)  and  -  the  function  of 

the  order  of  one  and  m=CT/ir  -  contraction  coefficient. 

As  a  result  it  is  cbtained 

-  1/2 
x{fD}  =  T  j 
-i/2 

where  v=<i)/Q  -  dimensionless  frequency.  After  using  to  this  integral 

formula  (8.24)  and  being  raturned  after  this  to  initial  to  the 
variable/alternating  t  an:  w,  we  find: 
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Xexp(j[T(/.)-W,±-f]}+0<>''”)-  <8-25) 

Here  moment/torque  to  is  defined  by  equation  (8.23)  ,  which,  as  can 
easily  be  seen,  has  a  fcxv 

<p'(^o) — o)=0 

or,  which  is  equivalent, 

(OcCM-ta-  (8-26) 

This  relationship/ratio  makes  simple  physical  sense.  It  together  with 
(3.25)  shows  that  in  accordance  with  the  principle  of  steady  state 
the  spectrum  of  ChH  signal  at  the  frequency  w  is  determined,  in 
essence,  by  the  behavior  cf  signal  at  the  moment  (or  moments/torques) 
of  time  tor  when  instantaneous  frequency  passes  value  u. 

Page  215. 

This  will  be  coordinated  by  the  kncwn  approximation  methods,  utilized 
in  the  radio  engineering  calculaticrs. 

Formula  (8,25)  assumes  that  there  is  only  one  stationary  point 
in  the  interval  of  integration;  therefore  it  is  applicable  for  the 
signals  whose  instantaneous  frequency  vary  monotonically  -  it  grows 
or  dscreasss.  With  a  change  in  the  frequency  i.  ijuation  (8,26)  is 
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satisfied  at  different  values  of  to»  stationary  point  is  moved  in  the 
duration  of  signal.  Thus  far  frequency  u  is  selected  in  the  limits  of 
band  >-0*  spectral  functicn  x  (u)  is  determined  by  the  moment/torgue 
of  time  to=to(w).  In  other  words,  in  this  frequency  domain  the 
spectrum  is  approximately  determined  not  by  signal  as  a  whole,  but  it 
is  local,  by  the  moment/tcrque  cf  time  to,  which  depends  cn  w.  This 
connection/communication  between  the  instantaneous  values  of 
frequency  and  time  is  the  base  cf  further  calculation. 

If  spectral  frequency  u  is  selected  out  cf  the  band  +-Q, 
equation  (8,26)  is  satisfied  not  with  what  t  in  the  interval  (-T/2, 
T/2),  i.e.,  stationary  points  are  absent.  Formula  (8.25)  in  this  case 
becomes  meaningless.  However,  spectral  functicn  in  this  region  is 
low,  it  is  estimated  at  value  cf  0  {^/m)  and  can  in  the  first 
approximation,  be  disregarded  fcr  the  signals  with  the  large 
compression.  The  fundamental  portion  cf  energy  of  such  signals  is 
concentrated  in  the  band  +-Q,  i.e.,  frequency  domain,  by  the  running 
instantaneous  frequency. 

Let  us  consider  in  mere  detail  the  structure  of  spectral 
function  in  the  fundamental  regior  (-Q,  Q)  .  For  the  amplitude 
spectrum  we  have  from  (8.25) 

h,(a,)  =  +  0(1  'mi.  (8.27^ 


-  ----  - ''i  in  iiiiaiiiiiM'ini  liii' In' 


nil 
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This  relationship/ratio  shows  that  the  amplitude  spectrum  depends  on 
the  signal  amplitude  at  mcment/torgue  to  and  cn  rate  of  change  in  the 
frequency  for  this  moment/torque.  The  greater  the  rate  of  modulation 
the  less  the  level  cf  spectral  function.  This  dependence  is 
confirmed  by  known  physical  considerations  [6], 


For  the  phase  spectrum  we  have  respectively 
px‘(<i>)  =— o»/»±j;/4l.  (8. 28) 

Page  216. 


Let  us  show  that  derivative  p*<®)  is  a  monotonic  function  of 
frequency.  Actually/really,  taking  into  account  (8,26),  it  is  not 
difficult  to  obtain 


■1<0 


it 

dtp 


’  d<a  ~ 

~  l-c  it.)  -  •«  (t.)  ~  it,)]  ^ 


4  Jw'.CM 


Consequently,  again  applying  (6.26)  ,  we  find 


I 


For  the  signal  with  the  morctcnically  changing  frequency  value 
(n'cito)  does  not  change  sign  cr  the  entire  duration  T,  Therefore 
P"x((o)  alsc  dees  net  reverse  the  sign,  that  also  proves  the  expressad 


confirmation. 


PAGE 


( 

t 

i 
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Let  us  focus  attenticn  on  the  following  property  of  syniaietry. 
According  to  the  conditicn,  the  law  of  a  change  in  the  phase  *(t)  is 
such,  that  its  derivative  <p'(/)  =(0c(f)  is  aonotone.  Phase  spectrua 
proves  to  be,  possesses  the  similar  property:  derivative  (u)  is 
monotonic,  besides  has  the  same  ctaracter  of  the  change  (it  grows  at 
the  increasing  instantaneous  frequency  or  decreases  -  with  that 
decreasing).  So  stand  matters,  at  least,  in  the 

approxination/approach  cf  the  metkcd  of  steady  state,  i.e.,  with  the 
high  contraction  coefficients  m  » , 

FCOTMOTE  on  the  base  cf  the  iiethcd  of  steady  state  it  is  possible 
to  compute  the  spectrum  of  ChM-cscillation/vi  hr  ation  also  in  the  more 
complicated  cases,  in  particular,  when  there  ere  several  stationary 
points  [5,  6  ].  But  the  cltained  expressions  are  not  used  with  the 
synthesis  of  signals  due  to  the  unwieldiness.  ENDFOOTNOTE. 


Let  us  now  consider  inverse  problem  -  recovery  of  signal  on  its 
spectrum.  Re  have 


a 

=  j  (8.29) 

—a 


i 

i 

i 


It  is  assumed  that  the 
final  band  of  frequencies  - 


amplitude  spectrui  a(u)  is  limited  by  the 
(however  this  assumption  is  not 


DOC  =  80206710 


PAGI  M 


essential).  The  derivative  of  the  phase  spectrum 

(8.30)  , 


has  a  dimensionality  of  time. 


?a»j€  217, 


This  value  possesses  the  physical  ccntent.  If,  for  example,  signal 
y  (t)  is  formed  at  the  output  c£  the  corresponding  forming  filter, 
then  a(u)  is  the  phase  response  of  filter  r  (u)  -  group  delay  time  for 
the  frequency  w.  Analogous  treatment  is  valid  for  the  signals,  which 
extend  in  the  delay  lines,  in  the  dispersive  media,  etc.  Let  in  the 
frequency  interval  (-Q,  Q)  in  question  the  grcup  delay  time  vary 
within  the  limits  -  T/2<t<T/2  *, 


FOOTNOTE  ».  The  selection  of  the  esro  time  reference  is  arbitrary. 
Therefore,  without  anterirg  into  contradiction  with  the  physical 
sense,  it  is  permitted  the  negative  values  of  d-ilay  time. 
ENDFOOTNOTE. 


Then  it  is  possible  to  register 

a  (•)  =  I*  t  (•)  =  r  f  t,  (•)  d<a  =  or  f  t,  ( v)  rfv  = 

d  d  6 

=  «ma,{v^. 


where  v=^..)Q  -  limensicrlsss  trequercy  ti(v)  and  .ii(v)  -  the 


-r 
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dimensionless  functions  cf  the  ctder  of  unity,  m=QT/».  Value  m  is 
great,  if  in  the  frequency  interval  of  the  variation  in  question  of 
the  phase  a(«)  occurs  to  a  large  number  of  periods.  After  doing  this 
assumption,  we  come  to  the  integral  of  type  (8.24)  and  find 


It  is  here  assumed  that  the  delay  time  t(u)  varies  monotonically  with 
the  frequency,  so  that  the  stationary  point  is  unique.  This  point  is 
determined  by  the  equation 


=t,  (8.32) 

i.e.  it  depends  on  thia  current  time  t.  Thus,  the  value  of  signal  at 
moment/torque  t  is  determined,  it  essence,  by  the  structure  of  the 
spectrum  at  that  frequency  ugr  fcr  which  group  delay  time  coincides 
with  t. 


For  the  signal  amplitude  we  obtained,  obviously. 


Page  218. 


Discussing  analogous  with  previous,  it  is  possible  to  show  that 
when  making  thasa  assumptions  the  instantaneous  signal  frequency 
coincides  for  the  current  mcment/tcrgi-.i  t  with  the  frequency  uq  ; 
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®C  (0  =  l«  {®.)  -  ±  *'41  = 

=  i^r  [*  w ^  ^ 

and  it  vary  monotocically  in  th«  interval  (-T/2,  T/2).  consequantly , 
in  the  approximation/apprcach  of  the  method  of  steady  state  ChM 
signals  with  a  monotonic  change  in  the  frequency  possess  the  phase 
spectrum  whose  derivative  is  monotone,  and,  vice  versa,  this  spectrum 
can  be  realized  only  by  mcnotcnlc  Cha  signal. 

Let  us  note  one  additional  fact.  As  can  be  seen  from  (8.33), 
signal  amplitude  is  low  at  values  of  t  for  which  equation  (8,32)  does 
not  have  a  solution.  This  means  ttat  fundamental  energy  is 
concentrated  in  the  interval  {-Z/2,  T/2)  ,  determined  by  the  range  of 
changes  in  the  group  delay  r  («)  ,  Consequently,  value  T,  which  depends 
on  the  structure  of  phase  scectrus,  is  close  to  the  pulse  duration, 
and  parameter  m=QT/v  is  a  contraction  coefficient.  We  see  that  the 
calculation  of  spectrum  of  ChM  signal  and  the  restoration/reduction 
of  signal  according  to  the  spectrum  can  be  carried  out  on  the  basis 
of  the  principle  of  steady  stats  only  for  the  high  contraction 
coefficie  nts. 

8.5.  Asymptotic  synthesis  of  chM  signals. 
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In  §8.3  were  proposed  two  aethcds  of  synthesis  of  ChM  signals, 
escape/ensuing  from  the  hypothesis  froximity.  The  first  of  them 
(formula  (8.  16)  -  (8.  17) )  is  reduced  to  the  maximization  the 
coefficient  of  closeness 

00 

C  (jc.  V)  = J  rt  (®)hx(‘j>)da)  =  max. 

■00 

where  ^*(<0)  -  amplitude  spectrum  of  the  unknown  signal  x(t).  If  we  are 
bounded  to  signals  with  a  monctcne  change  in  tha  frequency  and  large 
compression,  it  is  possible  tc  use  approximation  formula  (8.27)  for 
spectrum  A,((o). 

Page  219. 

As  a  result  it  is  obtained 

it- 1  ^  Twfer  ^ 

— B 

Are  here  undertaken  final  integration  limits,  since  the  dominant  term 
of  formula  (8.27)  is  suitable  orly  in  the  band  (-Q,  0).  Out  cf  this 
spectrum  band  available  estimate  0(1/m),  that  also  gives  the 
appropriate  correction  in  (8.34).  let  us  recall  that  the 
moment/torque  of  time  to  Is  ircnctcnic  function  u.  This  dependence  is 
determined  by  equation  (8.26).  Since  to  and  u  are  connected,  it  is 
possible  to  pass  in  integral  (6.34)  to  the  variable/alternating  to. 
Accepting  for  concreteness  (uc'>0.  i.e.  instantaneous  friquercy  it 


t 
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grows,  froB  (8.34)  and  (8,26)  it  is  not  difficult  to  obtain; 

TI2 

■  -T/2  *■ 

(8.35) 

moreovar  in  tha  lattar/last  axpressicn  is  omitted  index  in  the 
variable/altsrnating  cf  intograticn  t.  For  the  research  of  tha 
obtained  expression  for  the  iraximuis  we  will  use  Schwarz— 

Buniakowski.  Disregarding  the  ccrrection  term,  we  have 

r/2  r/2 

c=  (X.  r)  <  ]■  S’  (0  J  = 

-r;2  -r/2 

r/2  s2 

=  I  S-(/)rf;'-^  r  a*(u))rfa). 

-r/2  -0 

♦ 

The  first  intagral  is  energy  of  signal  x  (t)  and  it  is  equal  to 
unity  by  standardization  strength.  The  second  integral  exists, 
strictly  speaking,  the  part  cf  the  enargy  of  signal  y(t),  included  in 
the  band  (-C,  Q)  ,  but  it  also  it  is  very  close  to  unity,  since 
residual  energy  decreases  during  the  expansion  of  band,  at  least  as 
0  (1/mZ)  . 


Consequently,  without  intrcducing  the  further  error  (by  order 
value),  it  is  possible  tc  consider  that  the  right  side  of  the 
latter/last  inequality  gives  face  side  of  the  coefficient  cf 
proxi mit y  C  (x,  Y)  . 


1 

-.1 
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Page  220. 

This  face  sida  is  reached,  if  in  the  relationship/ratio  of 
Schvarz  -  Buniakowski  occurs  equal  sign,  i.  e.  ,  when  the  factors  of 
integrand  in  (3.35)  are  proporticcal 

dt  \ 

So  it  is  easy  to  check  by  st ra ight /direct  substitution,  factor 

of  propcrtionality  7  in  the  cptiaom  case  is  equal  to  one.  As  a  result 

we  come  to  the  differential  equatict* 

•  (8.36) 

being  determining  the  optimum  law  cf  the  frequency  modulation  of  the 
unknown  Chn  signal. 

FOOTNOTE  If  instantaneous  frequency  wcfO  decreases,  and  it  does 
not  grow,  the  right  side  cf  the  equation  reverses  the  sign.  This  does 
not  lead  to  the  essential  differences.  ENCFOOTNOTE. 

Equation  (8.36)  is  the  base  cf  calculation  in  the  series/row  of 
works  according  to  the  syrthesis  cf  ChM  signals  [  7,  29,  36,  39].  Our 
conclusion/output  shows  that  this  most  important  method  of  synthesis 
is  based,  in  fact,  to  the  criterion  of  proximity  and  directly  it 
follows  from  the  appropriate  task  cf  the  minimization  of  distance. 

L3t  US  now  consider  the  second  method,  indicated  in  §8.2. 
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According  to  (8.  19)  , 
proxiaity 


(8.20)  we  rust  aaxiaize  th^  coefficient  cf  the 

m 

C(X.y)=  1  A{t)B(t)dt. 

-m 


selecting  A  (t)  -  amplitude  envelope  of  the  generating  signal.  For 
approximation  calculus  A  (t)  ue  uill  use  formula  (8.33). 


This  it  gives 


-T/2 


Pae  221. 


Here  frequency  ug  is  connected  with  the  current  time  t  with 
equation  (8.32),  which  makes  it  pcssible  to  switch  over  in  the 
integral  to  variable/alternating  wg.  Then  it  is  obtained 

U 

C  (X,y)=  +  0(l/«). 


This  integral  can  be  traced  to  the  maximum,  after  using,  as  earlier, 
Schwarz  .  -  Buniakowski.  As  a  result  it  is  clarified,  that 

the  coefficient  of  proxiaity  C(7,  y)  is  maximum  with  satisfaction  cf 
the  condition 


i.e. 


I 

(1)  lit  =  a’  («,)  d»,.  ( 8.37) 


.  *f» '  .TC 
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8e  arrived  at  the  eqaaticn,  vhich  coincides  with  (8.36). 
Strictly,  otherwise  and  be  it  ecu  Id  not.  since  both  methods  of  the 
ninifflization  of  distance,  examined  in  §8.3.  must  lead  to  one  and  the 
same  optimum  signal  xopt(0-  This  ccrclusion/output  is  of  interest  for 
future  reference.  For  ChM  signals  beth  those  examined  of  the  method 
of  synthesis  are  equivalent.  As  noted,  they  are  characterized  by  only 
the  fact  that  the  time  and  frequency  vary  by  roles.  In  the  asymptotic 
a pproximation/approach  ve  could  obtain  the  solutions  by  each  of  the 
methods  and  clearly  demonstrate  their  identity. 


It  is  possible  to  estimate  the  error  in  the  asymptotic  solution 

examined.  If  instantaneous  frequency  satisfies  equation  (8.36).  i.e.. 

■Ju.  __  2_  tf- (0 

then  formula  (8.35)  gives 

y)  =  raa;.C^A-,  l''j=  (  B’ = 

-Ti2 

=  14-0i1/ot;.  (8.38) 

Therefore  for  the  distance  between  sets  X  and  T  is  obtained  the 
evaluation/estimate 

<..=2Il-C(X.r)l=0(l/m). 
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He  saw  in  §7.2  that  a  roct-oean-square  error  in  the 
autocorrelation  functions  6  depends  on  distance  ^^mm-  This  dependence 
is  given  by  foraula  (7.25): 

therefore 

~  ®  =  0(  I //n), 

i.e.  an  error  in  the  apprcxiaaticn/approach  of  autocorrelaticn 
function  decreases  as  1/m. 

Of  course  these  evaluaticns/estimates  are  insufficient  in  ordar 
to  determine  numerical  magnitude  cf  error  in  this  or  another  specific 
case.  From  further  examples  it  is  clear  that  the  quality  of 
approximation/approach  depends  cn  the  form  of  the  assigned  spectrum 
a  (u)  and  the  envelope  B(t).  This  ccrnecticn/ccmmunication  is  easily 
explained  -  indeed  the  task  cf  synthesis  lies  in  the  fact  that  with 
assigned  envelope  to  ensure  the  necessary  amplitude  of  assigned 
envelope  to  ensure  the  necessary  asplitude  spectrum.  Is  accurate  this 
possible  not  always.  There  is  a  series/row  of  the  conditions  with 
nonfulfillment  of  which  it  cannct  be  combined  assigned  B(t)  and  a(co). 
For  example,  it  is  not  possible  tc  fulfill  the  rectangular  spectrum 
with  rectangular  envelope,  since  cne  of  these  functions  must  be 
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FOOTNOTE  The  known  conditions  of  the  "conpatibility**  a  (u)  and  B(t) 
are  indicated  by  Fowle  [29].  ENOFCCTNOTE. 

In  our  treatment  of  synthesis  the  discussion  does  not  deal  with 
a  precise  fulfillment  of  the  assigned  spectrum.  He  realize  a  best 
approximation  to  it,  but  the  degree  of  this  approximation/approach 
depends  it  goes  without  saying  cn  structure  assigned  B(t)  and  a  (w)  . 

However,  obtained  estimates  shew  that  with  synthesis  of  ChM 
signals  the  error  can  be  arbitrarily  decreased,  increasing  the 
comprassicn  coefficient.  This  corresponds  to  tha  fact  that, 
increasing  duration  of  ChM  signal,  it  is  possible  to  fulfill  the 
given  spectrum  with  the  low  to  arbitrarily  fulfill  the  assigned 
spectrum  with  the  arbitrarily  lew  final  error  (has  in  mind  the  error 
on  the  average)  . 

Of  this  consists  one  of  the  special  features/peculia rities  of 
the  set  of  ChM  signals  in  question.  He  will  see  further,  that  with 
the  synthesis  of  FM  signals  occurs  different  picture.  There  there  is 
a  final  limit  of  distance  d^in,  sc  that,  even  increasing  compression, 
is  not  possible  to  arbitrarily  improve  the  degrae  of  approximation  of 
signals. 
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Page  223. 

Correspondingly,  an  error  in  the  correlation  functions  decreases  far 
FM  signals  not  as  1/a,  but  as  l/^^.  However,  a  similar  position  is 
characteristic  also  for  ChM  sigrals  under  some  further  conditions 
(see  §8.7). 

3.6.  Examples. 

He  will  use  several  simple  exaxples  in  order  to  illustrate  the 
efficiency  of  asymptotic  synthesis.  These  examples  are  borrowed  from 
works  [7,  29,  36,  39]. 
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Hhera  the  signs  ±  correspond  tc  rising  or  falling  instantaneous 
frequency.  Solution  of  this  equation  gives  the  required  law  cf  the 
frequency  modulation 

‘»e(0  =  ±Qtg«-y.  (8.39) 

assuming/setting  the  frequency  of  that  falling,  for  the 
instantaneous  phase  we  obtain  respectively 

t  (0  =  f  =■  m  In  cos  K  +  f,. 

where  *q  -  arbitrary  initial  phase. 

Let  us  further  determine  phase  spectrum,  p,{w).  For  this  we  will 
use  formula  (8.28)  and  dependence  of  t  on  w.  (or,  which  is  the  sane 
thing,  to  from  u) ,  expressed  ky  relationship/ratic  (8.32) .  As  a 
result,  after  simple  conversions  it  is  obtained 

?.  (•)  ^  [-r  ‘  +  rgr)  — f-  ■rctg  -g-J  +  f,. 

where  3o  is  also  arbitrary. 

Page  224. 

In  accordance  with  the  theorem  of  §7.2  g,(u))  there  is  the  phase 
spectrum  not  only  of  signal  *,,,(0.  tut  also  signal  v.nfO  -  the'nearest 
signal  cf  set  Y,  i.e.. 


J 
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:  opt  (®)  =  : 


-X 


Vi  +  cii>/Q« 

Xeitp  |]/n  1^-5-  In  4.  -gpj  — ^ -^j  | . 


An  error  in  asymptotic  scluticc  can  be  considered  now,  being 
congruent/equating  found  ChM  signal  with  generating  signal 

ycpt(t)  The  latter  is  deteritined  by  numerical  method,  by  Fourier 
transform  from  y<,pi(<i>)  The  necessary  calculations  are  carried  out  in 
[29].  Fig,  8.2  shows  the  values  of  instantaneous  frequency  and  signal 
amplitude  envelope  x^p,(t)  and  v.r/f/)  (latter  are  noted  by  points)  . 
Calculation  is  carried  cut  for  ccaparati vely  low  contraction 
coefficients  m=5/w  and  m=50/f.  As  can  be  seen  from  figurer  even  for 
such  values  of  m  asymptotic  solution  gave  very  good 
approximation/approach. 


Example  2.  Mow  let  us  assume  that  both  functions  -  enveloping 
and  the  amplitude  spectrum  -  are  assigned  rectangular: 

I  V7  itpH  -r  -2<t<+  T‘2-, 

0 

a(«)  =-| 

Key:  (1)  .  with. 


0  npn  w>  r'2: 

tipK  -c<«»<  +  Q: 
0  Jnpn 
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Pig.  8.2. 

Page  225. 

It  is  obvious#  sguation  (8.36)  has  in  this  cass  a  form 


and  it  l^ads  to  the  linear  lab  cf  mcdulation 

«*e(0  =  ~Y~*- 

We  obtained#  therefore#  lfp  signal  vitb  rectangular  envelope. 
His  spectruB 

!  <*  r  /■  2  N ; 

*  (<t\  \  CTO  j  (  -yr  ttW  )  I  t/.’ 

-r  . 

it  is  not  difficult  to  express  through  Fresnel's  Integral,  in 
particular#  we  have 
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Here 


0 


It  is  possible  to  consider  the  quality  of  a pprorimation/approach, 
being  ccngruent/aguating  the  assigned  spectrun  with  that  obtained. 
The  corresponding  graphs,  carried  cut  for  ccmparatively  high 
ccntracticn  coefficients,  are  depicted  in  Fig.  8.3  [39], 


As  can  be  seen  from  figures,  a  difference  in  the  spectra  is 
exhibited,  mainly,  near  the  tanc  edges,  with  u=+-Q.  To  the  flat/plane 
part  of  the  spactrum  superlmpcsed  oscillations  whose  amplitude  weahly 
is  reduced  with  an  increase  it  the  compressiOE,  However,  the  region, 
cccupiad  by  these  cscillations/vitrations ,  with  increase  of  m  is 
reduced,  oscillations/vltraticns  "are  wrung  out"  to  the  assigned 
boundaries  +-0.  These  oscillaticns/vibrations  call  Fresnel 
pulsations,  since  they  are  connected  with  the  structure  of  Fresnel's 
integrals.  Ue  see  also  that  outside  the  boundary  of  the  assigned  band 
is  a  comparatively  slow  decay  in  the  spectral  function  on  which  alsc 
are  present  Fresnel  pulsations.  The  greater  the  compression,  the 
steeper  this  decay.  As  a  result,  with  an  increase  in  the  compression 
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the  spectrum  approaches  .the  giver  ore,  but,  in  the  first  place,  this 
occurs  slowly,  and  they  are  necessary  very  more  than  value  of  n  so 
that  the  distortions  would  be  insignificant,  and,  in  the  second 
place,  improvement  occurs  not  due  tc  the  decrease  of  maximum 
divergences,  but  as  a  result  of  the  contracticn  of  the  sections,  in 
which  these  divergences  are  essential. 

Page  226. 

One  way  or  another,  but  was  obtained  considerably  worse 
approximation/approach,  than  in  the  previous  example,  and  it  is 
necessary  tc  be  dismantled/selected  at  the  reasons  for  this 
difference. 

Osing  a  method  of  steady  state  for  calculating  the  spectrum,  we 
assumed  the  envelope  B(t)  of  that  of  slowly  varying.  In  the  case  of 
rectangular  B(t)  this,  of  course,  it  is  erroneous  near  the  pulse 
edges  where  the  envelope  endures  abrupt  changes.  Therefore,  when  the 
stationary  point  tg  is  moved  to  the  pulse  edge,  the  utilized 
formulas,  are  incorrect.  But  the  point  of  steady  state  coincides  with 
one  of  the  fronts  on  the  band  edges  of  frequencies,  with  u=*-C. 
Logically,  in  this  region  were  obtained  the  greatest  errors. 

Therefore  it  is  possible  to  conclude  that  an  error  in  the 
a pprcximation/approach  is  substantially  connected  with  irregularity 


DOC  =  80206710 


PAGE 


B(t)  near  the  fronts^. 

FOOTNOTE  If  envelope  has  steady  character,  errors  are  obtained 
still  soaller  than  in  exaaple  1.  This  case  is  examined  in  [29]. 
ENDPOOTNOIE . 

However,  in  example  1  also  was  examined  rectangular  envelope, 
and  errors  proved  to  he  very  low  even  during  the  small  compression. 
This  forces  in  greater  detail  it  will  dwell  on  the  concept  of  the 
slowly  varying  function. 

Let  there  be  certain  envelope  B(t),  which  is  thus  far  assumed  to 
be  continuous.  After  selecting  arbitrarily  moaent/torque  to,  it  is 
possible  to  register  variation  AB  in  the  form 

other  conditions  being  equal,  the  variation  AB  is  the  greater, 
the  greater  the  interval  At. 

We  saw  that  during  the  use  of  a  method  of  steady  state  integral 
value  depends,  mainly,  on  certain  lew  vicinity  of  stationary  point. 
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iuV=s- 


1 

I  7>  i-.i 

'  *  It 


/:  lU)'. 


Here  u  -  current  frequency,  nhich  coincides  with  the 
instantaneous  signal  frequency  at  a cm ent /torque  to* 


Now  it  is  possible  tc  clarify  the  difference  between  examples  1 
and  2.  In  both  cases  the  envelope  is  identical,  so  that  factor 
B'(t)/B{t)  is  retained  ccrstant/i r variable*  . 

FOOTNOTE  *.  Let  US  recall  that  for  simplification  in  the 
considerations  is  assumed  the  final  duration  cf  fronts,  so  that  the 
derivative  B'Jt)  is  limited.  ENDFCCTNOTE. 

But  the  laws  of  frequency  modulation  essentially  are  distinguished. 

In  the  first  example  the  rate  cf  modulaticn  grows  with  the 
approximation/approach  tc  pulse  edges,  reachirg  infinite  value  with 
t=+-T/2.  By  this  is  provided  the  tell-shapad  form  of  the  spectrum 
with  the  attenuation  at  the  high  frequencies.  The  previous 
relationships/ratios  shew  that  siBultaneously  is  weakened/attenuatad 
the  effect  of  the  irregularity  cf  envelope  on  the  edges.  In  example  2 
rata  of  modulation  and  level  of  the  spectrum  are  constant;  therefore 
the  "edge  affect",  connected  with  the  pulse  edg®s,  it  is  exhibited  to 
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FOOTNOTE  2.  In  a  recent  worit  Millet  experimentally  confirmed  that  th 
distortions,  caused  by  Fresnel  pulsations,  they  are  manifested  more 
strongly  for  the  rectangular  spectrcm  than  for  that  rounded  off  [49] 
The  theoretical  explanaticn  tc  this  was  not  given.  ENDFOOTNOTE. 

From  the  aforesaid  it  is  clear  that  the  cases  examined  are  in  a 
certain  sense,  maximum  fci  rectangular  envelope.  Signal  with  the 
linear  ChM  (example  2)  ,  which  realizes  approximation/approach  to  the 
rectangular  spectrum,  shews  the  maximum  divergences,  connected  with 
rectangular  envelope  -  Fresnel  pulsations. 

When  the  assigned  spectrum  is  rounded  off,  occurs  a  relative 
increase  in  the  rate  of  vcdulaticc  cn  the  edges,  and  means,  an 
improvement  in  the  quality  of  apprcximaticn/approach.  Fresnel 
pulsations  are  wealceaed/attenuated  to  the  greatest  degree  fer  the 
signals  of  the  type  of  example  1.  Here  the  rate  of  modulation  on  the 
edges  is  infinitely  great  and,  furthermore,  the  region  of  the 
greatest  distortions  is  extruded/excluded  for  the  infinitely  high 
frequencies.  These  facts  provide  a  good  approximation/approach. 

Example  3.  In  the  previous  examples  the  form  of  autocorrelation 
function  (amplitude  spectrum)  was  chosen  arbitrarily. 

Page  228. 
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Howevert  in  ^haptwc  2  and  4  we  case  to  light/detected/exposed  the 
optimum  structure  of  the  autocorrelation  function,  maximally 
concentrated  in  the  assigned  duration  with  the  fixed/recorded  width 
of  the  spectrum.  In  the  case  of  tte  minimax  criterion,  optimum  is 
Dolph-Chebyshev  type  function,  and  the  corresponding  form  of  the 
amplitude  spectrum  takes  the  fore,  see  (2.2  6)  : 


- - - 


i  <“<+“• 

Here  c=QT/2=»m/2  -  value,  proporticnal  to  contraction  coefficient. 
The  scale  factor  k  must  be  selected  so  that  wculd  be  satisfied  the 

condition  of  normalizaticn  on  energies.  This  it  gives  [7] 

f,C 


fe'=!  in 


chc—  1  * 


Let  US  recall  that  the  level  of  the  remainder s/residues  of  optimum 
autocorrelation  function  is  determined  by  the  relaticnship/ratio 

M— ch  c»ch  ^m/2. 

which  corresponds  to  the  exponential  decrease  of  remainders/residua 
in  an  increase  in  the  ccntracticn  ccefficient. 


If,  as  in  the  previous  exavpies,  amplitude  signal  amplitude 
envelope  assigned  to  rectangular,  equation  (8.36)  takes  the  form 

_ c  /i  (<•  1  —  ci»"  2*)  dii>5 

Therafora  the  dapendsnce  cf  instantancciis  frequency  on  the  tima  is 
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givea  by  the  relationship/ratio 


mja 

t  _  c  r  /,  (c  V\  —  jc») 
T  chc-1  j 


(8.40) 


This  dependence  is  shown  in  Pig.  6.4.  The  parameter  is  value  n  -  the 
level  of  ths  reaaiadars/residues  cf  the  assigned  autocorrelation 
function.  A  decrease  in  the  remairders/residues  is  provided  due  tc  an 
increase  in  the  rate  of  modulaticc  in  pulse  edges.  As  it  follows  from 
previous,  this  raises  also  the  accuracy  of  the  asymptotic  sclution. 


A  good  apprcximaticn/approacb  to  Dolph-Chebyshev  type 
a utoccr relation  function  gives,  as  is  known,  the  function  of  Hemming, 
for  which  the  form  of  the  spectrua  takes  form  [75]; 

-  f  (o' 

a^(«i  = -^  (T  •o>7.-^  ;  -2<^u)<-).o, 

This  spectrum  monotcnically  drcps  to  the  edges  of  band  and  has 
jumps  on  the  edges.  The  value  cf  juap  depends  on  parameter  g.  with 
g=0  the  form  of  the  spectrum  rectangular,  the  jumps  are  maximum,  with 
g  =  1  is  obtained  the  cosine-sguared  form  without  the  jumps,  in  the 
intermediate  cases  0<g<1  the  value  cf  jump  comprises  ir(l-g). 

Page  229. 


Changing  g,  it  is  possible  tc  ofctaic  approximation/approach  to 
optimum  curves  for  various  levels  cf  remain ders/residuss.  The 
parameters  cf  the  corresponding  autcccrrelati cn  functions  are  given 
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in  [7,  75], 


The  approximation  of  the  optimum  form  of  the  spectrum  by  the 
function  of  Hemming  makes  it  possible  to  simplify  calculation. 
Actually,  equation  (8,36)  take  in  this  case  the  form 

jt  I  /  ^  j 

— =22’  ['  ■  2"; 

As  a  result  it  is  obtained 

f  I  /  <i)  J  <i>  '' 

Pig.  8,5  compares  the  optiaum  law  of  modulation  (8.40)  with 
approximation/approach  (8.41),  Calculation  is  carried  out  for  level 
of  lobes/lugs  tl=40  dB,  parameter  g  in  this  case  is  equal  to  0,85, 
i\.f>  ^  ev’.dent,  the  curves  are  bather  close,  "his  confirms  the 
exred?.encv  o'*  usin''  the  Henninv  aanorirsiiMt^i-n'i , 

Tt  "ould  he  a  n'’. stohe  to  assure  that  riven  the  corresnondin'' 
^unction  oo  the  holnh-C’'eb’'shev  t'^ne  (or  an  a’''’'iorosiration  to  it), 

'■'ill  actuall'^  obtain  so  lo'-r  a  level  o'*  re’nalnders .  A5 

it  was  shown^  used  asymptotic  sclution  has  an  error  of  th®  level  cf 

the  remainders/residues  cf  the  autcccrre latior  function  of  order 
0(1/m).  This  error  can  prcve  tc  be  considerably  the  assigned  level, 
so  the  latter  more  than  decreases  sxpcnentially  with  increase  of  m. 
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Fig.  8.4. 

Page  230. 

In  this  connection  is  of  interest  the  refinement  of  the 
asymptotic  solution.  One  of  the  methods  of  refinement  gives  the 
iterative  procedure,  examined  in  §6.3.  By  using  the  asymptotic 
solution  as  raro  approximation,  it  is  possible  to  obtain  more  pracise 
results  via  consecutive  iteraticns. 

Another  method  is  based  on  more  precise  asymptotic 
evaluations/estimates  of  integral  (8.24)  .  As  ue  saw,  the  neglect  cf 
•’edga  affect",  allowed  in  formula  (8.24)  ,  leads  to  the  fact  that  th® 
form  of  the  spectrum  only  approximately  corresponds  to  the  givan  one. 
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The  spectrum  holds  the  Fresnel  pulsations,  not  taken  into 
consideration  in  the  calculation,  cr  some  other  inaccuracies.  It  is 
possible  to  compensate  (at  least,  partially)  Fresnel  pulsations, 
outside  special  oscillatory  addition  into  the  law  of  cha.  Such 
"predistortions”  of  the  structure  cf  signal  make  it  possible  to 
decrease  the  remainders/residues.  Cne  of  the  methods  of  calculation 
of  predistortions  (by  the  way  very  approximated)  is  proposed  ty  Cook 
and  Paolillo  [  18  ]. 

The  introduction  of  correcticns  into  the  law  of  ChM  (designed  on 
any  of  the  methods  indicated)  is  con jugated/ccmbined  with  the  known 
technical  difficulties.  Is  required  to  satisfy  complicated  the  law  of 
modulation,  which  contains  fluctuating  component  of  changing  of 
amplitude.  Here  we  will  not  in  detail  trace  the  necessary  structure 
of  corrections. 

8.7.  Signals  with  the  symmetrical  frequency  modulation. 

In  the  previous  examination  the  law  of  a  change  of  the 
instantaneous  frequency  it  was  assured  to  be  monotonic.  This 
limitation  made  it  possible  to  use  the  simplest  version  of  the  method 
of  the  steady  state  when  there  is  only  one  stationary  point. 
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Pig.  8.5. 


Key:  (1).  Oolph*Chebyshev.  (2).  Uesaing. 

Page  231. 


Limited  application  find  also  more  complicated  Chn  signals  with  the 
nonmonotonic  law  of  modulation.  The  use  of  similar  signals 
expediently  during  the  simultanec cs  permission/resolution  in  the 
range  and  speed  since  their  functions  of  uncertainty/indeterminancy 
have  the  not  elongated,  elliptic  form,  but  they  possess  more  or  less 
expressed  central  peak  [13].  In  this  respect  the  signals  in  question 
are  close  to  phase-keyed. 


As  shown  below,  analogy  with  FM  signals  extends  somewhat 
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further.  He  will  sea,  that  the  aethcds  of  synthesis  of  FH  signals  and 
the  examined  signals  with  the  frequency  modulation  have  much  in 
common. 

He  will  be  bounded  to  the  cases  whan  instantaneous  frequency  is 
changed  symmetrically  relative  tc  the  middle  cf 

impulsa/mcmentum/pulse  and,  furthermore,  it  is  monotone  in  each  half 
of  signal.  A  similar  signal  is  used,  for  example  in  the  system, 
described  in  worh  [56]. 


If  the  envelope  B(t)  is  alsc  symmetrical,  the  spectrum  cf  the 
signal  being  investigated  has  an  expression 

+n2  TI2 

^{<d)=  f  =  2  j  B(/)cos|»(n  — 

-rn  0 


For  calculation  3f(w)  we  will  use  the  principle  of  steady  state.  Ha 
can  use  formula  (8.24),  after  taking  real  part  from  both  its  parts. 


■■  I 

i 

i 

J 

< 


As  a  result  it  is  obtained 

^(<d)  =  2/  ^BU.Icos  -O' 1 

(8.42. 

Here,  as  earlier,  to  “  stationary  point,  determined  by  equation 
(8.26),  but  now  to  must  be  placed  in  half  of  the  duration: 

Q<;.<T2. 

Instantaneous  frequency  ...  i.m  is  assumed  to  be  that  increasing  in 
this  half  of  impulse/momentum/pulse  (otherwise  formula  (3.42)  is 


A 


( 
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insignificantly  changed).  Let  us  point  out  also  that 
relationship/ratio  (8.42)  is  unsuitable  with  to->0,  when  rate  of 
change  in  instantaneous  frequency  t  =cr"(i.  •  tecoaes  low. 

Page  232. 


Fcr  this  ragicn  is  necessary  sere  general  method  (asymptotic 
approximation/approach  of  the  third  order  -  see  [6]),  but  here  we 
will  not  concern  this  refinement. 


Spectrum  x(w)  is  real  function,  i.e.,  phase  spectrum  Pifw)  takes 
only  two  values  -  0  or  v.  There  are  here  also  an  analogy  with  FM 
signals  which  possess  a  similar  property,  but  in  the  temporary/time, 
but  not  in  the  frequency  representation. 


Functioning  according  to  the  methodology  accepted,  let  us  fix 
arbitrary  ChM  signal  x(t)  from  the  class  in  question  and  is 
determined  the  first  nearest  to  it  signal  of  set  Y.  According  to  the 
theorem  of  §7.2,  for  this  it  is  necessary  to  equate  phase  spectra 
a  (m)  and  p.t(co),  so  that  spectrum  “yC^)  will  prove  to  be  real  and 
coinciding  in  sign  ’x(w).  Then,  varying  signal  x  (t)  ,  we  will  obtain 
shortest  distance  between  sets  X  and  Y.  This  consideration 

completely  corresponds  to  tne  derivation  of  formula  (8.16),  and  we 
come  to  the  maximization  cf  value 


- — 


DOC  *  80206710 


PAGE 


C(xy)=4r 


4-0» 


where  in  accordance  with  approximation  formula  (8.42) 

(«.)  =  2 1/ B  a,)  I  cos  [?  (f.)  -  <  +  I  +  0  ( 1  Im). 


As  a  result,  passing  in  the  Integral  to  the  variable/alternating 
to  [in  this  case  is  used  equation  (6.26)  ],  we  obtain  the  condition  of 
optimum  character  for  the  unknown  signal  in  the  form,  analogous 


(8.35)  : 


CU.n  =  |/^j  B(^,aK)[^]''*  X 

0 

X  jcos  |<p(0  — ‘W4--^||d<  =  max. 


(8.43) 


Hera  there  is  a  co factor  icos[.  .  caused  by  the  more  complicated 
structure  of  the  amplitude  spectrum  with  symmetrical  ChM.  However, 
after  using  the  expansion 


I  CDS  2  •  =  - 


CDS  2(1  r 


it  is  not  difficult  tc  note  that  the  main  contribution  to  integral 
(8.43)  introduces  first  term,  net  containing  rapidly-oscillating 
factor. 


Page  233 
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Being  limited  to  this  ccmEcnect/tetB/addand  (role  of  the  ethers  let 
us  consider  later,  in  ccnnection  vith  PH  signals) ,  ve  obtain 


(it.  (8.441 


As  earlier,  for  the  research  for  the  maximum  it  is  possible  to  use 


Schwarz 


-  Buniakowski.  Irtegral  (9.44)  is  maximum,  if  the 


factors  of  the  integrand  are  prepettiona 1,  i.e.. 


By  satisfactioa  of  this  cenditien  is  achieved  the  shortest  distance 
between  X  and  Y,  therefore,  from  (8.44)  is  obtained 


rn  _ 

C(X,n  =  'f(^^y'*  j  (8.461 


In  order  to  determine  coefficient  y  let  us  raise  equation  (8.45)  into 
the  square  let  us  integrate  from  zero  to  T/2.  Taking  into  account 
standardization,  we  find 


Let  us  switch  over  in  the  integral  to  the  right  to 
variable/alternating  '“c-  This  it  gives 

«>j(r/2) 

Here  integration  limits  correspond  to  total  variation  in  the 
instantaneous  frequency  of  the  unknown  signal.  .\s  usual,  we  assume 
that  this  frequency  regicr  certairs  the  range  in  which  is  contained 


“irrr.--- 
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basic  part  of  the  energy  of  the  assigned  spsctrua.  Therefore  taking 
into  account  standardization  it  is  obtained 


as  2  J  a‘  (®e'  '^*“c  = 


Page  234, 


As  a  result  formula  (8.46)  gives» 

C(X,  y)  =  — — uo(l/] 'fft) :=o.9_j_ 0(  1  'Ym\.  (8-47 1 

FOOTNOTE  Correction  term  o(i//m)  considers  an  error  in  the  previous 
calculation.  Ke  will  refine  this  correction  in  fihapter  9. 

ENDFOOTNOTE. 

Simultaneously  equation  (8.45),  which  is  determining  the 
required  law  of  frequency  mcdulaticn,  obtains  tne  form 


(8.48) 


It  is  obvious,  we  obtained  the  results,  close  to  previous. 
Equation  (8.48)  is  similar  (to ',8.  36).  Difference  in  the  coefficients 
is  connected  with  the  fact  that  new  total  variation  in  the 
instantaneous  frequency  occurs  for  half  of  the  pulse  duration. 
However,  the  comparison  cf  the  coefficients  of  proximity  (8.38)  and 
(8.47)  indicates  the  essential  difference. 


It  is  earlier,  for  the  signals  with  a  monotone  change  in  the 
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frequency  the  coefficient  of  prcxiaity  was  approximately/cxemplarily 
equal  to  unity,  more  precise  value  C(X,  t)  how  conveniently  differed 
little  from  unity  during  sufficiently  large  cempression  m.  This  means 
that,  increasing  compression,  we  could  arbitrarily  reduce  distance 
dmin.  obtaining  how  conveniently  high  degree  of  approximation. 

For  the  signals  with  symmetrical  ChM  the  coefficient  of 
proximity  does  not  attain  one  even  within  the  limit  with  m— >«.  There 
is  a  final  distance  between  sets  X  and  Y 

<.,  =  2(1  -C(X.K)I  =  2  (1-0.91  =  0,2. 

characterizing  the  limit  cf  errer  in  the  appreximat ion/approach  to 
the  assigned  amplitude  spectrum. 

This  is  clarified  in  Pig.  8.6,  where  they  are  depicted  the 
assigned  spectrum  a  (u)  and  amplitede  spectrum  of  signal  with 

symmetrical  ChM.  In  accordance  with  (8.42)  the  latter  has  a  character 
of  the  "rectifiad  sinusoid",  since  contains  factor  [cosf.  .  .I|.  Salacting 
the  law  cf  modulation,  it  is  possible  to  approach  the  spectra 
indicated  "on  the  average",  as  shewn  in  figure,  out  the  available 
dips/troughs  in  the  points  where  A,('a))=o.  limit  the  quality  of 
approximation/approach. 

Page  235. 
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There  is  no  this  limitaticn  for  the  signals  with  the  monotone  law  of 
modulations  whose  amplitude  spectra  have  steady  character  and  are 
distorted  only  due  to  ccmparatively  small  Fresnel  pulsations.  This 
difference  reflect  the  chtained  values  of  the  coefficients  of 
proximity. 

Let  us  point  out  else  a  difference  in  the  procedural  nature.  Fcr 
ChM  signals  with  the  monctone  law  cf  modulaticn  it  is  possible  to 
arrive  at  results  presented  atove  somewhat  simpler.  It  suffices  to 
require  so  that  the  amplitude  spectrum  ^,(0)),  expressed  by 
approximaticn  formula  (8.27),  would  coincide  with  the  assigned 
spectrum  a  (u) .  This  method  is  used,  fcr  example,  in  [7].  However, 
from  previous  it  is  cleat  that  this  consideration  is  correct  only 
because  without  the  account  tc  an  error  in  th^  asymptotic 
a pproxiinations/approaches  it  is  possible  to  obtain  a  precise 
conformity  between  the  given  cne  and  that  unknown  by  the  spectra 
(coefficient  of  proximity  C(X,  Y)  it  is  equal  to  unity).  For  the 
signals  with  symmetrical  ChM  this  net  thus.  Me  will  not  obtain  the 
solution,  if  we  will  attempt  to  equate  assigned  and  unknown  tha 
spectra.  Here  it  is  possible  to  only  carry  out  approximation/appcoach 
of  these  spectra  with  final  errer.  cur  approach,  based  on  the 
criterion  of  proximity,  contains  both  cases,  while  the  utilized 
previously  methods  are  suitable  crly  for  the  first  task. 
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The  task  axaioinad  about  the  signals  with  symmetrical  ChN  is  of 
special  interest  also  because  it  tas  very  close  analogy  with  the 
synthesis  of  signals  with  the  ptase  manipulation.  This  guesticn  is  in 
detail  examined  further. 
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Page  236. 

Chapter  9. 

SYNTHESIS  OF  PH  SIGNALS. 

9.1.  Quantized  and  not  quantized  FH  signals. 

Signals  with  the  phase  manipulation  are  oscillations  with 
constant  amplitude  and  constant  frequency  of  filling,  whose  initia 
carrier  frequency  is  changed  with  jumps  at  some  mcments/torques 
tt.  h.  ■  ■  ■■  ti .  and  it  can  take  fixed  values  Mt.  . 


'  A 
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lEoments/torques  (Fig.  9.1).  The  key  advantage  of  such  signals  ever 
the  signals  of  another  type  lies  it  the  fact  that  is  not  required  a 
steady  change  in  the  parameter;  the  intermittent  character  of 
modulation  of  phase  (manipulation)  makes  it  possible  to  ensure 
necessary  accuracy  with  a  comparatively  simple  equipment. 


Let  us  give  the  determination  of  binary  Ft!  signal.  Let  the 
function  X(t)  be  equal  tc  ♦-I  for  all  values  of  t,  except  certain 
multitude  of  values  //,  of  zero  measure;  at  the  points  of  last  set  the 


function  X(t)  endures  intermittent  sign  changes.  Functions  X  (t)  are 
the  envelopes  of  PM  signals  of  single  amplitude  and  infinite 
duration.  FM  signals  of  final  duration  are  obtained  frem  x  (t)  by 
limitation  in  time.  Furthermore,  we  normalize  signal  amplitude  so 


that  its  energy  would  be  equal  tc  unity.  Finally  we  have 


Kay:  (1).  with. 


1 ' npH  —T'2<t<T2; 

0  !r>r'2. 


(9.1) 


Frcm  Fig.  9.1  it  is  clear  that  FM  signal  it  is  possible  to 
depict  also  as  the  imposition  of  the  functions  of 
inclusion/connection.  The  amplitudes  of  jumps  have  single  value  in 
the  beginning  and  at  the  end  of  the  signal  and  the  doubled  value  -  at 
intermediate  points.  Therefore,  after  designating  total  number  of 
jumps  through  H ,  we  obtain  ancttei  form  of  recording,  equivalent 
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(9.2) 


Page  238. 


Since  the  spectrum  cf  functicn  l(t)  is  1/jw,  for  the  spectrum  of 
FM  signal  it  is  easy  to  obtain  expression' 


V_l 


jto 


(9.3) 


FOOTNOTE  Here  is  not  taken  into  consideration  deltoid  component  in 
the  spectrum  of  the  function  cf  the  inclusion,  it  does  not  play  in 
this  case  any  role.  ENDFCCTNCTE, 


Hare  tk  the  moments/torques  cf  the  commutation  cf  phase,  to  =  -‘T/2.j 
ts^TI2. 


It  was  above  assumed  that  the  mcments/torques  of  commutation  can 
be  placed  arbitrarily  on  duraticr  T,  However,  fundamental 
use/application  find  FM  signals,  comprised  of  the  samples  of  fixed 
period  cf  time.  Not  to  the  detriment  of  the  generality  we  will 
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further  assume/set  this  duration  cf  single.  The  moments/torques  of 
ccnnutation  for  such  signals  are  ffultiple  the  duration  indicated, 
i.e.,  -  whole  numbers.  He  will  call  these  signals  those 

quantified  (KFM) ,  keeping  in  mind  quantization  on  the  time. 


It  is  not  difficult  to  give  the  determination  of  KFM  signal, 
analogous  (9.1).  Lat  numbers  take  values  of  ♦•-1.  Then  KFM  signal, 
which  consists  of  the  n  samples,  can  be  presented  in  the  fora 

\  A  n 

x  (.')  =  ^  -  0  =  XiU^  {t  -  <)•  (9.4) 

/=i  .  /Si 


Here,  as  earlier,  factor  liyH  provides  standardization  on  the  energy 
since  under  tha  stipulated  conditiccs  the  duration  of  signal  T  is 
equal  to  a  number  of  samples  r;  Uo(t)  is  a  square  pulse  of  the  singl 


duration 


Key  ;  { 1)  .  with. 


I  O^nnH  i  f  ;  >  1  2 


value  =  -  the  amplitude  cf  samples. 


From  (9.4)  it  is  clear  that  KFM  signals  relate  to  the 


ccmposite/ccmpound,  examined  in  §7.4 
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The  spectrum  of  KFM  signal  can  be  presented  in  the  form  (se-  (7.31)) 


where 


x(io)  =Uo(U))W  (<»), 
—  ,  sin  w  2 

-  spectrum  sample,  and 


(9.5) 

ty.6, 


1=1 

-  spectrum  of  the  code. 


^  -ynL' 


(9.: 


Formulas  (9.4) -(9.7)  do  not  contradict  previous,  since  KPM 
signals  belong  to  the  total  set  of  FM  signals  with  the  arbitrary 
arrangement/position  of  ccmmutaticns.  The  isolation/libaration  of  KFM 
signals  into  the  independent  class  is  explained,  mainly,  by  the  fact 
that  during  their  formation  and  processing  inter  tc  use 
elements/cells  of  digital  computer  technology  -  shift  registers,  the. 
pulse  counters,  etc.  This  it  simplifies  to  apparatus.  Moreover,  by 
the  methods  of  the  synthesis  cf  KFM  signals  are  characteristic  some 
special  features/peculiarities,  which  consider  their  discrete/digital 
time  structure. 


9.2.  Brief  survey/coverage  cf  best  KFM  signals. 

It  is  cbvious,  that  KFM  signal,  which  contains  n  cf  samples  is 
completely  determined  by  the  sequence  of  coefficients  .  egual  to  <•  1 , 
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or  -1.  Therefore  to  each  such  signal  it  is  possible  to  supply  in  the 
conformity  the  binary  numerical  sequence,  which  is  determining  its 
structure.  For  the  analysis  of  the  sequences  indicated  are  applied 
the  methods  of  the  theory  cf  nujbers,  the  algebra  of  binary 
polynomials,  combinational  analysis  cr  another  discrete/digital 
apparatus.  These  mathcds  are  the  tasis  of  the  ovarwhelming  majority 
of  worRs  on  the  synthesis  of  FH  sigtals.  Althcugh  the  precisely 
discrete/digital  methods  made  it  possible  to  obtain  the  majority  cf 
known  KFH  signals  with  good  properties,  to  us  it  is  represented  by 
that  not  substantiated  to  be  liaited  only  to  such  methods  of 
synthesis.  Keeping  in  mind  to  clarify  the  aforesaid,  let  us  consider 
briefly  fundamental  KFn  signals. 

Special  position  occupy  Earker's  signals,  proposed  in  1953  g 
[3],  These  signals  have  snallest  possible  re mainder s/residues  of  the 
autocorrelation  function,  which  do  not  exceed  1/n.  It  is  possible  to 
show  [7]  that  the  spectruB  cf  cods  'd(w)  for  Barker’s  signals  least 
deviates  on  modulus  (in  the  sense  cf  quadratic 
approximation/approach)  from  unity.  Consequently,  according  to 
presented  in  §7,4,  Barker's  signals  provide  best  square  approximation 
to  the  spectrum  of  single  sample  -  square  impulse/momentum/pulse. 


— r*fr 

iiAJIMhibiria 


j 

i 


A 

t 


Page  240. 


By  Barker  were  indicated  the  cedes  with  the  re mainders/residues 
1/n  only  for  n^13.  These  codes  are  obtained  by  rho  selsctior:  after 
the  calculation  of  corresponding  correlation  functions  were 
salected/taken  those  signals,  for  which  tha  remaindars/residuss  do 
not  exceed  1/n.  Were  done  the  repeated  attempts  to  find  Barker  codes 
for  r.>13.  In  particular,  are  indications  that  ware  tried  all  binary 
sequences  for  n.$31  [4] 


FCOTNOTE  Let  US  note  that  cnly  with  n  =  31  there  is  2^‘»2»10'» 
different  signals.  ENDFCCTNOTE. 


However,  after  research  of  a  number  of  the  authors  it  is  possible  to 
consider  it  established/installed  that  Barker  codes  for  n>13  there 
does  not  exist  [  32,  77], 


Because  of  the  need  to  apply  KFH  signals  with  a  large  number  cf 
samples,  were  revealed  some  other  codes  with  th?  remainders/risidu's, 
large  than  1/n,  but  by  nevertheless  sufficiently  low.  Hare  should  b“ 
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not3d  n-sequencas  and  signals,  vhich  use  the  given  residue  classes. 
The  particular  form  of  the  latter  are  the  codes  of  Legendre's 
symbols,  called  also  Pell  — Plctkln 's  codas. 


The  synthasis  of  the  signals  indicated  is  reduced  to  the 
following.  First,  is  applied  certain  algorithn  (selected  a  priori, 
without  the  proof  of  its  eptimum  character)  fer  the  construction  of 
the  infinite  periodic  sequence  cf  binary  symbols  (♦  1  and  -1  cr  0  end 


In  the  casa  of  d-seguences  is  assigned  ona  of  the  irreducible 
binary  polynomials  of  the  corresponding  degree  q,  Thera  is  a 
comparatively  complete  table  cf  such  polynomials  [5  1],  and  sequoncr 
is  constructed  according  to  the  coefficients  cf  polynomial  by 
completely  regular  form  [13,  64]  2. 


FOOTNOTE  2.  Are  known  also  other  equivalant  algorithms,  which  lead  ‘■.o 
d-sequ9Pces  [44,  81].  ENCEOOTNOTE. 


The  period  of  sequence  comprises 


n-2«— 1. 


where  q  -  whole  number. 


For  each  q  are  several  irreducible  pclyncmials.  Thus,  for  ^  =  6 
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(number  of  signs  in  period  r=63)  it  is  known  6  irreducible 
polynomials#  for  q=7  (number  cf  signs  n=127)  -  18  polynomials. 
Choosing  cne  or  another  polynomial,  it  is  possible  to  obtain  signal 
with  one  or  the  other  properties,  and  there  is  no  general  rule  for 
this  selection 

FOOTNOTE  3,  With  the  selection  cf  pclyncmial  frequently  is  considered 
the  larger  or  smaller  complexity  cf  signal  shaper  [81],  but  this 
question  here  is  not  examined.  ENDFCCTNOTE. 

Signal  in  the  form  of  periodic  infinite  sequence  usually  is  not 
applied  in  the  radar,  it  is  necessary  to  still  select  the  appropriate 
segment  of  this  sequence,  and  here  also  is  certain  arbitrariness  (see 
oelcw)  . 

For  the  construction  of  the  sequence  of  th:.  given  residue 
classes  is  used  the  algorithm  cf  another  kind  [4].  Here  the  period  of 
sequence  n  is  assigned  equal  to  tbe  prime  number  P  and  is  choson  enr 
of  the  primitive  roots  cf  this  number  g.  The  property  of  primitiv-^ 
rocts  consists  in  the  facx  that,  raisinj  root  of  g  tc  the  d-^groe  frea 
0  to  P-1,  we  obtain  the  numbers  wbese  deductions,  undertaken  on 
modulus/raodule  P,  take  all  values  from  0  to  P-1  inclusively.  These 
deductions  can  be  decempestd  into  some  giv=r.  r^sidur  classes.  Further 
to  cne  group  of  residue  classes  is  assigned  symool  4l,  and  to 


- , - 
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remaining  classes  -  symbol  -  1. 

Page  241. 

Finally,  computing  consecutive  indeces  of  a  radical  g,  is  constructed 
ssgucrca  from  •*■1  and  -1,  sign  ir  this  case  is  chosen  in  accordance 
with  the  fact,  to  which  residue  class  belongs  the  next  degree  of 
primitive  root. 

Although  the  rules  indicated  assume  the  sorting  of  a 
sufficiently  large  number  of  versions,  they  provide  the  synthesis  of 
good  KFM  signals  with  the  permissible  space  of  calculations.  It  is 
established /installed ,  that  the  sequences  indicated  possess  the 
minimum  remainder s/resi cu es  cf  autccorre latic r  function.  But  here 
have  in  mind  the  autocorrelaticr  functions  of  infinite  periodic 
sequence  . 

In  order  to  use  the  sequences  indicated  in  the  radar  (and  also 
in  some  communicating  systems),  it  is  necessary  to  be  bounded  to  th^ 
segment  of  finite  length,  which  leads  to  a  furthar  deterioration  in 
the  correlation  properties. 

It  is  proved  that  the  autocorrelation  fur.c.icr  cf  on-  perici  cf 
sequence  (aperiodic  autcccrrelaticn  function)  is  connected  with  th? 
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correlaticn  properties  cf  inf  in 
r enainders/residues  of  the  auto 
signal  can  be  obtained  only  wbe 
autocorrelation  function  cf  the 
repetition,  are  also  lew  [4],  T 
signal,  it  is  expedient  tc  use 
of  the  number  of  those  indicate 
from  different  eleaents/cells  o 
signals  with  th?  worse  cr  best 
permutation  of  the  elemerts/cel 
period  leads  to  the  different  v 
it  is  necessary  to  sort  cut  all 
best  of  them  on  the  level  of  re 

Employing  high  speed  calcu 
surmount  the  appearing  difficul 
were  obtained  much  KFM  signals 
“fable  9.1  are  generalized  the  r 
50],  moreover  are  here  given  si 
rsmainiirs/rs^sidues.  In  the  tab 
designations.  Signals  are  assum 
that  the  main  peak  of  ccrrelati 
samples  n.  The  greatest  remaind 
number  In  the  previous  desig 


ite  segue nc9.  The  low 
correlation  function  of  aperiodic 
n  the  remainders/residues  of  the 
infinite  seguence,  formed  by  its 
terefore,  synthesizing  aperiodic 
cne  period  of  a  good  periodic  saguer.co 
c  ateve.  However,  beginning  signal 
f  sequence,  we  will  obtain  ncncyclic 
properties.  In  other  words,  the  cyclic 
Is  cf  sequence  in  the  limits  cf  one 
alue  of  remainders/residues.  Osually 
n  cf  signals  and  tc  select/take  th* 

Ba  indets/resid  ues. 

lating  means,  it  is  possible  tc 
ties.  During  the  latter/last  decade 
with  good  correlation  functions.  Ir 
esolts,  indicated  in  works  [  4,  45, 
gnals  with  the  smallest  known  level  of 
le  arc  accepted  the  following 
ed  tc  be  those  not  standardized,  so 
cr  function  is  equal  to  a  numbsr  cf 
er/residue  is  expressed  by  whcl-: 
rations  the  level  cf  the  greatest 
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remaind-5r/r9sidu9  comprises  p/n.  lo  the  fourth  column  of  tabli  is 
indicated  the  type  of  signal,  ir  this  case  the  letter  of  "fl” 
designates  M-seguence,  "E"  -  secuence  of  the  ci7en  residue  classes 
(among  other  things  of  legendre 's  symbols),  letter  "Er'*  mean  that  th3 
signal  does  not  relate  to. the  types  indicated. 

It  is  known  that  the  level  of  ■aximum  rentainder/residue  for  KFM 
signals  is  close  to  value  i/y7  (besides  Barker's  signals).  This  is 
illustrated  by  data  in  the  third  column  'fable  9.1.  Is  here  indicated 
value  k,  equal  to  the  relation  of  the  maximum  remainder /residue  to  Vn. 
For  the  normalized  autoccrrelat let  function  (principal  maximum  of 
which  is  equal  to  unity)  we  have 

(9.8) 

In  the  region  in  question  we  obtained 


*«0.6+0.8. 
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Table  9.1. 


n 

k 
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n 

* 

i  i 

Thh  J  n  1 
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6.77 

M 
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/ 
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B 

!  383 

15 

0  77 

B 

16 

2 

6.5 

2p 
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7 

0,62 
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397  ! 

16 
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B 

17 

2 

0,49 

B 
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8 

0,71 
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401  ; 

15 
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B 

19 
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B 
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0.08 

B 
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15 

0,74 

B 

23 

3 

0,63 
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B 
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15 

0,73 

B 

28 

2 

0,33 
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8 

0.64 

B 
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15 

0.72 

B 

29 

3 

,  oi) 
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9 
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B 

443  i 

15 

0.71 

B 

29 

4 

0,75 

B 
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3 

6.62 

B 

449  ' 

15 

0.71 

B 

31 

3 

0,53 

B 
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9 

0.69 

B 

467  1 

15 

0.70  1 

B 

31 

4 

6.71 

.M 
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9 

0,65 

B 

487  -  1 

15 

0,68  ' 

B 

37 

4 

0,66 

B 
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10 

0.72 

B 
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10 

0,72  1 

B 

41 

4 

6,63 

B 

199 

10 

0.71 

B 

499  ; 

17 

0  76  ! 

B 

43 

4 

0,61 

P  1 

211 

10 

0.69 

B 

503 

18 

0.80  I 

R 

47 

4 

0,59 

B  1 
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10 

0.67 

B 

521 

17 

B 

53 

5 

0.09 

B 

227 

10 

0.6.5 

B 

.547  i 

18 
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H 

59 

3 
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B 

233 

11 

0.72 

B 

563  1 

18 

B 

61 

5 

0,64 

B 
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12 
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B 

aV™ 

17 

0,71  : 

B 

63 

6 

n  76 

.M 
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11 

0,70 

B 
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19 

0,78  ' 

B 

67 

5 

0,61 

B 
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13 

0.81 

M 
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19 

0, 78  ■ 

B 

71 

D 

0  59 

B 
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12 

0,75 

B 

607  ‘ 

19 

0,77  1 

B 

73 

6 

0,70 

B  1 

283 

12 

0.72 

B 

619  i 

19 

0,76  1 

B 

79 

6 

0,68 

B  i 

293 

13 

0,76 

B 

631  j 

18 

6.72  j 

B 

83 

6 

0,66 

B  ! 

31 1 

13 

0,74 

B 

643  1 
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B 

89 

6 
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B  ! 

3|7. 

12 
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B 
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B 

97 

i 
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B 
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B 
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B 
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B 
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20 
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B 
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B 
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21 
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B 
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7 

0  68 

B 
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B 
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H 
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!l 
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20 
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In  other  words,  for  the  signals  with  large  n  the  maxiaiuni  lav 
of  re oainder s/residues  is  close  tc  \  V >7. 


Let  us  tmpnasize  again  that  art  h're  used  the  best  achi^ivaae 


.  '’’aSL*.  ^  ^ 


"’nit*  JK.  I  .1. 
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of  latter/last  tine.  In  particular,  from  the  data  of  Table  9.1  it  is 
evident  that  M-seguances  are  not  cptimum:  value  It  for  them  scmewhat 
higher  than  for  other  signals. 


9.3.  On  the  methods  of  synthesis  FP  of  signals. 


One  should  assume  that  many  authors*  intense  searches  to  a 
considerable  degree  drained  the  possibility  of  the  synthesis  of  KFf! 
signals.  It  is  difficult  to  expect  from  other  methods  of 
substantially  best  results.  Eut  approach  itself  to  the  synthesis 
causes,  in  our  opinion,  certain  dissatisfaction. 

In  fact,  for  Ftl  signals  there  are  no  regular,  variational 
methods  of  synthesis.  Different  methods  use  different  a  priori 
algorithms  fcr  the  ccnstructicn  of  infinite  seguenca.  Furthermore, 
necessary  is  selection  during  the  determinaticn  of  the  best  cyolic 
permutation,  which  gives  the  lirifum  of  remainders/residuss .  With 
this  approach  one  cannot,  cf  course,  be.  confident  that  was  cttained 
the  signal  with  the  best  (in  the  assigned  sense)  properties. 

with  a  large  number  of  samples  the  sorting  versions  proves  to  he 
very  bulky  and  can  prove  to  he  problem  even  fcr  contemporary  TsVM. 
Meanwhile  them  is  a  clear  tendency  to  apply  FM  signals  with  all  by  u 
large  numbtr  cf  samples,  and  this  justifies  the  search  for  cth^r 
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methods  of  synthesis,  not  connected  with  similar  difficulties. 

Focuses  attention  also  a  qualitative  difference  in  the  methods 
cf  synthesis  of  ChM  and  FF  signals.  As  we  saw,  synthesis  cf  ChH 
signals  is  produced  by  regular  iretbcds,  without  the  selection,  and 
asymptotic  decision  provides  the  necessary  accuracy  precisely  duriig 
tha  large  compression,  i.e.,  in  that  region  where  the  synthesis  cf  FM 
signals  is  most  hindered/hampered.  The  methods  of  synthesis  of  ChH 
signals  possess  physical  clarity.  There  is  a  sufficiently  obvious 
connection/communication  tetwee^n  instantaneous  speed  cf  modulation 
and  level  of  the  spectrum,  that  makes  it  possible  to  come  tc 
light/detect/expose  the  structure  cf  th-  unknown  law  Chf!  according  to 
the  assigned  autocorrelation  furcticn.  The  known  methods  cf  synthesis 
of  FM  signals  completely  disregard  similar  physical  considerations. 

We  will  show  further  that  the  crit3rion  cf  proximity  permits  -c 
work  out  substantially  another  method  of  synthasis  -  method,  which 
does  not  rsquira  salecticn  and  which  reve als/detects  generality,  the 
inherent  in  ChH  and  FH  for  oscillations.  The  proposed  below 
asymptotic  decision  allows/assumes  physical  interpretation  and  it  is 
useful  for  FH  signals  with  the  large  compression.  Although  during  the 
use  of  this  method  are  not  obtained  the  brsst  signals,  than  givsn 
higher,  it  has  advantages  in  the  sense  of  simplicity  and  clarity. 


&s  it  follows  from  that  presented#  with  ths  synthesis  of  KFM 
signals  it  is  accepted  to  use  a  oinimax  criterion  of  the 
apprcxinatioc/approach:  cptiauo  considers  signal  the  smallest  level 
of  the  greatest  reaainderyrssidue .  This  criterion  answers  the  essence 
of  problem.  Hsoainders/residues  (minor  lobes)  mask  signals  from  th*^ 
weak  close  targets,  and  it  is  desirable  to  bound  the  level  of 
remainder s/residues  by  the  permissible  low  value.  We  will,  however, 
apply  the  hypothesis  of  proximity  in  space  L* ,  which  corresponds  to 
the  quadratic  appro ximaticns/apprcaches,  which  characterize  somehow 
thf  a veraga/mean,  but  not  maximum  level  of  r amain d«rs/residu«s. 

Page  244, 
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Of  course  this  is  connected,  first  of  all,  with  the  fact  that  the 
quadratic  criterion  simplifies  decision,  but  there  are  other 
considerations  in  favor  of  this  criterion. 


The  level  of  the  greatest  remainder /residue  unconditionally 
characterizes  resolution,  if  discussion  deals  with  resolution  of  two 
targets.  Comparing  signal  from  one  target  with  the  maximum 
remainder/residus  from  another  target,  we  obtain  the  evaluation  of 
permission/resolution  under  the  worst  conditions.  But,  if  is  tracsd 
resolution  with  the  multiple  chectically  ar rang ed/locat ad  mixing 
reflections  when  signal  at  each  ircffl®nt  of  time  :.s  formrd  during  th  •. 
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iopcsiticn  of  aany  elenentary  responses,  position  substantially 
varies.  Under  thesa  conditions  the  task  of  petaission/resclut ion  has 
a  static  character  and  a  quality  cf  signal  it  is  characterized  by  th? 
root-mean-square  level  cf  remaindets/residues ,  but  miniaax.  This  will 
be  coordinated  with  the  critericn,  utilized  below,  see  also  [15]. 

In  this  chapter  further  is  examined  the  synthesis  of  the  not 
quantized  by  PM  signals  with  the  arbitrary  arrangemant/positicn  of 
commutations.  Such  signals  form  wider  set  than  KPN,  but  on  the  set  in 
question  arc  rstained  the  fundamental  special  f 2atures/pecu liarities 
of  phase  manipulation  -  ictermittect  character  and  the  constancy  of 
amplitude.  These  special  features/peculiarities  characterize  main 
technical  advantages  of  FP  signals  ever  the  signals  of  other  types 
and,  as  it  is  clear  from  the  fcllcwing,  precisely,  they  are 
determining  in  the  problem  of  synthesis.  Ue  will  show  that  the 
important  properties  of  FP  signals  which,  until  new,  could  be  only 
assumed  on  the  base  of  available  experiment,  are  re  veal  ed/d stec ted 
completely  naturally  with  the  help  cf  the  proposed  method.  In 
particular,  asymptotic  decisicn  will  como  to  light/detect/e xpesa  the 
maximum  level  of  rr mainde rs/tesid ues,  which  is  approximately 
coordinated  during  the  large  compression  with  tne  given  results. 

But  nevertheless  larger  practical  interest  represent  KFM 
signals.  The  corresponding  methods  cf  synthesis  are  examined  in  the 
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following  chapter.  These  met  beds  ar«  the  straight /direct  d'^ve  Icpm^nt 
of  the  methods,  set  forth  belcw. 

9,4.  Approximations/approaches  cn  the  set  FM  cf  signals. 

Let  as  switch  over  tc  synthesis  of  PM  signals.  As  we  usually 
assume  that  in  the  space  cf  signals  H  are  many  X  permissible  signals 
and  many  Y  desired  signals.  Set  X  centains  all  FM  signals  with  the 
arbitrary  arrangement/pcsiticn  cf  commutations,  i.e.,  satisfying 
conditions  (9.1) -(9, 3).  The  structure  of  set  Y  depends  on  specific 
problem.  If  synthesis  of  FM  signal  is  produced  according  to  t hs 
function  of  uncartainty/indeter nicancy  Q),  by  realizable  certain, 

in  general,  by  the  continuous  signal  s(t) ,  then  set  Y  contains  all 
signals,  which  possess  this  functicn  cf  uacertainty/indater minancy. 

As  it  was  shown  in  chapter  7,  these  signals  are  characterized  by  only 
initial  phase,  i.e. 

(9.9) 

Page  245. 

We  will  trace  also  synthesis  cf  FM  signals  according  tc  the 
assigned  realizable  autcccrrelaticn  function  F(t)  .  In  this  case  set  Y 
contains  all  signals  with  assigned  B(t),  i.e.,  with  the  assigned 
amplitude  spectrum  a(w),  connected  in  a  known  manner  with  R(t), 

1/ (uii  (0)1  e  i9. !•  M 
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where  a(u)  -  arbitrary  phase  spectroo. 

Let  us  designate  through  Xr  the  set  of  PH  signals  of  the 
assigned  duration  T.  Let  there  he  the  arbitrary  signal  y  (t)  .  let  us 
find  FM  signal  x  (t)  ,  which  belongs  to  sat  -^r.  ensuring  best 
approximation  to  y{t),  i.e.,  will  solve  the  tasic  cf  approximation  or. 
the  set  of  PH  signals.  Result  gives  the  following  theorem. 

a)  8est  approximation  to  signal  y(t)  gives  on  set  -^r  signal 
X  (t) ,  expressed  by  formula  (9.1),  for  which  the  function  X{t)  is 

determined  with  -T/2<t<'r/2  by  the  condition 

=  '<OTopbLX  Rei/(/)>0: 

[  —  1  ans  bc-.-a  t,  npH  Kotopbix  Rej/{0<0, 

Key:  (1).  for  all  t  with  which. 

or  otherwise  X(t)*sign  R€j(t),  where  sign  -  function  of  sign,  Tha 
moments/tcrques  of  commutation  cf  signal  x  (t)  coincide  with  zero 
Rey  (t)  ,  i.a, 

Rey(?t.)=0 

b)  If  with  -T/2<t<T/2  real  part  Bey  (t)  is  diffarent  from  zero  i 
any  interval  of  t  of  final  measure,  tho  signal  of  the  best 
approximation  on  set  only. 

c)  Ihe  coefficient  cf  prcximlty  bfzwean  signal  y(t)  and  set  V? 


comprises 
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Actually/really,  as  usual,  the  task  of  approximation  is  raducsd 
to  the  maximization  of  th«  coefficient  of  proximity  which  taking  into 
account  (9.1)  obtains  the  expressicr 

ao  -i..  .  '  r/i 

CU.  y)  =  Re  j  =  j  i(()Rey(i)d/. 

—•0  — T/J 

Paga  246. 

According  to  the  conditicr  X(t)*±1,  therefore, 

r.:  t:. 

C(x,  yX-j^  f  = 

-^Tl2 

Is  here  achieved  equality  only  by  satisfaction  of  condition 
(9.  11)  which,  as  can  easily  be  seer,  proves  all  confirmations  of 
theorem. 

For  the  uniqueness  of  the  test  approximation  it  is  significan* 
that  function  Bay(t)  is  differert  from  zero  in  any  finite  interval 
with  -T/2<t<T/2.  Actually/really,  if  in  certain  section  tctT  function 
Rej/(nsO.  then,  as  it  is  claar  from  the  formula  for  the  coefficient  rt 
proximity,  its  value  does  not  depend  on  what  function  X(t)  is 
selected  in  this  section.  Consequently,  under  these  conditions  best 
approximation  is  not  unambiguous. 
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The  proved  theorem  has  fundasactal  value  for  the  synthesis  of  F!1 
signals.  It  determines  test  apprcxiiation  on  set  for  any 
continuous  signal  y  (t)  .  The  fundamental  content  of  theorem  is  reduced 
to  the  very  simple  rule:  for  cbtaining  the  best  approximaticn  on  s'^t 
of  FM  signals  it  is  necessary  and  it  suffices  to  produce  the  ideal 
limitation  of  the  assigned  signal  (are  mors  precise,  its  real  parts), 
so  as  to  the  given  one  and  apprcximating  signals  would  coincide  in 
t  he  sign  (Pig.  9.  2)  . 
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Fig.  9.2. 


9.5.  Synthesis  according  to  the  function  of 
unc ertainty/i ndstsrminancy, 

Lst  us  uss  the  proved  in  the  previous  paragraph  thsoreoi  for  the 
synthesis  of  PM  signal  accordinc  tc  the  realizable  function  of 
uncertainty/indeterminancy.  As  it  was  noted,  set  Y  contains  in  this 
case  the  signals,  which  are  characterized  by  cnly  initial  phase  and 
deterained  by  relationsbif/ratic  (9.9), 

Page  247. 

In  connection  with  this  task  we  confirmed  the  hypothesis  of  proximity 
in  chapter  8,  after  showing  that  test  quadratic  approximation  to 
assigned  function  of  uncertainty/indeterminancy  gives  signal  Aopi(n. 
nearest  tc  the  set  Y  indicated. 

For  finding  this  signal  let  us  use  the  following  ord%r  cf  th-» 
minimization  of  distance.  First,  fixing/recording  arbitrary  signal 
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y^Y.  it  is  detarmined  the  nearest  tc  it  signal  of  s-jt  X.  If  the 
latter  contains  FH  signals  of  prescribed  duration  T,  then  result  is 
determined  by  the  previous  theorem  and  distance  d(X,  y)  is 
characterized  by  the  coefficient  cf  proximity  (9.  13) ,  It  is  possibl- 
to  consider,  however,  the  more  ceteral  case  when  duration  of  F!1 
signal  T  is  not  assigned  previously,  but  it  must  be  determined  in  the 
process  of  synthesis.  Then  it  is  necessary  to  maximize  the 
coefficient  of  proximity  also  ir  value  T,  i.e.,  talcing  into  account 
(9. 13)  : 


i  .  . 

C(X.  i/)='maxC(X..  t/)  =  niax-^  f  1  c'^*|  d'. 

*  r  r  1  '/  J 

-r;.' 

Then  we  will  maximize  the  coefficient  of  proximity  alsc  in  set 
7.  In  the  task  in  guesticr  the  signals  of  set  7  satisfy  condition 
(9,9)  and  differ  from  each  other  cnly  in  terms  of  initial  phas*  «o* 
Therefore 


r.'j 


C{X, 


Y)  =  iaaxC  {X, 


y)  =  max  —r= 


I  Res (.•)  d/. 


—T'. 


Separaring/liberat  i cc  in  signal  s(t)  amplitude  and  phase  factors 
s(f)  =  .4(<)e^**'\we  finally  obtain 

C(X.  y)  =  max j  — ■?,!  d.'-  (9-141 


-r'2 


L?t  us  considrr  a  specific  example.  As  it  was  shewn  in  chapt‘=r 


6,  optimum  function  uncsrtainties/irdetcrminarcies  in  the  sensa  of 
its  concentration  in  certain  central  circle  give  the  function  of 
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Hermite.  We  will  seek  approxiaaticn/approach  to  this  function  of 
uncertainty/indeterminancy  of  FB  signal. 


Page  248, 


The  function  of  zero-crder  Hermite  -  Gaussian  signal  -  has  a 
compression  of  the  order  of  one.  Attempting  to  obtain  FM  signal  with 
the  large  compression,  logical  as  the  "sa mple/specimen”  to  take  the 
function  of  Hermite  of  higher  order.  Let  us  place 


5  (/)  =  /I (0  =  («!2;i  (/ ), 

where  /y„  -  Hermite’c  polynomial. 


t9.15) 


We  examine  the  real  signal  for  which  (D(0=0.  Therefore  from 
(9.14)  it  is  obtained 

TI2 

CiX.  =  \  \s(t)'Jt. 

r.'H  ^  T  J 
-r,2 

Obviously,  maximum  on  «o  occurs  with  Thns  condition 

determines  signal  you,  nearest  to  set  X.  Conseguently , 


C(X.  y)  =  ma.\-pL  f  |s(/):<y/. 


(9.16) 


Fig.  9.3  show  the  assigned  signal,  the  function  of  Hermite  of 
the  10th  order.  Stepped  line  represents  unknown  envelope  of  FB 
signal,  constructed  in  accordance  with  che  previous  thtcrem  (i.  *.  sc 
that  the  mo  me  nos/to  rq  “  cf  comirutation  fall  to  zero  s(t)),  Th^ 
optimum  duration  T  is  determined  according  to  condition  (9.16). 

Broken  line  showed  the  dependence  cf  integral  (9.16)  of  ths  duration. 
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Maximuin  occurs  with  T/2s5 ,  that  also  determines  the  unknown  duration 
In  this  case 

Cmax  —  C{X,  V)  as 0,8/. 

As  usual,  the  value  of  the  naxioui  coefficient  of  proximity 
determines  the  shortest  distance  tetween  sets  X  and  Y: 

-C(A'.  )il^2»l -0,87)^0.26, 

In  §  7.1  It  was  shown  that  the  smallest  quadratic  difference  in 

the  corresponding  functiens  cf  uncertainty/indeterminancy  also  is 

expressed  as  the  coefficient  of  the  proximity: 

00 

/,sJ  =  min  Q, 

^  V  J 

=  2[1-C»(X,  ^11  =  2(1  -0,87m=.  11,49 

The  comparison  of  the  two-di lensional  functions  of 

ur.certainty/indetar minancy ,  represented  in  the  form  of  the  surfaces 
acova  the  plane  (t,  Q)  ,  presents  known  difficulty.  A<s  will  bcurd.-' 
tc  twe  sections,  .'jhowr.  in  Fig.  9.4.  The  function  of  th-* 
uncartainty/indat er minancy  of  hersitian  signal  is  a  body  of 


revolution 
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Its  secticn  along  the  time  axis  (autocorrelation  function)  has  an 


expression 


where  Ln  -  Laguerrs's  pclyncnial. 


Analogously  occurs  section  along  the  axis  of  the  frequencies 
7,(0.  Q)  = 

This  dependence  is  shown  in  Fig.  9.4  by  dotted  line,  solid  lir 
represent  the  appropriate  sections  of  the  function  of 
uncertainty/indstcr minancy  x,!/,  Q)  fcr  the  approximating  PH  signal, 
shewn  in  Pig.  9 
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We  obtained  satisfactory  approximat ion/approach.  For  the 
autocorrelation  function,  which  depends  on  the  code,  broken  line, 
which  corresponds  to  FH  signal  sufficiently  fully  describes  even  fine 
structure  of  the  function  cf  lacuerre,  approximately  repeating  th® 
form  of  main  surge  and  all  remainders/residues.  Sections  x(0.  Q) 
approach  to  a  lesser  degree.  Here  satisfactory  coincidence  takes 
place  for  the  main  surge  and  near  lateral  ones.  Further  curves 


diverge.  This  is  explained  by  the  fact  that  for  FM  signal  with 
rectangular  envelope  section  It  does  not  depend  on  the  code,  it 


is  described  by  the  function 

,/\  sin  flr  2 

which  is  completely  determined  by  cne  parameter  T.  Logically,  the 


possibilities  of  approaching  this  section  are  very  limited. 


Lat  us  note,  however,  that  the  dotted  curve,  wnich  ccrresponds 
in  Fig.  9.4  to  continuous  herxitiar  signal,  is  placed  in  the 
considerable  section  between  the  solid  lines.  Th:.s  makes  it  possible 
to  assume  that  the  apprcximaticn/approach  of  the  same  order  give  all 
other  sections.  In  any  case,  we  cttained  best  quadratic  approximation 
to  the  assigned  function  cf  uccertainty/indeterainancy. 


One  should  emphasize  that  the  quality  of  a pptoxiaa ti cn/a pproach 
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depends  substantially  or  what  furcticn  of  uncernainty/indet firminanoy 
is  assigned.  He  considered  the  case  when  the  realizing  signal  s  (t) 
real.  This  sets  known  liaitation  cn  the  structure  of  the  function  of 
uncertainty/indster minanc y 

FOOTNOTE  The  latter  possesses  syemetry  relative  to  the  axes  of 
coordinates  t  and  Q.  ENDFCOTNCTE. 

Page  251. 

It  is  obvious,  the  real  generating  signal  to  approach  with  the  help 
of  FM  signal  (which  alsc  real)  is  possible  better  than  the  signal  of 
general  view,  which  has  iaaginary  ccnponcnt.  In  particular,  an 
attempt  at  the  approxiaaticn/ap preach  to  ChN  signal  (in  which  real 
imaginary  the  parts  are  cemmensurated  on  the  energy)  gives 
considerably  worse  results,  Fes pect iv^ly ,  is  obtain  ad  worse 
approximation/approach  of  the  fucctions  of  uncertainty/indeterminancy 
[8]. 


9,6.  synthasis  according  to  the  autocorrelation  function. 

He  pass  to  the  cemplax  protlem  -  synthesis  of  FM  signals 
according  to  ths  autccorrelaticn  function.  As  it  is  cl<»ar  from 
previous  survey /cover age,  precisely,  this  prebiem  is  the  basis 


A 


ft 
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majority  cf  the  known  methods  of  synthesis  FM. 

The  general/common/tctal  treatment  of  a  question  remains 
previous.  If  R(t)  -  the  assignee  realizable  autocorrelation  function, 
then  many  desired  signals  1  include  the,  signals,  which  satisfy 
condition  (9.10)  and  which  are  characterized  by  only  phase  spectrum; 
the  amplitude  spectrum  is  uniquely  determined  by  the  assigned 
autocorrelation  function: 

OD 

|i/(ai)]*  =  a=(<p)=  J 

—OB 

After  selecting  certain  desired  signal  i/eK.  we  we  can  determine 
FH  signal  xsX.  nearest  to  it.  In  accordance  with  the  theorem  §  9.4 
for  this  it  is  necessary  and  it  suffices  to  ferm  FM  signal  x  (t)  sc 
that  the  given  one  and  approximating  signals  would  coincide  in  the 
sign.  The  corresponding  ccefficiett  cf  proximity  gives 
re lationshi p/ratio  (9.13)  » 

T 

CiX,  i\  '  '  ■ 

FOOTNOTE  *.  Here  and  throughout  is  examined  set  of  Fa  signals  of 
fixed  period  cf  time  T.  This  does  not  lead  to  the  loss  of  generality, 
if  compression  is  sufficiently  great  (see  belcw)  .  ENDFOOTNOTE. 

In  order  to  find  signal  -  ■  nearest  to  set  X,  it  is  necessary, 


varying  signal  y  to  obtain  the  xaxiiuB  of  this  valui. 
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Page  252. 

Satisfying  this  condition  signal  i'o  •  is  genarating  for  unknown  by 
signal  in  order  to  determine  the  latter,  it  suffices  to  furthrr 
again  use  theorem  of  §  9.4. 

Thus,  the  criterion  of  prcxiiity  laads  to  the  following  task: 

it  is  necessary  to  find  phase  spectrum  the  maximizing 

coefficient  of  proximity  (9.17)  when  signal  y  (t)  is  connected  with 
«((.»)  the  relationship/ratio 

OC 

y(t)=z±  j  a(u.)  e-^ du,,  (0.16, 

where  a(w)  -  the  assigned  amplitude  spectrum.  The  momen ts/tcrques  of 
commutation  of  th^;  unknown  FP  signal  x(t)  are  determined  furth^-r 
from  the  condition 

Rei/op.(^(i)  =0.  (9.19) 

Signal  Aop,  satisfies  the  criterion  of  proximity,  i.e.,  realizes 
the  minimum  of  distance  of  set  1.  After  using  another  order  of  the 
minimization  of  distance,  we  dcgcnstrated  in  §  7.  2  that  this  signal 
provides  best  quadratic  apprcximaticn  to  tha  assigned  amplitude 
spectrum  a((.»)  (see  formula  (7.17)),  and  it  also  gives  the 
autocorrelation  function,  close  to  the  optimux  (in  the  ser.sa  of 
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quadratic  approximaticn/apprcach  -  see  foraulas  (7.20),  (7.  25)). 

The  proposed  lethod  of  synthesis  is  reduced  to  finding  cf 
generating  signal  yoptit),  and  not  directly  not  unknown  FM  signal 
■topr  (<).  This  leads  to  the  variational  problem,  where  unknown  is 
continuous  function  -  phase  spectrum  a(u) .  Failure  of  the  direct 
synthesis  discrate/digital  FM  cf  signals  allows,  as  we  will  see,  to 
work  out  the  ragular  metbcd  which,  at  least,  in  the  asymptotic 
approximation/approach  gives  decision  without  any  selection. 

As  for  Chn  signals,  is  here  possible  the  iterative  procedure  o 
decision  by  the  method  cf  successive  design.  Iterations  make  it 
possible  to  obtain  more  exact  solution,  being  transmitted  from 
certain  signal  of  zero  approximation.  Such  iterations  completely 
correspond  to  the  overall  diagram,  presented  in  §  1.8  and  which  was 
being  repeatedly  applied  hy  us  earlier. 

After  assigning  FM  signal  cf  the  zero  approximation  Xq  ,  w« 
determine  signal  y^,  which  belongs  to  set  Y,  nearest  to  Xq. 

Page  253. 

(*e  then  seek  signal  nearest  to  y^.  Repeating  this  proc*-ss,  w- 


obtain  descending  sequence  of  the  distances 
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Ldt  us  disfflantle/sslect  in  greater  detail  than  these  iterations. 
After  assigning  FM  signal  of  the  zero  approxisaticn  Xo»  we  can 
datermine  its  spectrum,  using  relaticnship/ratio  (9.3).  If  we 
separata/liberate  the  real  and  imaginary  parts  of  ’ihe  spectrum,  it  is 
obt  ainad 


(<“)  =  ’  t")  —  (•“'} 

6)  I  r 


V  (<o|=  (  —  1)»  COSU)''"’ - I  —  (  —  1  )  |c  MS. 


Here  -  momants/tcrgues  cf  ccmmutation  for  signal  Xq.  In 
accordance  with  the  theorem  of  §  7.2  in  order  to  determine  signal 
y,^Y.  nearest  to  Xq#  it  is  necessary  fer  ths  assigned  amplitude 
spectrum  a(u)  to  ascribe  the  phase  spectrum  of  signal  Xq.  In  ether 
words,  spectrum  y (w)  should  be  registered  in  the  form 


y  ((B!  =a(u>l 


jft  («Bl _ 


6' («)  —  jV' (<i»>  . 

=  <2(<UI  - L . =  Slgna>. 

1'  (/'*  (u)  —  ((a) 


Signal  yi(t)  as  the  function  cf  time  is  determined  further  by 
invarss  transformation  of  Fourier; 


— 


i(i»i  (Ao  — 


=  ^  ll  |(D 


C  fwl-v ;<i>r  (i).* 

\  f  '  \  \  ■  (<oi 


dii>  ' 
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It  is  hera  assumed  tbat  the  aoplitude  specxruo  a(w)  cccupiss  che 
final  band  (-Q,  Q)  and  is  even  fuccticn. 

Page  254. 

Finally,  it  is  necessary  tc  fulfill  transition  from  signal  y i  to 
the  nearest  signal  x,  of  set  X.  This  transition  gives  theorem  of  § 
9.4:  the  moments/torques  of  ccmautaticn  of  FH  signal  correspond  to 
zero  real  parts  of  the  approximated  signal  yi  (  t) .  Since  signal  yi(t) 
rtal,  finally  is  obtained  the  equation 

-T/2<tk<»<Tf2  (9.22) 

for  determining  the  moments/tcrgues  of  commutation  of  FW  signal  of 
first  approximation.  Further  stages  of  iterations  are  produced 
analogously . 

In  chapter  1  it  was  shewn  tbat  this  iterative  process 
corresponds  to  projective-gradient  method.  Is  minimized  here  distance 
between  X  and  Y.  Was  considered  also  the  convergence  of  iterations. 

In  accordance  with  the  theorems  cf  §  7.2  and  §  9.4  when  making  thesr 
assumptiens  occurs  the  uniqueness  of  approximations/approaches  in 
each  stage,  and  iterations  lead  tc  certain  minimum  of  the  distance 
between  sets  X  and  Y.  However,  this  minimum  can  prove  to  be  local.  So 
that  the  iterations  would  lead  tc  the  shorxest  distance  (global 
minimum),  th.*  signal  cf  zero  approximation  must  be  select  5d 
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sufficiently  closely  to  Xopi- 

The  determination  cf  zerc  ap jreximation  is  the  independent 
problem,  which  is  reduced  to  the  straight/direct  resolution  the 
foreulated  earlier  variational  prctlem,  see  relationships/ratios 
( 9.  17)  -  (9 . 1 9)  .  We  will  consider  the  asymptotic  method  of  its 
decision,  suitable  for  the  high  contraction  coefficients.  This 
decision  has  much  in  common  with  the  appropriate  methods  synthesis 
Chd  and  is  cf  independent  interest. 

9,7.  Asymptotic  synthesis  PH  cf  signals. 

Above  established/installed,  that  the  synthesis  of  optimum  FH 
signal  -i"  /  •  is  reduced  to  finding  cf  optimum  generating  signal 
nearest  to  set  X,  and  this,  in  turn,  requires  the  determinations  cf 
optimum  phase  spectrum  with  which  th  a  coefficient  cf  proximity 

(9.  17)  it  reaches  maximum.  On  the  other  hand,  signal  y„,.i  is  Iccat?.! 
at  the  shortest  distance  from  FH  cf  signal  -Vo,,,.  In  accordance  with  the 
theorem  of  §  7.2  its  phase  spectrum  is  phase  spactrum  of  FH  signal, 
i.e.,  the  odd  function  cf  frequency,  se*  (9.3)  and  (9.21). 

Page  255. 

w«  can  therefore  bs  bounded  to  the  -axamination  of  odd  phas-r  spectra. 


I 
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after  assuming 

u( — w)  = — u(0)  =0. 

Furthermore,  the  amplitude  spectrum  a  (u)  oaJces  sense  to  assign  only 
by  even  function  of  frequency,  since  the  amplitude  spectrum  of  any  F*! 
signal  is  even  and  the  coefficient  of  proximity  in  the  form  (7.15) 
does  not  depend  on  odd  component  in  a  («.»)  .  Under  these  conditions  the 
generating  signal  y  (t)  is  real.  As  a  result,  proposing  also  that  a(w) 
is  finite  in  the  interval  (-Q,  C)  ,  we  obtain  instead  of  (9.  17)  and 
(9.  18) 

r/.' 

C{X,  y)  =  -^  (  |:/{0M/  =  niax.  .-'.23, 

-f'J 

8 

Ja(aj)cos(a(oB)  —  a>/)rfo>  i;».24i 

0 

Task  consists  of  the  determination  of  function  a  («)  ,  that 
realizes  maximum  C(X,  y).  For  the  apprcximaticn  calculus  of  integral 
(9.24)  it  is  possible  to  use  the  method  of  steady  state.  This  is 
connected  with  one  more  assumpticr:  cne  should  consider  that  the 
derivative  of  the  unkncwn  phase  spectrum  a'  («)  varias  monctcnically 
in  interval  (0,  Q) .  The  aforesaid  means  that  we  will  seek  optimum  Ffl 
signal  frcm  the  subset,  subordinated  to  further  condition.  We  must 
also  explain,  how  this  a  limitation  is  dangerous  from  the  point  of 
view  of  the  loss  of  the  test  sicnals,  which  ensure  high  degree  of 
approximation. 

Thus,  counting  for  the  ccncret sness ,  that  ;ha  function  a*(M) 
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mcnotonically  grows  we  car.  use  the  formula  of  ths  methcd  of  stsac 
stats  (8.24)  exactly  so,  as  this  was  dons  during  the 
conclusion/output  of  relaticnshlps/ratios  (8.31)  and  (8.42). 


FOOTNOTE  It  is  possible  to  take  that  decreasing  a*  (u)  ,  this  leads 
only  to  the  inversion  of  the  obtained  signal,  the  opposite  reference 
direction  of  time.  ENDPCCTNOTE. 


As  a  result  it  is  obtained 

<1  ^  ,7^=?=^  Ci)s(a|a)J  —  io^t  -r- r.  4!.  2^' 

'  y  i"  (u.) 

moreover  frsquancy  ug  is  connected  with  the  current  time  t  with 
stability  condition  of  the  phase: 

a'(<u,.(=<;  0<<i»n<Q,  (9  26) 

Page  256. 


Formula  (9.23)  leads  further  to  ths  rs lationship/ratio 
C(X,  i/)^y  ^  J  -j;^^^icos[a(<D) 

-f'S  * 

Here  the  sign  of  approximaticn/approach  indicates  the  error, 
connected  with  the  methcd  of  steady  state.  It  is  belcw, 
a llcwing/assuming  also  seme  ether  errors,  we  we  will  not  first  write 
out  ths  appropriate  corrections.  The  evaluaticn/ast imats  cf  th-.so 
approxiaations/approaches  is  dcre  icre  lately. 
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Using  dependence  of  t  on  wc»  expressed  formula  (9.26),  let  us 
switch  over  in  the  latter/last  integral  to  variable/alternating  uq* 
From  (9.26)  we  have  dt/dua=a"  (fco)  ;  therefore 

C(X. 

-<i«a'f(ii)4-ii/4jjd®.  (9.27) 

Is  here  omitted  index  in  variahls/alternating  u,  and  integration 
limits  {?!  and  Qj  correspond  tc  the  boundaries  of  the  signal; 

a'(Q,)  =-r/2,  a'(Qi)  =r/2.  (9.  28) 

Furthermore,  talcing  into  account  (9.26),  is  assumed  to  be  that 
performed  condition  O^Oi,  Q24G. 

As  a  rule,  the  assigned  amplitude  spectrum  a(u)  is  the  positive 
flat  function,  which  slcwly  varies  in  interval  (0,  Q)  .  A  similar 
character  can  be  assumed,  alsc,  in  o”  (u)  .  However,  latter/last 
factor  under  integral  (9.27)  has  oscillatory  structure. 

Using  the  expansion 

ensj  =  - - ^  V  COb2u^  (9.29l 

we  we  can  isolate  from  this  factor  "constant  component"  2/v. 

Page  257. 

Or."  should  expect  that  this  cempenert  mak^.s  a  main  contribution  t'^ 


j"  a  (<d)  V'a''((0)  I  cos  (a  ((d)  — 
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integral  (9.27),  while  rapidly  fluctuating  additions  give  small 
correction.  Therefore,  being  lisited  thus  far  to  the  first  term  of 
seriss/row  (9.29),  we  obtain 

C  (X,  y)  as  —  y  j*  a(io|  )  a"  ta>)du>  (9.30) 

It  is  new  not  difficult  tc  find  the  function  a"  ((j)  ,  with  which 
the  coefficient  of  proximity  C(X,  y)  has  a  maximum.  Applying 
Schwarx-Buniakowslci  •  s  inequality,  we  obtain,  talcing  into  account 
(9.28)  and  standardization  condition: 

a,  a, 

y  )  ^  -jjjy  J  (<n)  du>  J  a'  [io)dio  — 

s,  9, 

9, 

jjry[3'(Oj)  a  (Q,)l  J  a*  (<o)  cfdj  = 

a, 

a.  a 

=  =  (9.3n 

8i  0 

Hera  there  are  two  i regualitios.  The  first  of  zhem  is  cenvert-d 
into  the  equality,  if  faoters  under  intagral  (9.30)  are  proportional, 

a"((.))=Y*a2(o)).  (9.32) 

The  second  in?.guality  becomes  aquality  ,  only  if  integration 
limits  comprise 

Q,=0.  Q:  =  q. 

So  that  the  coefficient  of  preximizy  would  achieve  maximum,  iz 
is  necessary  to  take  both  these  conditions.  Fsezor  of  pro  pert  fcnali'' y 
T  it  is  easy  to  determine  further,  if  we  integrate  equation  (9.32). 
This  it  gives 
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c 

j  a"  (m)  diD  ==.  a'  (Q)  —  a'  (0)  =  T  = cv  (•I  dm  =  Y'l:. 

0  0 

Moreover  here  are  again  taken  into  consideration 
relatiocships/ratios  (9.28).  Cotsequently ,  Y  =  V'"7Vit. 

Page  258. 

Thus,  optimuni  phase  spectrum  satisfies  the  equation 
a"((i.)  =  ^a-(®)  (9.33) 

under  the  initial  conditicns  a'(0)  =-T/2  and  o(0)=0 

FOOTNOTE  Latter/last  ccnditicn  fellows  frcn  the  odd  parity  of 
optimum  phase  spectrum  a(tt)  and  its  continuity.  ENDFOOTNOTB. 

Direct  substitution  in  (9.27)  shews  that  value  C  actually/really 
reaches  in  this  case  a  maximally  pessible  value,  detarmined  by 
inequality  (9.31); 

_  _  a 

•7  -■  /  ^  m  /"  T  (*  0  I' 

C(X,  Y}^-^y  ~\'  ^\cr(m\dm  =  --^.  (9,34V 

Fig.  9.5  illustrates  these  results.  In  the  upper  part  of  the 


figure  is  shown  the  assigned  spectrum  of  power  a*  (u) 


Page  259. 

In  the  lower  part  is  given  odd  function  a"  (u)whcsc  each  half  is 
proportional  to  this  spectrua  in  accordance  wiih  (9.33)  .  Is  there 
shown  function  a*  («)  and  are  noted  Integration  limits  Q,  and  C2 , 
which  satisfy  condition  (9.28).  The  value  of  the  coefficient  of 
proximity  is  proportional  to  integral  of  a*  (u)  within  the  limits 
indicat’d  and  reaches  majimum  with  Cx=0  and  Qj^Q. "Obviously ,  we 
arrived  at  the  relaticnships/ratics ,  very  close  to  the  case  of  Ch« 
signals.  Equation  (9.33)  is  similar  (to  8.37)  for  rnctargular 


DOC  =  80206711 


PAGE 


envelope.  Furthermore  ChM  signals  vith  symmetrical  modulation, 
examined  in  §  8.6,  they  gave  accurately  the  same  value  o£  the  maximum 
ccefficient  cf  the  prcximity  (see  (8.47)).  Thera  is  suggested  the 
assumption  that  thsre  are  certain  internal  connection  between  Chn  and 
FM  oscillations.  This  ccrrecticr/ccumunicaticr  will  be 
actually/really  revealed  subsequently. 

Let  us  now  point  out  only  that  a  structure  of  ChM  oscillation 
has  the  optimum  generating  signal,  which  satisfias  the  previous 
conditions.  Actually/really,  with  |tl>$:T/2  this  signal  is  determined  by 
relationship/ratio  (9.25),  which  taking  into  account  (9.33)  and 

(9.26)  acquires  the  fcrm 

cosl'»(«)4-«M].  (9.35) 

Here 

^  —  •*'  (•)  =  a  (0)  —  to"  (®)  dm  = 

6 

m 

=  — ^  ^«o  a’(®)</®,  (9.36) 

0 

but  frequency  u  is  connected  with  time  t  with  r^JLationship/ratio 

(9.26) ,  which  can  be  registered  alsc  in  the  fcrm 

•I 

t  —  a'  f®)  =  a'  fn)_L  J a-'  = 

0 

,  m 

"• J(i’(®i(/®.  (9  3") 

0 
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Oscillaticns  of  type  (9.35),  which  have  th«5  structure 

y{t)^A(t)  cos 2(0. 

ys  will  further  call  real  Chn  slgcals  (in  contrast  tc  usual  CbM 
oscillaticns  for  which  is  characteristic  the  representation  of  the 
fora  /4(0eW'))  i. 


FOOTNOTE  However,  theB  it  is  possible  to  name  also  FM  signals  of 
variable  amplitude,  since  the  phase  takes  values  of  0  or  v  depending 
on  the  sign  of  cosina.  Let  us  recall  also  that  we  everywhere  deal 
concerning  composite  enMelope,  tut  not  with  strictly  the  signal. 
ENDFOOTNOTE. 


Instantaneous  frequency  cf  this  eaists  2’(t).  For  generating  signal 
(9.35)  instantaneous  frequency  vary  acnotcnically.  Actually/really, 


taking  into  account  the  previcus  relationships/catios,  we  obtain 

®e  /Vm  .11 


=  -  ~  <oa‘  (®)  ^  a’  («)  =  —  ® 


formula  (9.37)  it  shows  further  that  wcCO  is  a  monotcnic  function. 


Thus,  which  generates  fcr  the  cptimum  PfJ  signal  is  real  ChM 
signal  of  constant  amplitude  with  the  monotone  law  of  a  change  in  th 
frequency. 


In  Fig.  9.6  is  clarified  the  methodology  cf  synthesis. 


whi  ch 
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directly  escape/ensues  frcs  the  obtained  re lationships/ratios . 

Optinum  PH  signal  xopt  is  nearest  tc  ijopi-  Its  >o a ents/ torques  cf 
commutation  correspond  tc  zerc  t/opi(0.  i.e. 

Popt  {<1.)  =  |/ 4-  cos  K)  -f  j  =  0. 

Therefore,  after  constructing  of  the  assigned  amplitude  spectrum 
function  in  accordance  with  (S.36),  we  must  determine  values  <ok, 

with  which  it  is  implemented  latter/last  condition.  These  values 
determine,  in  turn,  moments/tcrgues  ik  according  to  aquation  (9.37), 
and  also  the  unknown  FH  signal,  shewn  in  the  tight  side  of  the 
figure.  Characteristically  mcnctcne  condensation  of  the 
moments/torques  of  commutaticn  teward  the  end  of  the  signal, 
connected  with  the  assumption  aheut  the  monotcnicity  a*  (u). 

Let  us  explain  new,  what  degree  cf  approximation  gives  this 
method  of  synthesis.  The  distance  between  signals  ^'op‘  and  is 
determined  by  ths  obtained  coefficient  of  proximity  (9.3U): 

<,^  =  2[1-C(X,  r))  =  2(1 -0.9)  =  0.2.  (9.381 

Page  261. 

The  method  examined  has  as  a  goal  to  approach  autocorrelation 
functions,  and  it  is  important  tc  consider,  hew  this  is  reached,  Ir.  ^ 
7.2  was  obtained  relaticnship/ratlc  (7.25),  which  establishes  the 
approximate  dependence  betweet  a  rcct-mean-sq uare  error  in  the 
autccorre laticn  functions  and  with  a  distance  of  d„i„. 
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This  relationship/ratio  takes  the  fora 

^min  I  2 

Thsrsfora,  taking  into  account  (9.38),  wa  obtain 

Smin  ~  1  0.4  w  S3  0.63  )  m.  (9  39) 

This  result  has  fundamental  value.  He  can  claim  that  during  thr 
large  compression  the  remainder  s/residues  of  autocorrelation  function 
in  the  optimum  case  ate  cf  the  crdec  Until  now,  this  conclusion 

followed  only  from  the  analysis  cf  known  signals 

FOOTNOTE  During  the  ccnclasicu/cutput  of  relationship/ratio  (7.25) 
ware  assumed  soma  average/mean  conditions.  For  the  best  signals  the 
roct-mean-sguars  Isvel  cf  remaicders/residues  can  be  less  (9.39),  but 
it  has  the  sf..Ti3  order  relative  tc  value  m. 
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9,3,  Ancth^r  trsataer-t  cf  method, 

4s  it  was  mentioned,  the  generality  of  the  methods  of  synthesis 
makes  it  possible  to  assuire  certain  ccnnectior/communication  between 
Chtl  and  Fa  oscillations.  This  ccnnection/communication  lies  in  the 


fact  that  any  PH  signal  it  is  pcssitle,  it  prcvss  to  be,  to  r«pr 3s:n 
in  the  form  of  the  imposition  cf  the  corres  pording  Chfl  signals. 
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In  order  to  show  this,  let  us  begin  from  formula  (9.3)  for  th=r 
spectrum  Pa  of  the  oscillation 

.-w. 


*(«) 


-  I 

+  (-1)'^ - 2 - )• 

Let  us  introduce  instead  of  the  index  of  summation  Ic  continuous 
the  variable/alternating  2  and  we  will  consider  that  there  is  a 
continuous  function  t  (z)  ,  which  takes  values  r»  at  points  z=k=0,  1, 
N,  Then  it  is  possible  to  use  the  summation  formula  of  Pcisson 


(see  for  example  [  1  ]) 


for  converting  expression  (9.40).  Actually/really,  if  we  determine 


function  «(z)  by  the  relaticnship/ratio 
„  , _  j  -  wl}  0< z 

(  0  npH  z  <0  ^  N. 


Key;  (1).  with.  (2).  and. 


that,  as  can  easily  be  seen,  left  side  (9.4  1)  is  converted  into  the 
expression,  included  in  the  brackets  in  formula  (9.40),  and  we  obtain 
on  the  basis  of  Poisson's  formula; 

CO  V 

*  ( «)  =  y  j  2]  ]  **P  1®*  -  (2v  +  I )  nz)  dz. 

VS— 9D  U 

Sinct  t  (z)  -  mor.otor.ic  furcticr,  it  is  possible  to  pass  in  the 
lattor/last  integral  to  tj  the  variable/alt?rnating  t.  As  a  result 


DOC  =  80206711 


PAGE 


after  the  series/row  of  the  ccnvetsions  (is  used  integration  in 
parts,  the  terms  outside  the  integrzl  vanish  with  the  suomaticn)  is 
obtained 


X  («a)  = 


2  «  j  r/2 

TTT  S  J  ‘ 

f=-ao  — r/2 


exp  {Jl{2v  +  1)  M  (0  —  aXD’rf/. 

(9.42) 


Page  263. 


Finally,  banking  in  pairs  the  members  of  this  sum,  it  is  easy  to 
obtain 

09  n.’ 

*(«)=“  ^  27^  j  sit4U2»+{t)n?lf)le-j'“' j,.; 

It  is  new  clear  that  in  the  interval  (“T/2,  T/2)  of  PH  signal  x  (t) 
can  be  presented  in  the  ferm  cf  the  infinite  sum  of  real  ChH  signals 

m 

=  J7:pjsin[<2v+ l)nr(0|.  (9.44) 

.») 

This  result  it  is  not  difficult  to  interpret.  Let  us  consider 
the  segment  cf  rectangular  oscillation  (meander),  shown  in  Fig.  9.7a 
As  argument  hers  serves  value  z  and  jumps  occur  at  the  whole  values 
of  z=0,  1,  2,  ...,  N.  In  the  interval  0<z<S  this  oscillation  can  b? 
decomposed  in  the  usual  Feurier  series  on  the  sines.  The  fundamsntal 
harironic  cf  this  resolution  is  also  depicted  in  figure.  It  is  not 
difficult  to  ascertain  that  the  ccefficients  cf  this  series/row  th  = 
same  as  in  formula  (9.44) .  Since  the  variable/alternating  z 
nonlinaarly  depends  on  time,  then  cn  scale  t  jumps  occur  through  th*- 
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unequal  gaps/intervals  and  is  obtained  PH  signal,  shown  in  Fig.  9.7b. 
On  the  ether  hand,  the  nonlinear  dependanca  of  z  on  t  leads  tc  the 
fact  that  each  harmonic  cf  Feuriet  series  is  converred  in  ChH 
oscillation,  but  this  cem flicaticc,  obviously,  in  any  way  does  not 
affect  the  coefficients  cf  series/tew. 

Let  us  examine  in  more  detail  the  first  "harmonic”  (maximum  in 
the  amplitude) 


lA  A 

A  A- 

'  '\J  Is 

2  W  w 

d) 

A  A 

u 

5  G1 

Fig.  9.7 


DOC  =  80206712 


PAGE 


Page  264. 

Of  the  condition,  function  z  (t)  taicas  the  whole  values  of  z*lc=0, 
1,  2,  •««#  N  at  the  mcnects  of  the  coniButation  of  phase  2*-  ChN 
oscillation/vibration  Xi(t)  passes  at  these  mcmants/torgues  through 
zero.  Ccnsequen tl y,  we  obtained  nothing  else  but  another  fora  of  the 
recording  of  ganerating  signal  (9.35).  in  accordance  with  the  rule  of 
standardization  it  is  necessary  to  only  change  the  aaplituda  of  this 
signal  so  that  its  energy  would  be  equal  to  unity.  If  we 
disragard/neglaot  integral  of  rapidly-vibrating  component,  this 
standardization  gives 

V  (0  =•  7^  sin.iw. (0-  (9.45) 

This  complately  will  be  coordinated  with  (9.35). 

In  light  of  this  new  representation  mathcd  axaminad  above  of 
synthesis  obtains  the  following  treatment.  Intending  to  find  tha  Fil 
signal  which  approaches  the  assigned  amplitude  spectrum  a  (u) ,  we 
selact  its  the  first  "harmonic"  (9.45)  and  we  assume  that  in  cartain 
approximation/approach  the  spectrum  of  entire  signal  corresponds  to 
the  spectrum  of  this  "harmonic". 


It  is  further  nace.ssary  to  determine 
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phases  z  (t)  so  as  to  fulfill  the  assigned  amplitude  spectrum. 
Logically,  we  come  to  the  prctlem  cf  synthesis  of  ChM 
oscillation/vibration  and  we  use  a  irethod  of  steady  state.  In 
accordance  with  the  results  of  eh  apter  8  is  selected  the  law  of  a 
change  in  the  instantaneous  frequency  so  that  tha  deviation  ccincides 
with  the  width  of  the  assigned  spectrum,  and  a  change  in  the  rate  of 
modulation  provides  the  necessary  structure  of  the  latter.  This 
explains  the  similarity  cf  the  irethcds  of  synthesis  of  ChM  and  FM. 


Certain  difference  is  ccnnected  with  the  fact  that  signal  (9.45)  real 
and  consists  of  two  ChM  usual  type  cscillations/vibrations: 


.  _•  gjM  («) - (O, 

j  Yn  j  Yif 


If  instantaneous  frequency  ««(/)-«'(/)  vary  within  the  range  of  0 
to  Q,  then  in  the  approximaticn/approach  of  the  method  of  steady 
stare  first  component/term/addend  describes  the  form  of  the  spactrum 
in  the  band  from  0  to  fi,  and  the  second  -  from  0  to  -Q.  This  will  be 
in  complete  agreement  with  that  presented  earlier  (see  Fig.  9.5). 


This  treatment  makes  it  possible  to  come  to  light/detect/expose 
the  series/rcw  of  important  positions.  In  particular,  we  car  considar 
the  minimum  interval  between  the  ccnmutations .  If  the  assigned 
spectrum  has  higher  frequency  Q,  then  the  greatest  instantaneous 
frequency  of  ChM  signal  (9.45)  is  also  equal  to  Q  (in  accordance  with 
ths  principle  of  steady  state),  and  the  smallest  half-period  cf 
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oscillation/vibcation  ccnprisfes  »/C.  The  mome nts/ torques  of 
commutaticn  u  are  deter  mined  ty  zero  "sinus  cids”  (9.45)  ;  therefore 


FOOTNOTE  The  given  evaluatio r/estinate  is  cf  certain  interest  for 
the  iterative  process,  described  in  §9.6.  It  is  not  difficult  to 
comprehend  that  a  number  cf  ccmmutations  N  can  be  changed  frcm  one 
space  to  the  next  and  appears  tfce  fear  that  number  N  will  with  the 
iterations  unlimited  grow.  Then  tc  be  obtained  the  unrealizable 
virtually  signal,  on  the  basis  cf  that  presented  it  is  pcssitle, 
however,  to  claim  that  this  it  will  net  happen,  since  the  minimum 
interval  betwean  the  commutations  is  limited  ty  the  higher  frequency 
of  the  spectrum,  ENDFOOTNCTE. 

The  average  value  of  the  interval  between  the  commutations 
approximately/axemplarily  corresponds  to  average  rapid  of  the 
spectrum  Q/2,  i.e.,  b<ep«2n/{). 

Page  265. 

Consequently,  total  number  of  ccmmutations  on  duration  T  obtains 
evaluation/estimate  v»r,'v,p=.Qr.'2n-/n/2,  This  will  be  coordinated  with  the 
itnewn  property  of  "good"  Fa  signals:  a  number  of  alternations  in  the 
sign  is  approximately  half  cf  sanples. 
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Me  can  in  a  new  way  throw  light  also  assumption  about  the 
monotonicity  of  derived  a*(w).  As  it  was  noted,  this  assumption  is 
equivalent  so  that  the  irstanta recu s  signal  frequency  (9.45) 
mcnctonically  depends  or  time.  This  limitation  is  substantial  only 
during  the  determination  of  law  ChPl,  which  ensures  the  assigned 
amplitude  spectrum.  Simply  we  dc  ret  know  another  locked  method  of 
synthesis  of  ChM  signals,  besides  the  method  of  steady  state,  but  the 
latter  gives  th?  forseeahle  solution  only  with  this  restriction. 
Resolution  of  FM  signal  into  the  "harmonics'*  (9.44)  is  useful  during 
any  arrangement/position  of  commutations,  and,  if  we  could  construct 
nonmonotonic  ChM  signal  with  the  assigned  spectrum,  then  would  be 
obtained  the  corresponding  netmer ctcnic  FM  signal. 

The  main  error  in  the  apprcximaticn/apprcach,  which  leads  to  the 
final  distance  between  sets  X  ard  Y,  is  connected  with  the 
replacement  of  "sinusoidal"  oscillation  (9.45)  oy  square  wave  (PM 
signal);  in  other  words,  with  the  neglect  of  all  terms  of  series/row 
(9.44),  except  the  first.  But  this  approximation/approach  does  not 
depend  on  mcnotonicity  or  nonmercteny  of  tns  law  of  modulation. 
Therefore  one  should  expect  that  rcnmonctcnic  FM  signals  must  not 
give  substantially  best  a pprexi oaticn/approach  to  the  assigned 
spectrum,  than  monotone  ores,  examined  higher. 
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Let  us  show  this  more  strictly.  Any  real  signal  can  be  presented 
in  the  form 


jf (0—4(0  cos  *(0 


(9.46) 


Assuming  this  signal  to  be  rapidly  vibrating,  it  is  isolated  the 
slowly  varying  enveloping  A{t)^r?  and  carry  rapidly-vibrating 
structure  tc  the  second  factor.  Then  the  coefficient  of  proximity 
(9.23)  obtains  the  form 

r/2 

C[X,  ^  /I  (0 1  cos  2  (01  rfO 

-r/2 


If  we  again  use  expansion  (9.29),  then  without  taking  into 
account  integrals  of  ra pidly- vibrating  components/terms/addends  the 
coefficient  of  proximity  will  depend  only  on  amplitude  envelope 

Tn 

C{X.y)^^^  ^  .4(0rfn 

-r/2 

In  order  to  obtain  maximum,  it  is  necessary  tc  fit  optimum  A  (t)  .  For 
this  purpose  Ist  u^  again  use  Schwarz  inequality  -  auniakcwski: 

r/2  r/2 

f  f  -4»(0d/=- 

-r/2  -r/2 

Tn 

?a;e  266.  ' 


-•'ttr/last  ir.t’gral  can  be  expressed  through  the  energy  of 


f 
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i 


signal  y(t).  If  we  disregard/neclect  integral  of  the 
rapidly-vibrating  function,  then  it  is  obtained 

m  r/2 

-ri2  _r/2 

Thus,  c^(X.  y)^s/x‘  and,  as  usual,  uppsr  bound  reaches  at  the 
proportionality  of  factors,  i.e.,  under  the  condition 

A  (0=- const 

This  means  that  the  real  generating  signal  with  rectangular  envelope 
makes  it  possible  to  obtain  better  approximat ion/approach  by  FM 
signal  in  comparison  with  all  other  signals  of  type  (9,46), 

Any  amplitude  changes  make  the  quality  worse  of  approximation. 
However,  if  envelope  is  rectangular,  then,  independent  of  the 
character  of  phase  modulation,  attains  the  limiting  value  of  the 
coefficient  cf  proximity  C{X.  y)=2Y2;.i.  The  aforesaid  means  that 
nonmonotonic  F.'i  signals  cannot  give  the  best  approximation/approach 
to  the  assigned  spectrum,  than  sorctonic  caes  examined  above^. 

FOOTNOTE  *,  This  conclusicn/out  put  is  valid  with  that  degree  of 
accuracy  that  is  accepted  above,  if  we  take  into  account  corrections 
to  the  asymptotic  solution,  mcnctcne  signals  can  prove  to  be 
non-optimal,  ESDFOOTNOTE. 

It  is  nevertheless  interesting  to  explain,  what  structure  have 
’•good”  FN  signals,  obtained  by  ether  methods;  are  enccuntered  among 

them  monotone.  Analysis  shows  that  the  monotonicity  actually/really 

occurs  for  many  such  signals. 
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Pig.  9.8. 

Page  267. 

In  Fig.  9.3a  according  tc  discrete/digital  values  u  is 
constructed  the  plotted  function  t(2)  for  Barker's  13-digit  signal 
Is  there  depicted  the  smoothed  curve,  in  which  is  absent  certain 
superimposed  fluctuation.  This  curve  is  convex,  it  does  not  change 
the  sign  of  curvature.  Mere  clearly  this  structure  is  visible  in  F 
9.ab,  whero  are  shown  the  same  curves  minus  linear  component,  i.e. 
is  constructed  funcxicn  :».ar.d  its  "averaging". 

It  is  obvious,  in  certain  apprcximation/approach  $ (t)  there  i 
the  symmetrical  convex  furcticn,  close  tc  the  guadratic  parabola. 
This  means  that  each  term  cf  series/row  (9.42)  corresponds  to  the 
spectrum  cf  ChM  signal  with  the  mcnotone  (in  the  case  of  parabola 


DOC  -  80  20  6712 


PAGE 


Pia.  9.9  analogously 

-  lau  of  a  change  in  the  frequency,  in 

,t,  for  a  rn  alg"*!- 

coastructed  function  «  (  gen.ral/coa.on/total  structo 

nagandre.s  sfatols.  It  la  ob.loua,  the  gen-t 

the  sa.e  an  in  the  Freceding  caaa. 


of  curve  here 
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9,9,  Estimation  of  error  in  the  asymptotic  solution. 

From  previous  is  clear  the  nature  of  the  errors  for  the  method 
of  synthesis  examined.  These  errors  are  connected,  in  the  first 
place,  with  an  error  in  the  method  of  steady  state,  used  for  the 
determination  of  the  generating  Cbf*  signal,  and,  in  the  second  place, 
with  the  neglect  of  all  terms  of  series/rcw  (9.29),  except  the  first. 
The  first  reason  to  equal  measure  relates  to  the  synthesis  of  ChM 
signals,  it  is  exhibited,  in  particular,  in  the  Fresnel  pulsations, 
examined  in  §8.5.  The  second  reascc  is  specific  fcr  FM.  As  we  saw, 
she  was  equivalent  to  the  replaceaent  of  the  stepped  structure  of 
that  shewn  in  Fig,  9.7,  smoothly  curve. 

It  is  possible  to  consider  an  error  in  the 
approximation/appco ach,  if  we  determine  mere  accurately  the  value  of 
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the  coefficient  of  proximity,  which  is  in  our  method  the  measure  of 
the  quality  of  approximation,  here  it  is  possible  to  discuss  as 
follows. 

Page  268. 


The  examined  method  cf  synthesis  led  to  the  generating  signal 


y{t)  =  y  -yncos|<»(0+»/41;  -7'/2</<r/2.  (9.47) 

where  the  function  $  (t)  was  determined  in  the  parametric  form  of 
relationship/ratio  (9.36)- (  9.37).  In  accordance  with  precise  formula 
(9,13)  the  coefficient  of  proximity  for  this  signal  and  set  of  FH 
signals  X  comprises 


C(X.  y)=-^  j.|cos  [^4»(f)  +  -^]|'<«. 


If  we  again  use  expansion  (9.29)  ,  then  th*?  first  term 
immediately  will  lead  to  obtained  previously  value  C=2]/‘2/«,  and  the 
others  will  give  the  corresponding  correction.  As  a  result 

2V^ 


where 


C{X,  y)=- 


^  _4)^2  (-  1)1*-' 


i»i 


rn 

r  ccs2»ir4>(04--^]d^ 

-T/2 


Using  dependence  (9,37),  it  is  possible  to  switch  ever  in  this 
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integral  to  variable/alternating  u.  This  it  gives: 

^ J (•)  cos  »  [«& H  +  j  dm.  (9.48) 

Moreover  function  (( (u)  is  defined  by  specific  relationship  (9.36). 

For  calculating  the  integral  let  us  use  the  method  of  steady 
state.  Stationary  point  uq  is  determined  by  condition 

(D'(<i)o)  =— <i)oO*(tl)o)  =0. 


Page  269, 


Consequently,  «o=0,  and  the  method  of  steady  state  leads  to  the 
expression  (are  here  emitted  scse  intermediate  conversions) 

".K'i.iv-oK'S*' 

where  it  is  also  considered  t  tat  ^  w -4=  • 

yr  jrrr  0 

Further  we  have 

S  l4^rrTn^“T?(^'^Wf 

f 

and  it  is  final 

C(X.  p)=?^|l  + -1-0(1  ^/n)}.  (9.49) 
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Thus,  an  arror  in  the  asymptotic  solution  is  of  the  order  I/l^m 
and  the  less,  the  greater  the  contraction  coefficient.  Let  us 
emphasize,  however,  that  here  has  in  mind  the  quadratic 
approximation/approach  to  the  assigned  amplitude  spectrum,  evaluated 
by  the  value  of  the  coefficient  cf  proximity.  With  this  criterion  of 
synthesis  the  asymptotic  solution  can  ba ,  apparently,  considered 
satisfactory,  beginning  with  !!i--50,  when  relative  error  does  not 
exceed  5%.  por  the  minimax  criterion,  and  especially  for  the 
quantified  FM  signals,  this  scluticn  requires  further  refinements. 

9.10.  The  refinement  of  asymptotic  approximation/approach  by 
successive  design. 

One  cf  the  methods  of  refining  the  asymptotic 
approximation/approach  are  iteraticns  by  method  of  the  successive 
design,  which  in  connection  with  the  task  of  synthesis  of  FM  signals 
being  investigated  are  in  detail  examined  in  §9.6.  Are  given  kelow 
some  results,  obtained  by  this  oethcd. 

The  desired  spectrum  of  power  a*  (w)  ,  to  which  was  produced  the 
approximation/approach,  was  assigned  in  the  form  of  the  Hemming 
function 

» 1 -p  ;  *os  u):  — .n<ii)<rn.  O  W 

As  it  was  noted  in  §8.5,  this  form  of  the  spectrum  gives 
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satisfactory  approxioaticn/apprcacb  to  an  optimum  and  it  does  not 
lead  to  the  excessive  ccmplicat icc.  Upper  bound  of  the  spectrum  is 
here  accepted  equal  to  v.  This  does  not  break  generality,  if  the 
duration  of  signal  is  numerically  equal  to  contraction  coefficient 
(T«m)  .  Parameter  g  it  is  expedient  to  select  in  such  a  way  that  on 
its  average  part  spectrum  (9.50)  was  close  to  the  spectrum  of  the 
ideal  compressed  impulse/moment um/pulse  -  rectangular  the  sample  of 
single  duration.  This  leads  to  values  of  g~-0.25-0.  5. 

Page  270. 

For  the  spectrum  of  the  form  in  question  the  general  formulas  of 
asymptotic  method  (9.  35) - (9. 37)  give 

^  =  —  cos  [-^r+y{«sln»  +  cos«o— I)] — 

0  <  CO  <  «, 

moreover  u  is  connected  with  tine  t  with  the  dependence 

In  the  latter/last  relat ionsbip/rat ic  is  not  taken  into 
consideration  the  unessential  shift/shear  of  entire  signal  in  time  to 
value  T/2,  cm  (9.37)  .  Acccrding  tc  these  formulas  were  calculated 
momen ts/torgues  in  which  the  generating  signal  y  (t)  it  is 

converted  into  zero.  Values  determine  the  signal  of  zero 
approximation.  These  values  ccriespcnd  to  tha  roots  of  the  equation 

-j- 4-g(Msin®  +  co*  CO  — l)">— ffcr  — -j- ];  2  .... 
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which  was  solved  by  the  nethod  c£  polecat  during  the  division  of 
interval  into  512  parts.  The  text  step  reduced  to  the 

deteraination  of  amplitude  spectrum  |i(w)!  of  the  found  PM  signal  and 
coefficient  cf  proximity  C(x,  Y),  which  characterizes  degree  of 
approximation  to  the  assigned  spectrum.  Amplitude  spectrum  |z(<a)|  was 
calculated  from  formulas  (9.20).  In  accordance  with  the  theorem  of 

§7,2,  see  formula  (7,15),  the  coefficient  of  proximity  has  a  value 

« 

C  (*,  1^  ^  a  (•)  I  *  (»)|  rf«». 

b 

This  integral  was  computed  frcm  Simpson’s  rule,  also  with  the 
division  of  interval  intc  512  parts.  Preliminary  check  showed  the 
accuracy  of  this  calculation  cn  the  order  of  4-5  signs  after  comma. 

After  the  calculation  of  the  signal  of  zero  approximation  and 
its  characteristics  was  implemented  the  first  space  of  iterations. 

The  generating  signal  of  first  apprcximation  yi  (t)  was  determined  by 
integral  of  Fourier  (9.21).  Calculation  was  conducted  through 
Simpscn's  rule  into  8  m  the  points  cf  interval  (0,  m)  .  Further  by  the 
method  of  polecat  were  determined  values  ?•“>,  in  which  yi(t)  it  is 
converted  intc  zero.  These  values  are  moments/torques  of  commutation 
cf  FM  signal  of  first  approximation.  As  earlier,  was  calculated  the 
spectrum,  the  coefficient  cf  frcxiaity  and  the  correlation  function 
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of  th9  obtained  signal.  Then  all  calculations  were  repeated  in  order 
to  determine  the  signal  of  the  second  approximation/approach  and  its 
characteristic,  etc. 

Table  9.1  depicts  the  results  cf  these  calculations.  Are  here 
for  some  m  given  the  values  of  the  coefficient  of  proximity  C, 
obtained  with  the  consecutive  iterations.  Furthermore,  are  indicated 
the  maximum  remainders/residues  cf  the  normalized  autocorrelation 
function  p,  and  also  the  value  cf  ccefficiant  of  Ic  which  was  used  in 
§9.2  for  the  evaluaticn/estimat s  cf  the  level  of  remainders/residuss 
(with  respect  to  V^). 


Fig.  9.10c 


Page  274, 

The  analysis  of  the  data  indicated  confirms  fundamental 
theoretical  results.  The  coefficient  of  proximity  monotonically 
increases  with  the  iterations.  The  theoretical  e valuation/estim ate  of 
this  value  c=2  y''Z'.i-o.900  is  completely  satisfactcry. 


Maximum  raaainder/residue  is  changed  with  the  iterations 
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irregularly f  it  can  both  be  reduced  and  increase.  Of  course  this 
occurs  because  the  nethod  of  syrthesis  uses  quadratic 
approxiaations/appr caches,  and  the  level  of  the  greatest 
reoainder/residue  is  only  indirectly  connected  with  the  utilized 
critaricn.  But  as  a  whole  the  level  of  aaximuir  remainder/resi due 
comprises  (0.6+o.7)/m.  which  correspcnds  to  the  best  known  signals, 
given  in  §9.2.  However,  one  should  emphasize  that  we  here  synthesize 
the  not  quantized  PM  signals  and  ccmparison  with  those  quantified, 
examined  in  §9.2,  it  is  net  completely  justifiable/legitimate.  The 
corresponding  methods  of  the  synthesis  of  KPM  isignals  are  given  in 
Chapter  10. 

Pig,  9.10  shows  the  obtained  not  quantized  PH  signals,  and  also 
their  autocorrelation  futcticts. 
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fable  9.2. 


HTepioBu;;^' 

1-ff 

2-a 

4-* 

C 

0.897 

0.906 

0,908 

0.909 

0,910 

0.911 

m=.20 

0.124 

0.133 

0,129 

0.126 

0.II4 

0.116 

a 

0.55 

0,59 

0.58 

0,56 

0,51 

0.52 

c 

0.903 

0,909 

0.910 

0,911 

m  =  41 

0.101 

0.093 

0,098 

0,089 

k 

0.65 

0.59 

0.63 

0,57 

c 

0.904 

0.9i0 

0,914 

0,918 

m  =  S3 

0,089 

0,088 

0.087 

0,081 

k 

0,65 

0.64 

0,63 

0.59 

c 

0,908 

0,915 

/7i  =  73 

0,079 

0,079 

k 

0,67 

0,68 

C 

0,909 

0,915 

103 

1* 

0.071 

0,064 

ft 

0,79 

0,65 

Key:  (1).  Zero  approximation.  (2).  Iteration. 


9.11,  Other  iterative  methods. 


The  method  of  successive  design  (projective-gradient)  this  is  it 
goes  without  saying  net  the  only  iterative  method,  suitable  fer 
refining  the  obtained  app roxiaaticns/approaches.  Furthermore,  in  the 
version  examined  this  method  is  used  only  for  the  synthesis  on  the 
critericn  of  the  proximity  when  is  minimized  the  distance  between  X 
and  Y  and  is  provided  acproxiaaticn/approach  to  the  assigned 
amplitude  spectrum  in  sense  (7.17).  Other  iterative  methods  make  it 
possible  to  solve  more  general  problems  of  synthesis  of  Fn  signals, 
to  in  particular  find  approximaticns/approaches  tc  the  unrealizable 
correlation  functions. 
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For  example,  it  is  possible  tc  minimize  the  functional 

■  /(X)=  (9-al) 

where  P  (t)  the  arbitrary  assigned  (on  the  modulus/module)  function, 
and  R (t)  -  the  autocorrelation  futction  of  the  unknown  PM  signal.  Are 
possible  also  other  versions,  when  functional  f  (x)  is  connected  in 
ancther  adeguata/approachlng  manner  with  the  unknown  signal.  The 
characteristic  feature  cf  problem  is  the  fact  that  the  minimization 
must  be  produced  on  the  set  of  PM  signals,  characterized  for  each 
moment  cf  time  only  by  sign  (+-1  or  ±i/Kf).  i.e.  the  permissible 
signals  are  rigidly  limited^. 

FOOTNOTE  Analogous  tasks  are  etccuntered  in  the  theory  of  optimum 
control  [25].  To  the  not  Quantized  FM  signals  correspond  in  this  case 
the  so-called  ralay  steering  functions.  ENDFOCTNOTE, 

ihen  selecting  of  the  method  of  synthesis  should  be  considered  the 
limitation  indicated. 


However,  Krupitskiy  and  Sergeyenkc  [  3U  ]  recently  showed  that  i 
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is  possible  to  bridge  this  difficulty  and  to  construct  iterations  on 
the  base  of  the  usual  gradient  method,  which  does  not  assume  the 
limitation  of  the  permissible  set.  Their  methcd  is  based  on  the  fact 
that  in  accordance  with  (9.2)  any  FH  signal  is  unambiguously  assigned 
by  its  moments/torques  of  commutaticn  /*  (see  Fig.  9.1).  Considering 
values  u  as  the  independent  argnsents,  it  is  easy  to  note  that  the 
minimized  functional  f(x)  is  a  furction  of  a  finite  number  of 
var iable/alternating 

....  tH-t)  (9  52) 

the  latter  can  take  any  values  in  the  interval  (-T/2,  T/2).  Gradient 
method  is  used  further  for  the  Binimizaticn  of  this  function  of  many 
variable/alternating. 

On  the  basa  of  this  method  were  obtained  the  solutions  cf 
several  problems  of  synthesis  cf  FH  signals  for  comparatively  small 
compressicn  (m<25) .  Among  other  things  were  conducted  the  iterations 
from  the  asymptotic  initial  approximations/approaches,  examined  above 
[61].  These  calculations  show,  in  particular,  that  asymptotic 
solution  gives  a  comparatively  good  approximation/approach,  it  can  be 
only  a  little  improved. 

But  one  should  indicate  certain  nonoptimality  of  method,  which 
sscaped,  apparently,  frem  authors'  attention.  The  recording  cf  the 


functional  being  investigated  in  the  form  (9.52)  leads  in  a  number  cf 
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cases  to  the  appearance  of  the  local  extrema  which  no  during  ether 
represantation  of  the  unknown  signal.  Let  us  assume,  for  example,  is 
required  to  find  FH  signal  x(t),  which  ensures  best  approximation  to 
the  assigned  real  signal  >^(t).  In  this  case  the  functional  being 
investigated  is  a  coefficient  cf  the  proximity 

r  2 

f{x)=C(x.y)=  f  y(t)x{t)dt  (9.53) 

»  — r/2 


and  it  must  be  maximised  cn  all  x(oex.  He  know  (see 
solution  cf  this  task  gives  FH  signal  of  the  form 

sign !,(/). 


Page  276, 


§9.tt) 


that  unique 


It  is  possible  to  show  that  if  EH  signals  are  represented  not  through 
the  moments/torques  of  ccirniutaticE,  but  in  the  form  (9.  1)  ,  at  this 
solution  it  is  possible  tc  arrive,  for  example,  by  a 
projective-gradient  method,  functicnal  (9.53)  having  sole  maximum, 
and  it  is  possible  tc  begin  from  any  initial  signal.  On  the  ether 
hand,  introducing  the  designation 

t 

'Kn^Jy(l)dt 

and  using  (9.2),  we  come  to  the  expression 

which  corresponds  to  form  (9.52).  In  tka  particular  case  of  y{t)*cos-t 


•4* 
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(see  Fig.  9.11a)  gradient  f*(>)  is  &  vector  vith  the  coeponants 

*=-».  2 . 

The  naximlzation  of  functional  (9.53)  according  to  the  method  of 
operation  [34]  is  reduced  to  chances  u  in  the  direction  of 
gradient,  i.e.,  increases,  if  r*>o'  and  vice  versa.  It  is  not 

difficult  to  see  that  the  result  cf  this  sa xioiza tion  depends  on 
initial  signal.  At  the  initial  signal,  shown  in  Fig.  9.11b,  reaches 
the  global  nazinum,  which  correspcnds  to  Fig.  9.11c,  but  with  the 
initial  signal  of  the  form  Fig.  9. lid,  method  leads  to  the  local 
maximum  Fig.  9. lie. 


Further  the  iterative  methcds  in  question  use  the  representation 
of  FH  signals  in  the  fora  (9.  1)  and,  apparently,  they  do  not  have 
this  def iciency/lach. 


Ha  will  minimize  functional  (9.51)  by  a  projective-gradient 
method,  axaminad  in  §1.  10.  In  this  case  the  signal  of  next 
approximation/approach  is  formed  from  the  signal  of  previous 

a p pro ximati on/approach  according  to  the  rule 

(9.54) 

Here  />^  -  operator  design  to  the  set  of  FH  signals  X.  In  accordance 
with  the  theorem  of  §9.4  this  design  (approximation)  is  reduced  to 
the  ideal  limitation  (see  Fig.  9.2),  so  that 

sign  {Re  9  (.')}■  l9.:5) 
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It  is  possible  to  show  that  the  gradient  of  functional  (9.51)  has  a 

value  .  r/2 

/'(jc)  =  2  \  l[lf,(f)\-\F(l‘)\l%lgnR,{nx(t-t’)dt'.  (9.56) 

-f/2 

Where  RmO)  ~  correlation  fonctiot  cf  signal  r  (t) . 

Page  277, 


Thus,  construction  of  the  eitiaizing  sequence  consists  cf  the 
following  operations: 


1.  Is  taken  initial  PH  signal 


2.  Is  cofflputed  dirsctiOQ  cf  gradient  according  to  (9.56). 


3.  Is  chosen  length 
antigradient 


cf  space  a  and  is  iapleaented  space  on 


4.  Signal  ""  undergoes  ideal  limitation  according  to  (9,55)  for 
obtaining  signal  v*' 


Further  process  is  repeated,  beginning  with  p.  1.  This  process 
realizes  approximation/approach  tc  an  arbitrary  (unrealizable) 
autocorrelation  function. 
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Analogous  results  can  be  obtained,  applying  the 
conditicnally-gradient  sethod,  proposed  by  Dem'yanov  [25].  During  the 
use/a pplica tion  of  this  nethod  for  the  synthesis  of  ?n  signals  the 
fflinioizing  sequence  is  ccrstructed  as  follows. 
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If  signal  *•"(')  and  gradient  dc  not  coincide  in  the  sign,  t 

If  for  certain  interval  of  tine  /»<</<<?„  signs  and  are 

Identical,  the  signal  of  the  following  approxisation/apprcach  is 
constructed  according  tc  the  rule 

s.e  rx— .,r)=  I  (9.57) 

I  —sign  f'  [X'»'  (r)i  ntJrr  /^^  +  »  (<?,  —  p,)<f<  q,. 

Key:  (1).  with. 


where  a  -  space  of  iterations  (0<o<1) 
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1.  Is  taken  initial  En  signal 

2.  Is  computed  gradient  /’(jc"*')  according  tc  (9.56)  . 

3.  Obtained  gradient  undergoes  ideal  limitation  (Fig.  9.12c). 

4.  Are  noted  intervals  of  tioe,  for  which  signs  and 

signx'«<  do  not  coincide  (Eig.  9.  12q)  . 

5.  On  part  of  these  segments,  corrssponding  to  (9.57),  sign  of 
signal  vary  by  reverse/inverse  (Fig.  9.12e  is  carried  out  for  cr  =  1/2)  . 
Further  process  is  repeated,  beginning  with  p.  1  ». 

FOOTNOTE  i.  A  con dit icn 2 1  ly-gra cient  isethcd  let  us  use  in  general,  on 
we  presented  its  version,  suitable  for  FN  signals  (two-posit icn 
controls)  .  ENDFOOTNOTE. 

Both  methods  (design-gradient  and  condit lonally-gradient)  can  be 
used,  in  the  principle,  for  the  minimization  cf  any  functional,  not 
only  fora  (9.51) .  Is  chanced  in  this  case  only  formula  for  gradient 
(9.56).  The  major  advantage  of  these  methods  cvar  synthesis  on  the 
criterion  of  proximity  consists,  as  already  mentioned,  in  the  fact 
that  it  is  possible  tc  find  apprcxisations/approaches  to  the 
unrealizable  properties,  in  particular,  to  the  unrealizable 
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correlation  functions.  It  is  pcssible  for  this  purpose  to  use  also 
the  method  of  coordinate-by-coordinate  descent,  but  this  method  is 
more  convenient  for  the  quantified  FM  signals  and  it  will  be  examined 
below . 
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Chapter  10. 

SYNTHESIS  OF  QUANTIFIED  FM  SIGNALS  WITH  GOOD  CORRELATION  PROPERTIES. 

10.1,  Ose/application  of  a  critericn  of  proximity. 

In  §9.1  :' *•  was  established  that  KFM  signals  relate  to  the 
CO uposite/compound  ones.  The  spectrum  of  the  code  of  KFH  signal  has  a 
value 

n  n 

H  {mi=  2  5]  ( 1 0. 1 ) 

i=i  «*i 

Here  n  -  number  of  samples;  value  I,  characterize  their  signs  and 
allcw /assume  values  of  ♦-!.  The  latter  is  a  main  difference  of  KFH 
signals  from  the  composite/compcund  signals  of  other  types. 

Page  280. 

He  saw  also  that  most  important  problem  is  finding  KFH  signals 
with  the  low  remainders/residues  cf  ccrrelaticn  function,  i.e., 
approximation/approach  to  a  correlation  function  of  single  the 
sample.  Specifically,  this  task  is  examined  in  this  chapter*. 


PAGE 


FOOTNOTE  *.  The  fundamental  results  of  this  were  main  published  by 
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the  authors  in  article  [10].  The  asymptotic  sclution,  close  tc  our, 
previously  obtained  by  L«  7e.  Varakin  [14].  EHOFOOTNOTB. 

The  method  of  its  soluticn,  applied  to  the  arbitrary 

composite/compound  signals,  is  fcxeulated  in  §7,4.  Hethod  assumes  the 
best  quadratic  approximation  cf  the  amplitude  spectra:  the  spectrum 
of  the  unknown  KFH  signal  and  the  spectrum  of  single  sample  -  in 
accordance  with  general/common/total  criterion  (7.17).  As  usual, 
matter  is  reduced  to  the  Baxiaitaticn  of  the  coefficient  cf  proximity 
C(x,  y)  moreover  in  accordance  with  (7,44)  for  KFM  signals  we  have 

C(x,  (10.2) 

Here  values  yi  depend  cc  the  phase  spectrum  cf  the  generating  signal 

«  % 

.  </<  =  -^  J  e"’"  =  -^  J  cos  (a  («)  —  i»]  d«.  ( 1 0.3) 

— «  0 

Phase  spectrum  ac(w)  is  arbitrary,  but,  as  for  tae  not  quantized  FM 
signals,  should  be  been  bcunded  the  odd  phase  spectra 

a( — uj)  = — a(«i));  a(0)»0.  (10.4) 

This  odd  parity  is  taken  into  consideration  in  (10.2)  and  (10.3)  . 

The  task  in  question  is,  thus,  of  finding  of  phase  spectrum  «(«) 
and  values  (equal  to  *-1),  with  which  the  coefficient  of 

proximity  (10,2)  attains  maximum.  This  corresponds  to  the  overall 
diagram  of  the  use/appl icaticn  cf  a  hypothesis  of  the  proximity: 
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changes  >.i  indicate  dlspIaceDent/Bcvement  over  a  permissible 
multitude  of  KPN  signals,  and  changes  a(u)  -  cn  a  desired  multitude 
of  signals  with  the  assigned  correlation  function  (corresponding  to 
single  sample)  . 

As  in  other  similar  tasks,  the  maximization  of  the  coefficient 
of  proximity  can  be  fulfilled  it  any  order.  We  will  function  as 
follows. 

Page  281. 

First,  fixing/recording  phase  spectrum  a(u)  and,  therefora,  value 
</>•  let  us  find  signs  '  with  which  the  coefficient  of  proximity 
(10.2)  it  is  maximum,  and  then  let  cs  fulfill  maximization  also  on 
a(u).  The  first  stage  is  the  task  cf  approximation  (design)  on  a 
permissible  multitude  of  KFN  signals,  analogous  of  that  examined  in 
§9.4. 


3^ 


If  values  '  allow/assume  only  values  of  *-1,  and  Uk  are 
fixed/recorded,  then,  as  it  is  clear  from  (10.2), 

/=! 

Here  is  reached  equality,  only  if 

=  ij„  no  5^ 

i.e.  when  signs  /.,  and  coincide.  This  determines  optimum  values 
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)^i^eQsaring  bast  approxinaticn  on  th«  permissible  set  X,  moreover 

n 

C(X.  ir)  =  raaxC(x.  y)  =  -^y ij/,!.  (10.6) 

xC-X  r  n  U 

^  i«l 

This  result  is  completely  analogous  to  theorem  of  §9.««  It  is 
now  necessary  to  find  the  phase  spectrum  a(u),  for  which  the 
coefficient  of  proximity  (10.6)  is  maximum.  The  signs  of  the  samples 
of  optimum  KFn  signal  are  determined  then  according  to  (10.5). 


10.2.  Asymptotic  solution. 


The  optimization  of  phase  spectrum  we  will  fulfill  under  the 
assumption  of  a  large  nuster  of  saoples  n,  when  to  integral  (10.3)  it 
is  possible  to  use  the  method  of  steady  state  (8.24).  Analogous  with 
that  presented  in  §9.7  we  obtain 


Key  I 


'  cos  n7H0<a),<K; 

*“  _L_  \/~  -  r  T  ^  (D 

2  y  ’.T3"(<a,)'  cos  j  npH  w,  =  Q;  it; 

°  n%  0><D,>,. 

(10.7) 

with. 
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Here  o>,  -  the  point  of  steady  state,  determined  from  the  equation 


a'(o),)  =i;  i*l;  2;  . . .  n. 


(10.8) 
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and  function  $  (w)  has  a  value 

<•  • 

^  («d)  =:  a  (•)  —  •«'  («)  =  a  (0)  —  J  cDa"  (»)  dm=  —  J  oa'YwVfai. 

0  0 

(10.9) 

Let  us  note  that  the  approxiiation/approach  of  steady  state  has 
an  error  in  crdar  \!\^.  Its  use/application  is  liaitad  also  by  the 
cases  when  derivative  a'(“)  vary  icrotonically  in  the  interval  of 
integration  (0,  »)  .  It  is  concrete/specif ic /actual,  in  (10.7)  we 
assume  a*  (w)  increasing,  so  that  a'*(w)>0.  This  limitation  restricts 
the  class  of  the  signals  in  guesticr,  and  we  already  indicated  that 
it  can,  generally  speaking,  lead  to  the  loss  cf  the  best  signals. 
This  question  additionally  is  discussed  below. 

But  use/application  of  a  method  of  steady  state  gives  direct 
analytical  dependence  y,  on  a(u),  and  this  makes  it  possible  to 
fulfill  research  for  the  maximuii  to  the  end/lead.  Substituting  (10.7) 
in  (10,6),  it  is  possible  with  an  error  in  the  order  1/n  (smaller 
than  an  error  in  the  metbcd  cf  steady  state)  to  replace  sum  with 

integral.  As  a  result  it  is  cbtaiced 

*• 

C{X.  y)=y  I’® 

•i 

Is  here  carried  out  also  the  replacement  of  the  variable/alternating 
of  integration  in  accordance  kith  (10,8),  Correction  term  considers 
an  error  in  the  method  cf  steady  state. 
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Th«  cbtainad  ralaticoship/ratic  is  coapletely  analogous  (with 
9,27)  and  furthar  research  repeats  conclusion /out  put  of  §9,7.  4fter 
using  expansion  (9,29),  we  negligible  rapid ly-vibrating 
conponants/terns/adaends  under  the  integral  (as  was  shewn  in  §9.9, 
this  is  connected  with  the  further  error,  which  is  also  of  the  orda 
I'Tntand  we  come  as  a  result  to  the  maximization  of  value 

C{X,  i/)  as  —  l/—  f  I  a''|o»k/iu. 

Hr  5l/f  j 

•i 

Page  283, 


The  latter  is  implemented  with  the  help  of  the  Schwarz-Buniakewski 
inequality  upon  consideration  of  condition  (1C.8): 


C'(X.  ^  x"(<o,du>  j  rfo)  =  — [a'|io„)  — 

(*»!  U>, 

r  /  ,1  r  1  n  —  I  (i)_  —  ii),  H  f7  _  1 

-  3  Kil  |®«  -  ®,1  =  ^  - - <  --  ^ — 


Here  is  reached  equality,  only  if 

«,  =  0,  <»„  =  1{  H 

a" (w)  =  ccinsi  nbH  0<«<«.  (10.11) 

Key:  (1)  ,  with. 


These  relationships/ratios  determine  optimum  phase  spectrum  in  the 
asymptotic  a pproximation/apprcach  cf  a  large  number  of  sairples. 
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Coefficients  y,  are  found  further  from  (10. 7) -( 10.  9) 


j—  1 . 
■/»  —  1* 


^  ^  n  -  1  “J 

(«.,)  = - 


2  H  —  I  ' 


y«'  =  |^;r^<=“[^‘-7r=T  -r]-  i 


Finally,  the  signs  of  the  saiples  of  the  unknown  KFM  signal  ace 
determined  according  to  (10.6) 

I  —  !  1= 


i,  =sign  cos 


4-  .  1  ,10.!2i 

It  —  I  -1 


The  eaxiaiuiB  coefficient  cf  pioxieity,  attained  in  the  asymptotic 
approxinaticn/appcoach,  it  comprises 

which  completely  will  be  coordinated  with  the  results  of  the  previous 
cha  pter . 


CiX. 


-0  '-i=' 

'  -  r  "in  ■ 
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10.3.  Iterative  refinements  by  cocrdinate-by-coordinate  descent. 

The  approximate,  asymptotic  solution,  found  above,  can  be  made 
more  precise,  applying  iterative  methods.  For  example,  with  the  help 
of  the  successive  design  it  is  possible,  analogous  with  the  cese  of 
the  nonquantized  signals,  to  take  into  account  the  error  in  the 
method  cf  steady  state  (Fresnel  pulsations)  ,  and  also  other 
inaccuracies  in  the  previous  calculation.  Algorithm  of  these 
refinements  even  somewhat  simpler  than  in  §9.6.  Sut,  apparently,  to  a 

question  about  the  refinements  here  one  should  approach  from  somewhat 

i 

different  positions. 

The  previous  solution,  based  cn  tha  criterion  of  proximity, 
assumes  approximation/appzoacfa  to  the  amplitude  spectrum  of  single 
sample,  namely:  we  seek  the  KFC!  signal  whosa  amplitude  spectrum 
hi(<o)  satisfies  conditicr,  see  (7.17) 

d=(jc.  I -*»(«)]’ =  min- 

This  criterion,  although  it  is  ccnnectod  somehow  with  the  appropriate 
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correlation  functions,  nevertheless  does  not  guarantee  their  bast 
approxination,  in  particular,  the  low  lavel  of  raaainders/residues. 
This  confira  concrats/specific/ actual  calculations.  The 
remainder s/residues  of  ccrrelaticc  functions  for  the  KPM  signals, 
found  from  formula  (10.12),  ncticeatly  exceed  ainioally  known  ones 
and  during  the  large  compression  they  raach  approximately/exsaplarily 

FOOTNOTE  *,  For  n  =  13  focB’^^'a  (1‘?.12)  gives  Barkar's  signal  with  tha 
smallest  possible  renaind'!  residues.  BNDFOOTNOXE. 

To  preferably  fulfill  refinement,  using  the  more  straight/aora 
direct  criteria,  connected  directly  with  the  reaainders/residues  of 
correlation  function.  He  will  use  as  a  measure  of  the  quality  of 
signal  the  maximum  remainder/residue  of  tha  ccrralation  function 

H  =  max|/?Al,  l^,A<n,  (10  14) 

the  sum  of  the  squares  of  all  r emainders/residues 

n 

(10.15) 

and  also  the  sum  of  their  fourth  pcwers 

<1 

k-\ 


Page  285 
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Two  first  criteria  extensively  are  used  with  the  synthesis,  the  role 
of  the  latter  is  clarified  further. 

All  criteria  indicated  are  soae  functionals  (or  functions)  from 
the  paraaeters  of  signal  Should  be  selected  rhe 

adeguate/approaching  iterative  aethcd  for  their  ainiaization.  During 
this  selection  it  is  necessary  to  take  into  account  that,  in  the 
first  place,  the  arguaents  X  allov/assuae  only  values  of  +1  and  -1, 
and,  in  the  second  place,  method  aust  bn  sufficient  to  eccncmical 
ones  so  that  the  calculations  wculd  prove  to  be  virtually  feasible 
with  a  large  number  of  samples.  We  used  under  these  conditions  ths 
aethod  of  the  coordinate>-hy-ccordinat6  descent  which,  in  general, 
consists  of  tha  following. 

Lat  us  assume  it  is  necessary  to  ainiaize  function  /i;. .  /.j..  . 
depending  on  nhe  n  argurents  (cccidlnates) .  Being  transmitted  from 
certain  initial  appro xiaation/a ppicach 

*  •  n 

we  we  attempt  to  change  the  value,  for  example,  of  the  first 
argument,  after  assuming 

.(0  _  j(0)  _ 

wker^  (I  -  selected  previously  space  of  iterations.  If  this  gives 


DOC  =  80206713 


PAGE 


decrease  of  the  function  being  investigated,  is  accepted  new  value, 
i.e.,  \|«»it  is  substituted  on  XjW.  otherwise  is  done  the  attempt  to 
be  shifted  in  the  opposite  directicn,  after  assuming 

A,  —  Aj  —  a. 

Even  if  this  attempt  is  unsuccessful,  is  leaved  previous  value  X|0, 

Then  is  implemented  analcgcus  displacement  on  another 
cccrdinate,  for  example,  X2. 

Page  286. 

Having  selected  all  coordinates  and  after  changing  them  in  the 
directions,  which  lead  to  the  dssirsd  decrease  of  function,  we  obtain 
the  first  approximation 

=  .  iV’ i'" 

'  •  n 

Then  process  is  repeated. 

After  such  several  stages  the  approximat ions/approaches  cease, 
since  changes  in  each  of  the  cocrdinates  do  net  give  the  desired 
decrease  of  function.  This  can  cccur  not  only  the  unknown  minimum, 
but  also  due  to  the  high  value  cf  space  a.  Therefore  after  the  stop 
of  iterations  the  space  they  reduce,  for  example  doubly,  and  they 
again  attain  improvement,  changing  all  coordinates  alternately. 
Finally  iterations  cease,  when  there  is  no  improvemant  evan  with  the 
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sufficiently  low  pitch. 

The  mothod  of  coordioate-by-coordinate  descent  does  not  require 
the  calculation  of  derivatives,  in  ccnnaction  with  which  it  is  less 

labor-consuninq  than  gradient.  This  method  ensures  also  the  higher 

« 

speed  of  convergence  and  is  insensitive  to  ravining  of  functional 
[52],  Hcreover,  the  presence  of  "ravines"  can  be  used,  if  to  use  the 
appropriate  modification  of  cocrdinate-by-coordinare  method,  which 
ensures  increasing  motion  in  the  direction,  which 
approximately/exemplari ly  corresponds  to  the  low  place  of  ravine 
[78]. 

A  deficiency/lack  in  the  coordinate- by -coordinate  descent  lies 
in  the  fact  that  aftor  catching  accurately  into  the  "bottcm"  cf 
ravine,  it  is  possible  net  to  be  shifted  on  the  low  place,  if 
displacement  on  each  of  the  ccoidinate  directions  is  connected  with 
the  lift  to  the  "slopes"  [78],  In  other  words,  are  possible  tha  fals 
points  of  stop,  which  dc  ret  coincide  with  the  minimum  of  function. 
Besides  this,  the  point  into  which  it  gives  ccordinate-by-coordinate 
descent,  generally  speaking,  depends  on  the  order  of  sorting 
coordinates.  Finally,  as  with  other  similar  methods,  we  come  in 
general,  to  the  local,  but  not  global  miniaun  of  function. 

In  the  proolea  of  the  synthesis  of  KFM  signals  the  method  of 
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coordinate-by-coordinate  descent  additionally  is  simplified  because 
the  parameters  (coordinates)  U  allov/assume  only  values  of  >1  and 
-1.  Therefore  each  coordinate  can  be  changed  in  the  unique  direction 
so  that  the  sign  would  vary  fcr  the  reverse /inverse .  Is  assigned 

also  the  length  of  space  |ai  =  2. 

As  a  result,  coordinate- by-cccrdinate  descant  is  reduced  in  our 
problem  to  the  following.  After  talcing  one  of  the  coordinates  a,,  we 
we  attempt  to  change  its  value  with  ♦I  to  -1  cr  vice  versa. 

Page  287. 

If  this  gives  the  decrease  of  the  functional  (m»  A*  or  A^)  being 
investigated,  is  accepted  new  value,  otherwise  is  leaved  old.  In  each 
staga  this  is  mada  with  all  coordinates  from  i=  1  to  i=n  *. 

FOOTNOTE  In  order  to  decrease  the  effect  of  rhe  order  of  sorting, 
wa  in  ?ach  case  implemented  descent  twice  -  in  the  ascending  order 
and  with  decrease  cf  number  i.  Usually  the  results  were  identical. 
ENDFOOTMOTE. 

Iterations  cease,  when  change  in  any  of  the  coordinates  doss  not  give 
the  desired  decrease  cf  functicraJ. 
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With  the  fulfillment  of  iterations  on  criteria  ( 10 .  1  4)  -  { 10 .  16) 
it  is  necessary  to  repeatedly  ccapute  the  values  of  correlaticn 
f unction* 


l;=\  2 . /I-I.  (10.171 


FOOTNOTE  2.  As  in  §9.2,  v<e  use  the  further  nonstandardized 
corralaticn  functions  fcr  which  Rc=E(0)=n.  ENEFOOTNOTE. 


with  a  large  number  cf  samples  straight/direct  calculation  according 
to  this  formula  is  very  labot-ccnsuming:  it  is  required  order  n  of 
operations  in  ordtr  to  find  one  value  /?■..  and  order  n*  of  operations 
in  erder  to  obtain  all  values  of  correlation  function.  However,  with 
sign  change  one  sample  it  is  possible  not  to  compute  anew  correlation 
function,  but  to  supplement  to  its  previous  values  of  the 

corrections,  computed  frem  the  formula 

-  m~K  "  1.  m  —  k<n  -  1; 

=  ^noH  l.  m-f  -  1: 

Key  :  { 1)  .  with. 


Here  h,.  -  old  value  of  that  varied  sample.  Ihe  use  of  this 

correction  significantly  reduces  calculations  and  considerably  widens 
practical  possibilities.  It  is  rew  required  only  order  n  of 
operations  for  obtaining  all  values  Rt.  As  a  result  the  machine  tim'^. 


Sk’T' 
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axpendsd  on  ths  iteration,  is  sfcortensd  approximataly/exeiBplarily 
proportional  to  a  number  cf  discretes  of  signal. 

10.4.  Results  of  synthesis. 

The  results  of  the  synthesis  cf  KFM  signals  with  a  number  of 
samples  n  from  13  to  90  1  are  given  in  Table  1 C.  1 .  In  the  first  colu 
is  indicated  a  number  of  samples. 
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Table  10.1. 
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oinimax  criterion.  (5).  Descent  along  aean-*ex ponential  criterion. 

(6).  Known  signal.  (7).  Descent  of  random  initial 
approximation/approach. 

Page  290. 

Zn  ths  following  two  columns  are  given  the  values  hz  and  p  for  the 
initial  approximation/approach,  ottained  according  to'  asymptotic 
formula  (10,12),  Further  are  respectively  arr anged/lccated  the 
results  of  descant  along  the  rms  (10.15),  the  minimax  (10.14)  and 
mean-exponential  (10.16)  to  criteria.  The  tenth  column  shows  the 
maximum  romaindars/residues  of  the  best  known  signals,  found  with 
other  methods  (sae  §9.2). 

The  comparison  of  data  of  table  makes  it  possible  to  ccnsidar 
that  the  method  of  synthesis  examined  gives  sufficiently  good 
results,  on  the  level  of  maximum  remainder/residue  the  obtained 
signals  are  only  a  little  inferior  to  the  best  codes,  known  earlier, 
and  by  the  obtained  path  of  vast  sorting. 

Is  focused  attention,  that  with  the  descent  along  the 
root-mean-sguars  critericr  value  p  noticeably  grows  with  an  increase 
in  the  number  of  samples  and  for  n  =  S01  it  reaches  This  can  be 

explained  by  oh?  fact  that  with  large  n  the  quadratic  criterion 
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weaicly  reacts  to  the  separate  large  overshoots.  With  the  descant 
along  the  oinioax  criterion  the  picture  is  re varse/inversa  - 
criterion  reacts  to  the  naxioum  surges  value  ^2  sharply  grows 

(■fable  10.1)  . 

The  analysis  of  the  best  ones  cf  the  obtained  by  us  codes  shows 
that  with  the  low  naxinua  renainder/residue  they  possess  a 
comparatively  low  sum  of  squares  ^2.  The  examination  of  detection 
problem  shows,  besides  the  fact  that  they  are  important  both  the 
maximum  remainders/residues  and  ms  level.  Depending  or.  situation,  in 
particular  from  the  relationsbi p/tatio  of  the  useful  and  interfering 
signals,  the  dominant  role  plays  either  that  or  another  criterion 
[15],  Therefore  it  was  desirably  use  this  criterion  of  the  synthesis 
which  would  react  not  only  to  the  maximum  remainders/residues,  but 
also  to  their  total  level.  This  led  us  to  mean-exponential  criterion 
(10.16),  which  corresponds  to  apprcximations/approachss  in  space  L* . 
.\s  can  be  seen  from  table,  such  approximeticns/approaches  lead 
usually  to  the  bast  results,  in  particular,  the  value  of  maximum 
remainder/residue  comprises  (C.7-0.9)  I . 

FOOTNOTE  *,  It  is  possible  to  assume  that  for  even  larger  n  an 
expediently  further  increase  an  the  degree,  for  example 
a pproxima ticn/appro ach  in  spaces  L*  or  L*.  ENCFOOTNOTE. 
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Tabl»  10.2. 


n  . 
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Key:  (1),  Code  of  signal. 
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Asymptctio  initial  approxiinaticn/approach  (10.12)  detsmines  the 


signals,  which  possess  the  property  of  aonotcnicity ,  the  frequency  of 


coaautations  gradually  increases  toward  the  and  of  the  signal.  This 


monctonicity ,  caused  by  tb'2  limitations  of  the  previous 


conclusion/output,  one  way  or  anctber  is  retained  also  after 


iterations.  It  was  possible  to  assuse  that  this,  insufficiently 


gensral/ccamon/total  structure  cf  initial  approximaticn/apprcach  did 


not  permit  us  to  obtain  smallest  possible  cemainders/residues , 
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For  axplaiaing  this  guesticc  was  made  the  following  calcalatior.. 
Has  implemented  descent  aicng  rrs  critericn  (10.15),  bat  as  the 
initial  a pproximati on/approach  were  used  the  random  codos,  obtained 
via  the  eguiprobable  selection  cf  signs,  initial 

apprcximation/approach  repeatedly  was  changed  for  each  n.  Results  are 
given  in  the  lattar/last  column  cf  tabla.  In  many  instances 
actually/really  were  obtained  ninloom  known  remainders/residues. 

Table  10.2  gives  the  best  found  by  us  signals. 
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Appendix  1. 


PEOPEHTIES  OF  SPHEROIDAL  FUNCTICNS. 


They  possess  the  series/row  of  the  properties,  which  are  of  interest 
for  the  theory  of  signals.  Let  us  point  out  briefly  these  properties, 
relying  on  the  series/rew  of  sources  [  43,  65-67,  80  ].  The 
translaticns/con versions  of  fundaipental  works  on  spheroidal  functions 
are  in  [95]. 


quadratic  fero 


( 
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is  partial  energy  cf  signal  s(?),  included  in  the  band  (-c,  c) .  This 
value  is  positiva  for  any  function  s(5).  The  aforesaid  means  that  the 
symmetrical  kernel  G(C,  €')  is  determined  positively.  From  the  theory 
of  integral  equations  it  is  known  that  under  these  conditions 
eigsnf urcticns  form  complete  crthogcnal  system  in  interval  (-1, 


Equation  (1)  determines 
arbitrary  normalizing  factor 

such  standardization  that> 

1 


furcticns 


.  Therefore 


AN 

,  I  0  iTOH  m  ^  /i; 

*  I  I  n. 


♦.(S)  with  an  accuracy  to  the 
it  is  possible  to  carry  out 


(3) 


I 

* 


Key:  (1) ,  with. 


FOOTNOTE  ».  In  the  works  cn  spheroidal  functions  frequently  are  used 
other  rules  of  standardization.  Standardization  (3)  is  used,  in 
particular,  in  :65,  68],  ENOFCCTNCTE. 


k.» 

-i 


h 

M 

.-•V 

r 


Any  function  w(E),  integrafcle  squared,  can  be  in  interval  (-1, 
1)  expanded  in  the  convergent  (on  the  average)  Fourier  series 


w  (S)  =  2  (5). 


where  coefficients  o-  are  determined  in  the  form 
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'»-==  ![»:(«) +•,{?)<<£.  (5) 

Page  295. 

Sincft  lceEr.9l  (2)  is  r^al,  spheroidal  function  is  also  real; 

tharofors  the  sign  of  composite  coupling  in  formulas  (3)  and  (5)  it 
is  possible  not  to  writs  cut. 

u* 

It  is  not  difficult  tc  show  also  (sea  for  -ixample  [•iei’])  ,  what 
function  ♦.(H  is  even  for  even  r  and  is  odd  -  for  odd  n. 


2.  Fcuriar  transform  from  Let  us  compute  Fourier  integral 

of  ^:.(|).  which  l3t  us  register  is  the  form 

I 

(’^)  =  J  +•  (5)  (6) 

—1 

Taking  into  account  (1)  and  (2),  wa  find: 


here 


1  I 

T. (’J)  -  j d\^  J  +,(50  0  (5.  5')  dX  - 
-1 

I  I  I 

—  I  —I  -!| 

=!!;;;■  J?«  (Y)  Y) 

-H 
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This  result  naans  that  the  Feurier  transfora  <p.(ti)  satisfies  the 
same  integral  aguation 

1 

J  ?•(’!')  ^?(n.  V) 

as  function  itsalf  Consequently,  spheroidal  function  and  its 

Fourier  transform  are  characterized  by  only  scale  factor.  In  ether 
words,  we  come  to  the  relaticnslif/ratio 

I 

^  +•  (?)  rfS  ai  a,*,  (if),  ( 7) 

which  is  also  the  integral  equaticn,  which  are  determining  spheroidal 
functions. 

Page  296. 

Eigenvalues  a.  of  this  equation  can  be  connected  with  eigenvalues 
of  initial  equation  (1).  Actually/raally,  talcing  into  account 
that  t-d)  is  real,  we  ottain  via  the  iteration 

I 

+»(■"()  =  J +,  (?)  e^’’^  if?  = 

— t 

I  I 

f  (ft  = 
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Thus,  equation  (1)  can  be  ccnsidersd  as  first  iteration  (7),  if 
we  assuoe  |3.|>=>2nXv<'- 

It  is  not  difficult  to  show  also  that  value  a«  is  real,  if 
Vn(?)  is  even,  and  imaginary,  if  ^n(i)  -  is  odd  [66]. 

These  considerations  lead  to  the  dependence 

taking  into  account  to  which  formula  (7)  can  te  rewritten  in  the  form 

I  - - 

ji  (5)  eJ’'  =  ]•  y  ^  +.  (VO  •  (8) 

Inverse  transformation  of  Fourier  gives 

-«o  '  0  npH  [51  >  c. 

Key:  (1)  .  with. 

H3  initially  were  interested  in  ths  behavior  of  spheroidal 
functions  in  limited  interval  (-1,  1),  But  formulas  (8),  (9), 

obviously,  determine  these  functions  on  the  entire  axis  (— ,  -)  .  From 
(9)  it  follows  that  function  '(■.(n;.  examined/censidered  on  the  entire 
axis,  has  a  Fourier  transform  of  the  limited  extent.  In  that  region 
where  this  conversion  is  excellent  from  zero,  it  repeats  (without 
taking  into  account  constant  factor)  function  itself.  This  it 
indicates  certain  generality  of  spheroidal  functions  and  functions  cf 
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Hermite  (in  particular,  Gaussian  signal)  .  The  latter  possess  a 
similar  duality  and  are  close  tc  the  spheroidal  functions  with  c-»». 
This  mere  fully  question  is  traced  in  connection  with  asymptotic 
expansiens  of  spheroidal  furctiens  [65], 

Page  297, 

3.  Dcuble  orthogonality.  Above  it  was  shewn  that  the  set  of 
functions  was  orthogcnal  in  irterval  (-1,  1).  This  is  the  direct 
consequence  of  that  fact  that  the  spheroidal  functions  are  the 
solutions  of  homogansous  equaticn  (1)  with  the  positively  determined 
symmetrical  kernel.  The  rare  special  fea ture/psc uliarity  of 
spheroidal  functions  consists  in  the  fact  that,  besides  orthogonality 
in  the  finite  interval,  these  functions  are  orthogonal  also  in  the 
interval  -)  ,  Actually/really,  taking  inre  account  (9),  on  the 

basis  of  equality  Parseval  we  can  register 

00  <■ 

J  +,  (I)  +*,.  (1)  ^  J  K  (£  or,. 

The  obvious  replacement  of  variable/alternating  leads  right  side 
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The  doubla  ort hogorality  of  spheroidal  functions  makes  from  with 
ideal  apparatus  with  the  solution  of  such  problems  of  the  theory  of 
signals  as  the  approximation  of  arbitrary  signal  with  the  help  of  the 
function  whose  spectrum  is  limited  by  extent,  or  the  extrapolation  of 
the  signals  of  the  limited  band  out  of  the  given  one  time  interval 
[7,  67]. 

Lat  us  emphasize,  however,  that  if  in  interval  (-1,  1)  the 
systam  of  spheroidal  functions  is  ccmplate,  then  for  the  infinite 
interval  this  not  then.  Actually/really,  since  functions  <r.(n)  have  a 
spectrum  of  the  limited  extent  (this  is  clear  from  (9),  thair 
superposition  cannot  form  the  arbitrary  signal  whose  spectrum  falls 
outside  band  (-c,  c). 

Howevar,  it  is  easy  to  show  that  in  the  class  of  signals  with 
the  spectrum,  limited  by  the  tard  irdicated,  the  system  of  spheroidal 
functions  is  complete,  so  that  any  signal  of  this  type  can  be 
decomposed  according  to  functions  and  this  resolution  is  useful 

for  entire  axis  — <»<'n<ao. 
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App  endix  2. 


Determination  of  the  concepts  of  amplitude,  phase  and  instantaneous 
signal  frequency. 


As  it  was  noted  in  input  chapter,  one  of  basic  concepts  of  the 
thecry  cf  signals  is  the  analytical  signal  s  (t)  ,  formed  from  the  real 
signal  u  (t)  during  the  addition  by  its  imaginary  component, 

4(0 -u(0 +10(0.  (1) 

moreover  the  latter  is  found  from  the  conversion  of  Gilbert: 


Page  298, 


This  selection  of  imaginary  ccmponant  is  connected  with 
determining  of  the  fundamental  characteristics  of  signal  -  its 
amplitude  envelope,  phase  and  instantaneous  frequency.  It  will  be, 
shown  below  that  only  during  the  use  cf  conversion  of  Gilbert  the 
characteristics  indicated  will  ts  coordinated  with  the  completely 
obvious  physical  requirements,  sc  that  any  another  selection  of 
imaginary  ccmponent  in  (1)  is  excluded  [9h]. 
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It  is  not  difficult  to  comprehend  that  tha  observed  ((fcr 
example  on  the  oscillograph)  real  signal  u(t)  it  is  possible  more  or 
less  arbitrarily  to  disengage  tc  the  amplitude  and  fluctuating 
factors,  i.e.,  to  present  in  the  form 

«(/)-/!  (0  cos <f  (/)-4(/)  cos(<u«/+®(01.  (3) 

In  other  words,  only  the  left  side  of  eguality  (3),  signal  u  (t)  ,  is 
the  physically  observed  value,  and  for  the  concrete  definition  of 
right  side,  for  determining  the  amplitude  A(t)  and  phase  e(t)  it  is 
required  certain  "conjecture",  speculative  interpretation  of  the 
observed  phecomanon.  This  means  that  are  possible  different 
definitions  of  amplitude  and  phase,  and,  as  it  will  be  shown,  this 
ambiguity  is  connected  with  the  selection  of  cne  or  the  other 
imaginary  part  v  (t)  in  (1). 

1.  Conncction/communication  with  composite  representation  of 
signal.  Let  us  consider  composite  signal  (1)  with  the  arbitrary 
imaginary  part  of  v(t).  After  rewriting  (1)  in  the  form 

s  (0  ==  (/)  +  (0  exp  j  j  arctg  -  A  (t)  (4) 

where 


a(.‘)»4(/)  COS9(0  and  p(/)-A(l)  »inip(0. 

it  is  not  difficult  tc  note  that  separation  u  (t)  tc  the  interesting 
us  factors  actually/really  it  is  possible  tc  fulfill  differently, 
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but,  when  v(t)  with  any  form  is  selected,  amplitude  and  phase  are 
determined  unambiguously: 

A  (t)  =  VflMO+  oMO  ;  f  (0  =  •rcte  (5) 

It  is  easy  to  be  convinced  also  cf  the  reverse/invsrse:  any 
separation  u(t)  to  the  factors  of  form  (3)  Indicates  certain 
concrete/spscif ic/act ual  selection  of  the  imaginary  component  v  (t)  . 
Actually/really,  if  A  (t)  and  e(t)  are  undertaken  so  that  u=A  cos  ♦, 
then,  after  placing  v=:A  sin  e,  we  come  to  the  composite  signal  s  (t) 
in  the  form  (4)  . 

Thus,  with  the  assigned  real  signal  u(t)  is  one-to-one 
conformity  between  its  amplitude  and  phase,  on  one  hand,  and 
imaginary  component  v(t)  cf  ccmposite  signal  -  on  the  other  hand.  In 
order  tc  unambiguously  determine  amplitude  and  phase  (and  else 
instantaneous  frequency  it  is  necessary  and  it  suffices  to 

indicate  the  rule  of  the  selection  cf  the  imaginary  component  v  (t)  on 
the  real  signal  u(t).  In  ether  werds,  it  is  necessary  to  indicate 
operator  L,  which  realizes  the  cerversion 

o(/)-I(u«)l.  (6) 

each  operator  generating  cne  cf  the  possible  determinations  of 
amplitude,  phase  and  frequency,  and  their  complete  set  corresponds  to 
all  possible  daterminatlcrs. 

2.  Physical  conditiers  fer  selection  of  cp^rator. 
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Howevec,  not  with  any  opecatoc  L(u)  the  generated  by  it  concepts  of 
amplitude  and  phase  will  be  cccrdinated  with  the  physical, 
engineering  representaticts,  net  any  operator  can  be  therefore 
recognized  as  satisfactory.  let  us  formulate  conditions  to  the 
amplitude  and  phase  of  signal,  based  only  on  physical  considerations, 
but  such,  that  the  need  fer  their  fulfillment  occurs  sufficiently 
cbvicus . 

1),  Lat  us  raguire  sc  that  to  the  small  changes  in  the  initial 
signal  u(t)  would  correspend  ssall  changes  in  its  amplitude  A(t)  and 
phases  ^  (t)  (latter,  if  A{t)^C). 

Since  cenversions  (5)  are  contirucus,  for  this  is  required  the 
continuity  of  operator  (6)  .  Further,  in  the  space  of  continuous 
operators  are  differentiated  operators  they  form  everywhere  dense 
set.  Osing  this,  it  is  possible  tc  consider  that  operator  (6)  is 
differentiated,  i.e., 

—/.(h)  *  L'(u)^u-^Oihu\.  (?) 

Transition/junction  from  the  continuous  operator  tc  that 
dif farantiatad  indicates,  strictly  speahing  than  we  chang*  values  of 
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A(t)  and  ^(t) ,  but  so  that  for  aoy  signal  these  values  are  changed 
arbitrarily  little.  It  is  obvious,  this  replaceaent  is  permitted. 

In  general,  L*  (u)  is  derivative  of  ths  unknown  operaror,  and  we 
require,  thus,  the  existence  cf  this  derivative  for  any  signal  u  (t)  . 

2) .  Let  us  require  so  that  the  phase  (and,  therefore, 
instantaneous  frequency)  would  net  depend  on  tha  power  (nerm)  of 
signal  with  its  constant/invariafcle  form. 

This  means  that  with  any  positive  constant  k  replacement  u(t)  on 

ka(t)  must  not  lead  to  tte  change  ♦  (t) ,  i.e.,  taking  into  account  (5) 

£(iu)  _L(uf 

ka  8  ’ 

Hence  it  follows  that  operator  t  aust  be  uniform  cf  the  first  degree: 

L{ku\~kL(u). 

3) ,  There  is  a  unique  class  of  the  signals  for  which  amplitude, 
phase  and  frequency  they  are  knewr  completely  accurately.  These  are 
the  strictly  harmonic,  monochromatic  oscillations/vitrations 

ui/)  — .-1 '  cos  (lui.; (ii, 

in  which  Ag  and  'f  -  constant.  Any  attempr  to  determine  amplitude 
and  phase  for  other  signals  is  a  generalization  of  the  corresponding 
concepts,  known  for  the  harmonic  case. 


Therefore  let  us  require  sc  that  for  the  narmonic  signals  th; 
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introducAd  conc3pts  of  amplitude  and  phase  become  knowns. 

I.e.,  for  signal  (9)  Me  must  obtain 

-4  (?)  "ila,  <y(?) 
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From  (5)  it  follows  that  for  this  the  harmonic  signal  must  be 
transformed  by  tha  completely  specific  form,  ramaly 

/.tcos(<oo/+<I>»)]— sin((i)»/+®»).  (10) 

wa  will  show  further  that  the  operator  of  Gilbert  (2)  is  to  all 
only  satisfying  conditiens  indicated,  and  therefore  the  corresponding 
concepts  of  amplitude,  phase  and  frequency  are  singularly 
permissible. 

3,  Proof  of  uniqueness.  The  unique  linear  (additive)  operator, 
which  satisfies  condition  (10)  at  any  frequency  wq,  is  the  operator 
of  Gilbert  [93,  page  159-161],  Therefore  we  will  demonstrate  the 
uniqueness  of  permissible  convetsicn  (2)  ,  if  we  establish  that  from 
conditiens  (7)  and  (8)  fellows  alsc  the  linearity  of  operator  L  (u)  . 

After  introducing  in  the  space  of  signals  certain  base,  it  is 
possible  to  reduce  the  crcblem  tc  the  analysis  of  the  transformation 
of  the  multidimensional  v«ctcr  C=(Ui,  . “..  ..  )  into 
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multidimensional  vector  o-{oi.  wi . »<,  components  “•  and  v<  are 

coefficients  of  tha  expansion  of  signals  in  terms  of  the  selected 
base  system;  strictly  speaking,  a  number  of  such  components 
infinitely,  but  virtually  always  it  is  possible  to  be  bounded  to 
finite  expansions. 

In  general,  the  tr ansformaticn  of  the  vectors  indicated  is 
assigned  by  system  of  eguaticrs 

fj-ZiCui.  ut . u,,  ...)■  /-I.  2,  ... 

where  f,  -  arbitrary  functions  of  many  variable/alrernating.  Ss 
should  shew  that  with  satisfaction  cf  conditions  (7),  (8)  these 
functions  are  linsar.  The  appropriate  proof  we  will  lead  for 
functioning  two  variable/alternating,  generalization  to  the 
multidimensional  case  is  obvious. 

Let  function  f  (x,  y)  be  uniferm  tha  first  degree  and  has  both 
particular  derived  at  all  values  cf  x  and  y  (these  conditions 
correspond  (7)  (8)).  Then,  in  view  cf  dif farantiability  at  point 

x=y=0,  we  have 

f(je,  0)+ajt+ey+e(jc,  y).  (II) 

Here  a  and  b  -  corr»^sponding  partial  derivatives,  and  functicn 
e(j(. «)  on  any  ray/bsam  y=TX  vanlshe-i  more  rapidly  than  x,  i.e.. 


3ut  f(x,  y)  is  also  uniferm  and,  in  view  of  thi  known  Eul^r 
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foriala. 


./(•*.  v) »•*/'*(•*,  y)+yf\(x,  if). 

Therefore  f  (0,  0)=0.  Further,  froi  (11)  we  have 

e(jf.  if)-(«+M- 


e(x,  if)  is  a  difference  in  twc  unifcra  functions  and,  thersfora, 
itself  is  uniform.  Therefore  on  the  ray/beam 

f(x,  V).  (131 

in  question. 


Page  301. 

Since  p(i.  r)  does  not  depend  on  x,  on  (12)  and  (13)  it  follows 
that  T')  is  equal  tc  zero  with  all  x,  on  entire  ray/beam. 

Finally,  in  view  of  the  arbitrariness  of  selected  ray/beam  pi.’t.  «)  it 
is  equal  to  zero  identically  and,  according  tc  (11),  f(x,  y)  is 
linear.  This  completas  prcof*.  ^ 

FOOTNOTE  Me  were  based  higher  by  differentiability  f  (x,  y)  at  the 
unique  zero  point.  This  can  cause  the  doubt  of  the  correctness  of  the 
formulation  cf  tha  problem,  since  the  point  indicated  corresponds  to 
the  signal  of  zero  point  ensrcy,  which  is  net  of  interest.  But  from 
previous  it  follows  also  that  the  uniform  function,  not 
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dif fsrentiated  somewhere,  is  cot  differentiated  also  in  zero 
(otherwise  it  is  linear,  i.e.,  it  is  differentiated  everywhere). 
Therefora  the  noted  contradicticn  only  seeming.  ENDFOOTNOTE. 

Thus,  the  conditions  of  differentiability  (7)  and  uniformity  (3) 
lead  to  tha  linearity  of  operator  I  (u) ,  and  then  condition  for 
harmonic  signals  (10)  peeves  the  uniqueness  of  Gilbert's  operator 
(2)  . 


4.  Discussion  of  results.  The  use/application  of  transf craation 
of  Gilbert  in  the  thccry  of  signals  is  well  known,  and  in  many  works 
of  his  property  thoroughly  was  studied  frem  that  point  of  view  in 
order  to  be  convinced  of  the  suitability  of  the  corresponding 
concepts  of  amplitude,  phase  and  frequency  (fer  example,  see,  [30]). 

In  connection  with  narrow-band,  quasi-harmonic  signals  all 
proceeds  happily.  But  when  the  band  of  signal  is  commensurate d  with 
the  medium  frequency,  the  demonstrative  character  of  envelope  is 
lost.  In  particular,  if  u  (t)  -  the  rectangular  radio  pulse  of 
sufficiently  short  duration,  the  envelope  A(t)  differ  from 
rectangular  and  contain  the  "tails"  cf  infinite  extent.  These  "tails" 
are  reduced  with  an  increase  in  the  carrier  frequency  when  signal 
approaches  harm:nic,  but  this  structure  of  envelops  does  not  give 
demonstrative  representation  in  tbs  non- nar ro w-band  case. 
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In  connection  with  similar  contradictions  frequenrly  they  are 
voiced  about  the  fact  that  fcr  the  broadband  signals  the 
cor  responding  concepts  of  amplitude  and  phase  have  only  formal 
character.  Thus,  analyzing  one  characteristic  example,  Cramer  and 
Leadbetter  write  [96,  page  307]  that  obtained  with  the  help  of  the 
tra nsf ormaticn  of  Gilbert  the  anvelcps  "has  nc  sense  from  the  point 
of  view  of  the  physical  content  cf  concept....  Although  the 
mathematical  determinaticn  of  envelope  unambiguously,  it  is  necessary 
to  be  fcr  careful  ones  with  the  physical  interpretations,  which 
relate  to  the  broadband  signals”. 

Hardly  it  is  possible  tc  agree  with  similar  propositions.  In 
fact,  here  it  is  possible  only  tc  say  that  in  tha  broadband  case  the 
transformaticr.  of  Gilbert  dees  net  lead  to  the  demonstrative 
description  of  tha  signal  thrcuch  the  amplitude  and  the  phase.  But 
for  this  signal,  substantially  different  from  the  harmonic, 
damenstrative  descripticn  through  the  amplitude  and  the  phase  it  can 
and  not  exist:  indeed  during  the  ccrstructicn  of  this  description  w^ 
always  attempt  to  preserve  the  carrew-band  model,  inadequate  to  the 
case  in  question. 

The  assonco  of  this  prcblrm  In  any  way  is  not  reduced  to 
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obtaining  of  denonstrat ive  representations.  Fron  a  physical  point  nf 
view  is  mere  important  not  to  break  the  accepted  by  us  condition, 
which  are  reduced  to  the  continuity  of  the  determined  concepts,  to 
the  independence  of  phase  of  frequency  from  the  amplitude  (scale)  of 
signal  and  tc  the  agreement  with  the  known  detarminations  fer  the 
harmonic  oscillations.  In  the  confirmation  let  us  consider  some  known 
methods  of  measurement,  it  which  these  conditions  are  disrupted. 

Page  302, 

1)  The  spread  method  of  measurement  of  frequency  is  based  on  the 
calculation  of  number  of  zeros,  zero-level  intersections  per  unit 
time.  In  this  case  the  measured  valua  of  frequency,  obviously,  does 
not  depend  on  signal  amplitude.  For  the  harmonic  oscillation  of  the 
measurement  metal  to  be  carried  out  correctly  and  it  is  very 
accurate.  This  means  that  the  second  and  the  third  of  the  accepted  by 
us  conditions  are  implemented.  Eut  continuity  condition  here  is  not 
satisfied:  it  is  not  difficult  to  indicate  such  signals  and  such 
slight  disturbances,  that  a  number  of  intersections  will  be  changed 
with  jump,  several  zero  will  be  supplemented  cr  will  vanish.  For  the 
quasi-harmonic  signals  these  jumps  are  usually  unessential.  Eut  foe 
th?  broadband  signals  with  a  small  number  cf  zero  such  methods  of 
measurement  does  lead  tc  the  uncent tolla bla  errors  and  the  serias/row 
virtually  is  suitable. 


1 
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2)  Bvsn  grosssr  discontinuity  is  allowed  in  the  method  cf 
measursment  of  frequency,  based  cc  the  so-called  structural 
properties  cf  signals,  Cne  of  these  properties  gives  the  known 
differential  equation  u  •  •  |i)  '■’i't)  =0,  valid  for  the  harmonic 

oscillations.  Based  on  this  equation,  in  [97]  it  is  proposed  to 
measure  the  instantaneous  frequency,  using  the  relationship/ratio 

/  u"'  (/) 

“•=■!,/  tiu)-  (*■*) 

Always  it  is  possible  tc  fit  this  slight  disturbance  of  signal,  which 
at  certain  moment/torgue  will  be  cbtained  by  u(t) =0  at  the  finite 
value  of  second  derivative  u‘*(t).  At  this  moment  the  value  of 
frequency  according  to  formula  (I^J)  goes  to  infinity,  i.e., 
continuity  is  not  observed. 

The  absurdity  of  this  methcd  of  measurement  is  almost  ctvious, 
since  it  is  unsuitable  net  tor  what  signals,  except  strictly 
sinusoidal  ones.  Actually/really,  if  signal  is  modulated  in  the 
amplitude,  u(t)=A(t)  cos  substituting  in  (14),  we  obtain 

„  ,  /"I  „  A’  <i) 

“T  -  ^  jjjy-  tg 

n(f> »cos  («■>,/ we  have 
-  'T'  ( 1 1=  <p"  ( n  Ur  iVti  -  ^7r ' ' 


Analogously,  for  ChM  signal 
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With  any,  aow  conveniently  slew  changes  in  the  amplitude  or 
frequency  this  result  is  deprived  of  any  sense;  in  each  period  of  the 
carrier  frequency  the  radicand  varies  from  ♦-  to  ,  and  it  is  not 
possible  to  extract  rcot  simply.  Cnly  with  the  harmonic  signal,  for 
which  correctly  initial  equation,  result  of  measurement  is  cerrset. 

3).  Tikhonov  proposed  the  determination  of  signal  amplituia 
envelope  cn  ths  base  cf  operator  [98] 

(/I  = /- {(/ 1  (Ill 

For  tha  harmonic  oscillation  cf  frequency  wq  this  operator  gives  the 
sane  as  the  transformation  of  Gilbert.  Furthermore,  linear  operator 
(15)  satisfies  the  continuity  conditions  and  uniformity.  But  for  the 
harmonic  oscillation  of  any  other  frequency,  different  from  uq, 
condition  (10)  is  broken,  and  this  leads  to  the  explicit 
contradiction. 

Page  303. 

For  example,  signal  amplitude  envelope  u  (t)  =ccs  U|t  obtains 
expression 

1<i> 

/  COj' 4-  = 

<■>•3 
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Rapid  changes  ia  the  envelope  (with  the  frequency  2wi)  here  occur 
even  for  the  haraonic  signals,  what,  obviously,  must  not  be. 

4)  ,  Let  us  point  out  also  the  example  when  is  broken  the 
condition  of  uniformity,  independence  of  frequency  and  phase  from  the 
signal  amplitude.  This  example  gives  the  measurement  of  frequency  or 
phase  by  the  corresponding  discriminator  without  the  preliminary 
amplitude  limitation.  Then  the  result  of  measurement  depends 
substantially  on  the  amplitude  that  it  does  not  make  it  possible  to 
apply  such  meters. 

Lat  us  nota,  however,  that  with  the  broadband  signals  the 
limiters  conduct  to  the  noticeable  distortions  of  phase  and 
frequency,  in  connaction  with  which  it  is  expedient  to  pass  to  other 
methods  of  measurement  [94], 

These  txamplss  show  that  the  disturbar.es/breakdcwn  at  least  cf 
one  of  cur  requirements  can  lead  to  essential  contradictiens.  Results 
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are  either  clearly  absurd  or  they  will  not  be  coordinated  with  those 
expected  even  for  the  narrow-band  signals,  on  the  other  hand,  the 
transformation  of  Gilbert,  satisfying  all  requirements  indicated,  in 
fact  does  not  lead  to  the  contradictions,  since  certain  inadequacy  of 
the  concepts  of  amplitude  and  phase  for  broadband  signals  is  caused 
by  their  nature  itself.  Finally,  since  only  the  transformation  of 
Gilbert  satisfies  all  ccnditicns  accepted,  wa  come  to  the 
single-valued  deter minatico  of  amplitude  and  phase,  and  we  also 
introduce  naturally  the  concept  of  analytical  signal. 
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